Linearized Kinematic Model

ox=1J(q)oq

Resolved Motion-Rate
(Whitney 1972)

Inverse Kinematics 5q =J37(q) 5%
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General Solution
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General Solution

59 =15 5% +| 1,-3:3, |59,
— oq,

(1-323) @

59, =(1-353, )5
0=1J,4q,
0=J,(1-3535 )50,
0=1J,-J,373,

=

—
I 3,23,9:9,

Pseudo Inverse
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Pseudo-Inverse

Left Inverse

m > n At = (AT A)fl AT
(r=n) ATA=1
m=n=r At = Al

ATA=AA =1
Right Inverse
m<n A'=AT(AAT)
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Generalized Inverse

Left Inverse .
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Instantaneous Inverse Kinematics

5X(m><l) = \](mxn) (q) 5q(n><1)

Definition-Theorem
ox=J(q)oq
rank (J)=rank (J |6x)

R™ — rank (J
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Reduction to the Basic
Kinematic Model

Joq=0X

ox=E(X)oX,
JO(Q)é‘q :§X0

ox=E(X)oXx,
E(X) :mxm, matrix (m=>m,)
—rank (E(X))<m,
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Left Inverse
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System
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Left Inverse

Position Representations
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Using(x y 2)' =(pcosd psind z)'
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Rotation Representations
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Angular Velocity
S1
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Solution
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w==E"X,

Sp=—E'SX,
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Direction Cosines - Rotation Error
Instantaneous Angular Error
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Instantaneous Angular Error
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Euler Angles
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Euler Parameters

Inverse of the Basic
Kinematic Model

System
§X0(m0><1) = ‘]O(q) (moxn)5q(nx1) ; rn0 <n
Right Inverse

rank J, =m,
JF[3,97 =1,

System
6X0(m0><1) = ‘]O(q) (moxn)§q(nxl) ; m0 <n

Solution 5q=J375X,

# .
Jg: Generalized Inverse

General Solution
59 =17 X, + | 1,-353, | 59,
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Redundancy (w.r.t a Task)

x=1,C1+1,C12+1,C123
y=1,51+1,512+1,5123
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)| S2 S8 s3
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37, =3 (33)°
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1
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Redundancy
System
5X0(m0><]_) =J,(9) (O (a3 My <N
General Solution

5q=356X,+ | 1,-353,] 59,

oq,




Kinematic Singularity

singular direction
J Z(Jl N Jn)

det(J)=0
det('J)=det(’J)

Kinematic Singularities
x=1,C1+1,C12

y=1,S1+1,512 T %
~(1,81+1,812) 1,812
,C1+1,812  1,C12

J =S5y Jy

Cc1 -S1)( -1,52  -1,52
s1 c1\l,+1,c2 1,c2

] 0 0
B P

J=

Singular Value Decomposition

Theorem - Definition

A=UX V'

g
I

&
>, = diag[o;]

0,20,2--20,>0

o(i=1-,r)
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Decomposition of A
A(mxn) :U(mxm) z(mxn)VT(nxn)

m=>n ATAZV(ZT Z)VT

szz[zf 0]

0|0

1°) det(ATA—62|)=O — 0L, 00 > Y

2°)(ATA=G1)V, =0 >V

P)AV =U Y
(A, P AV, ) =(ou, oyuy e
u, = AV —->U
(oF

m<n  AAT =U(zT z)uT

D (21

1°) det(AA" —o%1)=0 > %

2°)(AAT-5{1)U; =0 > U

P)AU =V
(ATu P ATY P ) = (o oV, e
T
V, = AL, -V
o

Pseudo Inverse of A=U Y V' is
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AATA=A
T
(A*A) =A*A
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0
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Pseudo Inverse Solution
Aq,

IL+1,

ST
121 +1,) Yo

Singularity Robust Inverse
37=37(337)°

-1

J*:JT(JJT+k|)

Singularity Robust Inverse
50, k, =0.01

k, = 0.001

ky = 0.0001
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