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Abstract ple, search-based method that performs very well in prac-
tice. For 2-player games our algorithm performs substan-
tially better than Lemke-Howson. Faerplayer games our
algorithm is better than Simplicial Subdivision; the compar-
ison to the Govindan-Wilson algorithm is less conclusive. It

We present two simple search methods for computing a sam-
ple Nash equilibrium in a normal-form game: one for 2-
player games and one farplayer games. We test these al-
gorithms on many classes of games, and show that they per-

form well against the state of the art— the Lemke-Howson al- IS striking, however, that a relatively simple algorithm is not
gorithm for 2-player games, and Simplicial Subdivision and completely dominated by a such a sophisticated algorithm
Govindan-Wilson fom-player games. that is based on deep insight into the structure of games.

The basic idea behind our search algorithms is simple.
; Recall that, while the general problem of computing a NE is
lntrOdUCtlon. ) hard, computing whether there exists a NE witheaticular
Game theory has had a profound impact on multi-agent sys- supportfor each playeris easy (it simply requires solving
tems researCh_, and indeed _On Computer SC|ence_ n general.a feas|b|||ty program, whereas the full prob]em isa Comp|e_
The Nash equilibrium (NE) is arguably the most important mentarity program).
concept in game theory, and yet remarkably I|t_tle is known Each algorithms is equipped with a separate means for
about the problem of computing a sample NE in a normal- eypjoring the space of supports in a more efficient man-
form game. All evidence points to this being a hard problem, e oyr algorithm for 2-player games instantiates the sup-
butits precise complexity is unknown (Papadimitriou 2001). oris for each player separately, and prunes the search space
Atthe same time, several algorithms have been proposed py checking for actions in a support that are strictly dom-
over the years for the problem. In this paper, three previous jnated, given that the other agent will only play actions in
algorithms will be of part|c_ular|nterest. For2-playergamgs, its own support. Alternatively, the algorithm far-player
the Lemke-Howson algorithm (Lemke & Howson 1964) is  games considers full supports, but uses an easily-computed
still the state of the art, despite being 40 years old. For heyristic to first explore supports that are more promising
n-player normal form games, until recently the algorithm according to this heuristic.

based on Simplicial Subdivision (van der Laan, Talman, & c : - .
' ! ommon to both algorithms is the precedence they give to
van der Heyden 1987) was the state of the art. Indeed, thesesupports of small size. Since it turns out that games drawn

two path-following algorithms are the default ones imple- . jasses that researchers have focused on in the
. pasttend
mented in GAMBIT (McKelvey, McLennan, & Turocy ), 44 haye (at least one) NE with a very small support, our al-

the bes_t-knO\_Nn game theory SO“W"’!fe- Rece_:ntly, _Govindan gorithms are often able to find one quickly. Thus, this paper
and Wilson introduced an alternative, continuation-based is as much about the properties of NE in games of interest as

method (Govindan & Wilson 2003). This algorithm, which it is about novel algorithmic insights.

we will refer to as Govindan-Wilson was extended, effi- We emphasize. however. that we are not cheating in the
ciently implemented, and tested by (Blum, Shelton, & Koller emp X i~ Ating
2003). selecctj|0r|1 of gamels on \lNhICh“WG éest." Past algorithms v(\j/ere
In‘a long version of this paper we provide more inu- 2% S TER EELEIT B B S how ran
ition behind each these methods. Here we simply note dom’ aames varv alond at least one im oyrtant dimension)
that they have surfaced as the most competitive algorithms but alsgo on man))// othe? distributions (22 in total). To this '
for the respective class of games, and refer the reader end we use GAMUT, the recently introduced computational

to two thorough surveys on the topic (von Stengel 2002; .
McKelvey & McLennan 1996). Our goal in this paper is to testbed for game theofyOur results are quite robust across

demonstrate that for both of these two classes of games — 2-

player, anch-player forn > 2 —there exists a relatively sim- 1The support consists of the pure strategies played with nonzero

probability.
Copyright © 2004, American Association for Artificial Intelli- 2To preserve author anonymity, we suppress the citation, which
gence (www.aaai.org). All rights reserved. will appear in the final version of the paper.



all games tested.

The rest of the paper is organized as follows. After formu-
lating the problem and the basis for searching over supports,
we describe our two search algorithms. Then, we describe

our experimental setup, and separately present our results

for 2-player andn-player games. In the final section, we
conclude and describe opportunities for future work.

Notation

In this section we formally define the necessary notation.
We consider finite,n-player, normal-form games/

<N7 (Al)v(ul»
e N ={1,...,n}isthe set of players.

A; = {ai1,...,aim,} is the set of actions available to
player i, wherem; is the number of available actions
for that player. We will use:; as a variable that takes
on the value of a particular actiom; of playeri, and

a = (ay,...,a,) to denote a profile of actions, one for
each player. Also, let_; = (a1,...,ai—1,0i41,...,0p)
denote this same profile excluding the action of player
so that(a;,a_,;) forms a complete profile of actions. We
will use similar notation for any profile that contains an
element for each player.

u; : Ay X ... x A, — R is the utility function for each
playeri. It maps a profile of actions to a value.

Each player selects a mixed strategy from the gt=
{pi + Ai = [0,1]] >, ca, pi(ai) = 1}. A mixed strategy
fora pIayer specmes t%e probability distribution used to se-
lect the action that the player will play in the game. We will
sometimes use an actiarn in place of a mixed strategy;,
which will denote the pure strategy in whigh(a;) = 1.
The support of a mixed strategy is the set of all actions
a; € A; such thap;(a;) > 0. We willusex = (x1,...,x,)
to denote a profile of support sizes.

Because agents use mixed strategiesis extended to
also denote the expected utility for playefor a strategy
profile p = (p1,...,pn): wi(p) = X2 ,c 4 P(a)ui(a), where
pla) = ienpi(as).

Definition 1 A strategy profilep* € P is a Nash equilib-
rium if:

Vi e N,a; € A;,

ui(ai, p* ;) < wi(pf,p™;)

Searching Over Supports

The basis of our two algorithms is to consider space of in-
stantiations of the suppof; C A; for each player. A
mixed strategy profile consistent withS is then a equilib-
rium if each player is indifferent between all actions within
his support, and does not prefer an action outside of his sup-
port. Figure 1 gives the formal description of the feasibility
program for finding such an equilibrium(if it exists).

In Feasibility Program 1¢; corresponds to the expected
utility of player ¢ in an equilibrium. Because(a_;) =
[1;.ipj(a;), this program is linear for. = 2 and nonlin-
ear for alln > 2. Note that, strictly speaking, we do not
require that each actian € S; be in the support, because it
is allowed to be played with zero probability. However, the

variables :  Vi,a; € S;,  pi(a;)
Vz} C;
constraints :  Vi,a; € S;, Z pla_i)ui(a;,a—;) = ¢
a_;€ES_;
Viiai g Si, Y. pla—iuiai,a;) < e
a_;ES_;
a;€S;
Vi,ai S Sz'7 pi(ai) >0

Figure 1: Feasibility Program 1

point is that playei must still be indifferent between action
a; and all other actions;, € S;.

Algorithm for Two-Player Games

Our first algorithm exhaustively searches the space of sup-
ports. It orders the search space by considering every
possible support size profile separately, favoring support
sizes that are balanced and small. For a particular support
size profile, it considers all possible instantiations of both
player's support, making use of what we will call “condi-
tional (strict) dominance” to prune the search space. Infor-
mally, an action is conditionally dominated (with the condi-
tion being a restricted set of available actions for each agent)
if there exists another action for that player which always
yields a higher utility, given that the remaining agents will
only play actions within their respective restricted sets of
available actions. When all other agents’ supports are in-
stantiated, this constraint is formally expressed Bs;
Si,al € Aj,a_; € S_ Z,ul(a“ i) < u;(ai, a_;). Pseudo-
code for Algorithm 1 is as follows.

Algorithm 1

for all support size profiles = (x1, z2), sorted in increas-
ing order of, first|z, — z3| and, secondpin(z1, z2) do
forall S; € 241 s.t.|S;| = z; do
Al — {as € A5 not conditionally dominatedl
if Aa; € S, that is conditionally dominatethen
for all Sy € 2A2 s.t. |SQ| = X9 do
if #a, € S; thatis conditionally dominateithen
if 3(p,c) that satisfies Feasibility Program 1
for (S1, S2) then
Return the found equilibrium profile

This algorithm can be interpreted as solving a constraint
satisfaction problem in which the variables are the supports
S;, and the domain of eac$y; is the set of supports of size
;. The single constraint is that there must exist a solu-
tion to Feasibility Program 1. However, it is useful to add
the redundant constraints that no agent plays a conditionally
dominated action when all agents are restricted to their re-
spective supports. Algorithm 1 is then an instance of the



general backtracking algorithm, and the removal of condi- none of these supports satisfy Feasibility Program 1, then we
tionally strictly dominated strategies is similar to using the move onto the support size profite= (2, 2, 2). The support
AC-1 to enforce arc-consistency with respect to the redun- profile of size 1 that had the lowest score is expanded first,
dant constraints. and it has 8 children (two choices of an action to add for
The keys to this algorithm are the ordering of the support each agent). After considering these children, we advance
size profiles and the removal of dominated strategies, which to the support profile of size 1 with the second lowest score.
often provides a significant speedup. For example, after in-  The use of sorted queues provides somewhat useful, but
stantiating a support of size two for the first player, it is often often insufficient, guidance to the search, due to the fact that
the case that many of the second player’s actions are pruned,supports of sizé: are often scored based on substantially
because only two inequalities must hold for one action to fewer action profiles than supports of sizet 1. For this
dominate another. Then, we only need to execute Feasibility reason, we iterate through each queue multiple times, mak-
Program 1 a relatively small number of times each support ing use of cutoffs to restrict the search. On each iteration, we
of the first player. only consider child supports whose score lies below the cut-
off for the current iteration, and above the cutoff of the pre-
vious iteration. To preserve completeness, the cutoff for the
final pass was seto, and the cutoff for the pass preceding

Algorithm for N-Player Games

While Algorithm 1 is able to benefit from a large amount ] . f ¢
of pruning in two_p|ayer games, and it can be eas”y gener- the first paSS Wa.S defined to be 0. We created 3 intermediate
alized to then-player case based on the CSP formulation, Ccutoffs by sampling and scoring a large number of supports
the benefits from pruning tend to decrease as the number of consistent with this support size profile in the current game,
p|ayers increases. Consider’ for examp|e' a 6_p|ayer game and Set“ng the cutoffs to be the scores that were less than
for which we have instantiated supports of size 2 for 5 of the that of all but0.1%, 1% and10% of the samples.
players. In general, there will be a relatively small amount
of pruning of actions for the remaining player, since 32 in- Algorithm 2
equalities must be satisfied for one action to dominate an- for all support size profiles s.t. (3z;, z; = 0), sorted by
other. For this reason, we introduce a second search method ncreasing order ofif f(x) do
(see the pseudo-code for Algorithm 2 below) that, for each queue[0] — 0
support size profile, uses a heuristic to order the examination  for all S s.t. Vi, |S;| = z; do
of support profiles. InsertS into queue[0]
The heuristic is based on the functiennk;(a), which for y = 1 to min;(m; — ;) do
returns the order statistic far;(a;,a_;) out of the set of Createcutof f[c] for 0 < ¢ < numCutof fs
all possible utilitiesu;(a}, a_;) that player 1 can achieve by for ¢ = 1to numCutof fs do
choosing a pure strategy, given that the other agents plays queuely] — 0
a_;. This function is used in the following scoring function while S — Next-Elementgueuely — 1]) do
for a supportiscore(S) = 3, ¥, rank;(a), which cap- forall a € Ast.Vi,a; & S do
tures the intuition that we should favor support profiles that S — (S U{ar}, ..., S, Ufan})
give rise to action profiles in which each agent is playing an if (score(S’) < cutof flc])A
action that is close to “optimal” for it. (score(S") > cutof fc — 1]) then
Algorithm 2 also prefers support size profilas = if S ¢ queuely + 1] then
(z1,...,z,) Which are closer to uniform, and we capture InsertS’ into queuely + 1]
this preference by sorting the profiles according to the differ- if 34, a; € S; S.t. a; is strictly condition-
ence functiondi f f(z) = >_,(x; — min;x;). However, in- ally dominatecthen
stead of next sorting byin;x;, it uses a support size profile if 3(p, ) that satisfies Feasibility Pro-
2 in which at least one; = 0 as a starting point, and then gram 1 forS’ then
explores all support size profiles obtained by successively return the found equilibriurp
incrementing each; by one. For example, for a 3-player, 3-
action game, the algorithm begins by using (0,0,0) as a
basis, from which it moves on td, 1, 1) and then(2, 2, 2). .
For each support size profile encountered in such a path, Experimental Results
a queue of supports is created, sorted in increasing order of To evaluate the performance of our algorithms we ran sev-
score(S). Each element of the queue is then expanded, and eral sets of experiments. All games were generated by
its children are all of the supports created by the addition of GAMUT, a test-suite that is capable of generating games
an action profile. Before placing a child in the next queue, from a wide variety of classes of games found in the litera-
we first check that it is not already present, due to the dif- ture. Table 1 provides a brief description of the distributions
ferent orders in which a support profile can be created. If on which we tested.

it is not, then we check that no action is dominated, before
finally calling our nonlinear solver to attempt to solve Feasi-
bility Program 1. Continuing with the example above, there
exists a single (null) support consistent with= (0,0, 0). It

is then expanded, and all 27 of its children are considered. If

A distribution of particular importance is the one most
commonly tested on in previous work: D18, the “Uniformly
Random Game”, in which every payoff in the game is drawn
independently from an identical uniform distribution. Also
important are distributions D5, D6, and D7, which fall under



Bertrand Oligopoly Bidirectional LEG, Complete Graph

Bidirectional LEG, Random Graph Bidirectional LEG Star Graph

Random; payoff correlation 0.9 Random,; correlation uniform ip—1, 1]

Random, no correlation Dispersion Game

Graphical Game, Random Graph Graphical Game, Road Graph

Graphical Game, Star Graph Graphical Game, Small-World

Minimum Effort Game Polymatrix Game, Complete Graph

Polymatrix Game, Random Graph Polymatrix Game, Road Graph

PolymatrixGame, Small-World Graph Uniformly Random Game

Travelers Dilemma Uniform LEG, Complete Graph

Uniform LEG, Random Graph Uniform LEG, Star Graph

Location Game D24 War Of Attrition

Table 1: Descriptions of GAMUT distributions.

a model studied by (Rinott & Scarsini 2000) (which we will
refer to as a “Covariant Game”) , in which the payoffs for the
n agents for each action profile are drawn from a multivari-
ate normal distribution in which the covarianpebetween
the payoffs of each pair of agents is identical. Whea 1,
the game is common-payoff, while = L yields min-
imal correlation, which occurs in zero-sum games. Thus,
by alteringp, we can smoothly transition between these two
extreme classes of games.

Our experiments were executed on a cluster of 12
dual-processor, 2.4GHz Pentium machines, running Linux

2.4.20. We capped runs for all algorithms at 1800 seconds.

Whenn = 2, we solved Feasibility Program 1 using CPLEX
8.0’s callable library. Fon > 2, because the program is

a game with a pure strategy NE, which our algorithm will
then find quickly. Two other important statistics are the per-
centage of instances solved (Figure 2(b)), and the average
runtime conditional on solving the instance (Figure 2(c)).
Here, we see that Algorithm 1 completes far more instances
on several distributions, and solves fewer on just a single
distribution (6 fewer, on D23). Additionally, even on distri-
butions for which we solve far more games, our conditional
average runtime is 1 to 2 orders of magnitude faster.

Clearly, the hardest distribution for our algorithm is D6,
in which the covariance is drawn uniformly at random
from the range[—1,1]. In fact, neither Algorithm 1 nor
Lemke-Howson solved any of the games in another “Co-
variant Game” distribution in which = —0.9, and these re-
sults were omitted from the graph, because the median and
conditional average are undefined for these results. On the
other hand, for the distribution “CovariantGame-Pos” (D5),
in which p = 0.9, both algorithms perform well.

To further investigate this continuum, we sampled 300
values forp in the rangé—1, 1], with heavier sampling in the
transition region and at zero. For each such game, we plot-
ted a point for the runtime of both Algorithm 1 and Lemke-
Howson in Figure 2(d). The theoretical results of (Rinott &
Scarsini 2000) suggest that the games with lower covariance
should be more difficult for Algorithm 1, because they are
less likely to have a pure strategy Nash equilibritiiNev-
ertheless, it is interesting to note the sharpness of the transi-

nonlinear, we instead solved each instance of the program tion that occurs in thé—0.3, 0] interval. More surprisingly,

by executing AMPL, using MINOS as the underlying op-
timization package. Obviously, we could substitute in any
nonlinear solver; and, since a large fraction of our running
time is spent on AMPL and MINOS, doing so would greatly
affect the overall running time.

Before presenting the empirical results, we note that an
comparison of the worst-case running times of our two algo-

a similarly sharp transition also occurs for Lemke-Howson,
despite the fact that the two searches operate in completely
unrelated ways. Finally, it is important to note that the tran-
sition region for Lemke-Howson is shifted to the right by
approximately0.3, and that there does not exist a valueof
such that it performs better than Algorithm 1. Moreover, on
instances in the easy region for both algorithms, Algorithm

rithms and the three we tested against does not distinguish 1 is still an order of magnitude faster.

between them, there exist inputs for each which lead to ex-

ponential time. It is important to note, though, that while Al-
gorithm 1 is extremely space efficient, Algorithm 2 requires
an exponential amount of memory to maintain the queues.

Results for Two-Player Games

In the third set of experiments we explore the scaling
behavior of both algorithms on the “Uniformly Random
Game” distribution (D18), as the number of actions in-
creases from 100 to 1000. For each multiple of 100, we
generated 20 games. Because space constraints preclude an
analysis similar to that of Figures 2(a) through 2(c), we in-

In the first set of experiments, we compared the performance Stéad plot in Figure 2(e) thenconditionalaverage of run-

of Algorithm 1 to that of Lemke-Howson (implemented in

Gambit, which added the preprocessing step of iterated re-

moval of weakly dominated strategies) on 2-player 300-
action games drawn from 24 different GAMUT distribu-

times over 20 instances for each data size, with a timeout
counted as 1800s. While Lemke-Howson failed to solve any
game with more than 600 actions and timed out on some
100-action games, Algorithm 1 solved all instances and,

tions. Both algorithms were executed on 100 games drawn Without the help of cutoff times, still had an advantage of
from each distribution. The time is measured in seconds and 2 orders of magnitude at 1000 actions.

plotted on a logarithmic scale.

Figure 2(a) compares the median runtimes of the two al-
gorithms, and show that Algorithm 1 performs better on all
distributions® However, this does not tell the whole story.
For many distributions, it simply reflects the fact that there is
a greater thafi0% chance that the distribution will generate

30bviously, the lines connecting data points across distributions
for a particular algorithm are meaningless— they were only added
to make the graph easier to read.

Results for N-Player Games

In the next set of experiments we compare Algorithm 2 to
Govindan-Wilson and Simplicial Subdivision (also imple-

mented in Gambit, and thus combined with iterated removal
of weakly dominated strategies). First, to compare perfor-

*We presume, although it is not addressed in (Rinott & Scarsini
2000), that a lower covariance also causes the game to be less likely
to have a NE of support sizg for small values ok
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mance on a fixed problem size we tested on 100 games from
22 GAMUT n-player distributions with 6 players and 5 ac-
tions each. While those numbers appear small, note that

but many favor our algorithm.
The most difficult games we encountered came from the
covariant game model, as the covariance approaches its min-

these games have 15625 outcomes and 93750 payoffs. Noteimal value, and this is a natural target for future algorithm

that two distributions from the tests of 2-player games are
missing here, due to the fact that they do not naturally gen-
eralize to more than 2 players.

Once again, Figures 3(a), 3(b), and 3(c) show median run-
times, number of completed instances, and conditional av-
erage runtime (on the instances solved before the cutoff),
respectively. Algorithm 2 has a very low and consistent me-
dian runtime, for the same reason that Algorithm 1 did for
two-player games. It solves more instances than Simplicial
Subdivision, and has a superior conditional average runtime
(with a correlation between the two algorithms that is strik-
ing). The comparison with Govindan-Wilson is much more
ambiguous, since Algorithm 2 solves fewer total instances,
but holds a significant advantage in conditional average run-
time on more distributions than Govindan-Wilson does.

Since the results of (Rinott & Scarsini 2000) for the prob-
ability of the existence of a pure strategy NE also holdfor

development. We expect these games to be hard in gen-
eral, because, empirically, we found that as the covariance
decreases, the number of equilibria decreases, and the equi-
libria that do exist are more likely to have support sizes near
one half of the number of actions, which is the support size
with the largest number of supports.

One direction for future work is to apply more sophisti-
cated CSP techniques to the formulation described above.
Another promising direction to explore is local search, in
which the state space is the set of all possible supports, and
the available moves are to add or delete an action from the
support of a player. While the fact that no equilibrium ex-
ists for a particular support does not give any guidance as
to which neighboring support to explore next, one could use
the scoring metric defined for Algorithm 2 or a relaxation of
Feasibility Program 1 that penalizes infeasibility through an
objective function. More generally, our results show that Al

player games, we again investigate the relationship between techniques can be successfully applied to this problem, and

p and the hardness of games. For generplayer games,
minimal correlation under the “Covariant Game” distribu-
tion occurs wherp = —nll. Thus, we can only study the
range[—0.2, 1] for 6-player games. Figure 3(d) shows the
results for 6-player 5-action games. Algorithm 2, over the
range[—0.1, 0] experiences a transition in hardness that is
even sharper than that of Algorithm 1. Simplicial Subdivi-
sion also undergoes a transition, which is not at sharp, that
begins at a much larger value @faround0.4). On the other
hand, the running time of Govindan-Wilson is only slightly
affected by the covariance, as it neither suffers as much for
small values of) nor benefits as much from large values.

Finally, Figures 3(e) and 3(f) show the scaling behavior of
the three algorithms: the former holds the number of play-
ers constant at 6 and varies the number of actions from 3 to
8, while the latter holds the number of action constant at 5,
and varies the number of players from 3 to 8. As before,
for each (player,action) pair we sample 20 games from the
“Uniformly Random Game” distribution, and plot uncondi-
tional averages. In both graphs, both Simplicial Subdivision
and Govindan-Wilson solve no instances for the rightmost
two sizes, while Algorithm 2 still solves a significant frac-
tion. Also interesting is the fact that, over the range consid-
ered, our algorithm scales very well with number of actions,
while Simplicial Subdivision transitions from being much
faster than Algorithm 2 to being significantly slower.

Conclusion and Future Work

In this paper, we presented two search methods for finding a
sample Nash equilibrium, both of which favored supports
that were small and balanced. The first uses removal of
dominated actions to efficiently solve 2-player games, and
it strictly outperforms the Lemke-Howson algorithm. The
second, which employs a heuristic to order supports of a par-
ticular size, compares well against Simplicial Subdivision.
Against Govindan-Wilson, the results are more ambiguous,

we have only scratched the surface of possibilities along this
direction.
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