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Abstract Conitzer & Sandholm 2003a)). One objective that these so-
lution concepts pursue is that ff#irness For instance, the
Shapley valuéivides the value fairly in a certain sense. An-
mation to be successful, a key question that must be answered O.ther. obJeCtlve Is.that Cﬂtab'"tyﬁ .For instance, a Value. divi-

is how the gains from cooperation are to be distributed. Var- slonis In thecoreif no Schoa“t'_On of agen_ts_, has an incen-
ious solution concepts have been proposed, but the computa-  tive to break away and form their own coalition.

tional questions around these solution concepts have received The computational questions around these solution con-
little attention. cepts have received relatively little attention. When it comes
We study a concise representation of characteristic functions  to coalition formation among software agents (that represent
which allows for the agents to be concerned with a number of real-world parties), these questions become increasingly ex-
independenissuesthat each coalition of agents can address. plicit. Additionally, there are many potential commercial
For example, there may be a settasksthat the capacity- applications for methods that compute value divisions with
unconstrained agents could undertake, where accomplishing  corain hroperties. For instance, one possible application of

a task generates a certain amount of value (possibly depend- being able to compute a value division in the core is to deter-
ing on how well the task is accomplished). Given this rep- 9 P

resentation, we show how to quickly compute Bkapley mine how much each employee of a company should be paid
value—a seminal value division scheme that distributes the SO that the company does not collapse as a result of a group
gains from cooperation fairly in a certain sense. We then  Of employees being bought away by another company.
show that in (distributed) marginal-contribution based value One important source of computational complexity could
division schemes, which are known to be vulnerable to ma-  pe that each potential coalition has some hard optimization
ggp;fi'ggr?n tﬁ{sﬂr]r?a%ridﬁlra:tri]ovr\:k;ls,mNg]-ioargelnettsear'?'hiidec%rtr? tl:'_e problem, making it difficult to ascertain a single coalition’s

' P piete. ’ P value. For example, when the agents are carrier companies

tational complexity serves as a barrier to manipulating the . . .
joining order. Finally, we show that given a value division, with their own trucks and delivery tasks, they can save costs

determining whether some subcoalition has an incentive to By forming a coalition (pooling their trucks and tasks), but
break away (in which case we say the division is not in the each _potentla! coalition faces_a hard optimization problem:
core) is NP-complete. So, computational complexity serves a vehicle routing problem defined by the coalition’s trucks
to increase the stability of the coalition. and tasks. The effect of such hard optimization problems
on coalition formation has been studied by Sandholm and
. Lesser (Sandholm & Lesser 1997), but the bulk of research
1. Introduction on coalition formation (Aumann 1959; Charnes & Kortanek
Coalition formation is a key part of automated negotiation 1966; Shapley 1967; Kahan & Rapoport 1984; van der Lin-
among self-interested agents. A coalition of agents can den & Verbeek 1985; Bernheim, Peleg, & Whinston 1987;
sometimes accomplish things that the individual agents can- Chatterjeeet al. 1993; Ketchpel 1994; Moreno & Wooders
not, or can do things more efficiently. Besides being of in- 1996; Okada 1996; Ray 1996; Shehory & Kraus 1996; Mil-
terest to the distributed Al / multiagent systems community, grom & Roberts 1996; Evans 1997; Shehory & Kraus 1998;
coalition formation has electronic commerce applications as Conitzer & Sandholm 2003a) does not address this issue.
well. For example, consider & large number of companies, A second source of computational complexity, more di-
some subsets of which could form profitable virtual orga- ecyy related to the coalition formation process itself, is that
nizations that can respond to larger or more diverse orders gyen if we can compute each coalition’s value, we still need
than the individual companies can. a method to choose a value division among the agents that
In order for coalition formation to be successful, a key s consistent with the solution concept. Finding such a value
question that must be answered is how the gains from coop- gyision can be a nontrivial problem. How complex is it?
eration are to be distributed. This question has been stud- There are other, related, important computational questions
led extensively in cooperative game theory, and some Of a5 well. For instance, how hard is it for an agent to manip-
the resulting solution concepts have already been adopted jate (10 its advantage) which of the consistent value divi-

in the multiagent systems literature (e.g., (Ketchpel 1994, qjqhq i chosen? Or, can we perhaps use a weaker notion of
Zlotkin & Rosenschein 1994; Shehory & Kraus 1996; 1998;  giapility because it is computationally difficult to find a sub-

Copyright © 2004, American Association for Artificial Intelli- coalition that has an incentive to break away? In this paper
gence (www.aaai.org). All rights reserved. we address all of these three questions.

Coalition formation is a key problem in automated negotia-
tion among self-interested agents. In order for coalition for-



We study the questions in a problem representation where sit on the side and do nothing). All of our results hold both

the agents are concerned with a number of distisgties

with and without the assumption thais increasing.

that each coalition of agents can address. (That there can be Another common assumption on characteristic functions

multiple independent issues does not in any way restrict the

is that they aresuperadditive

settings that we can capture; in the worst case the problem pefinition 3 v is superadditivef for all disjoint coalitions

is not decomposable, so there will be just one issue.) For
example, there may be a settakksthat the agents could

undertake, where accomplishing a task generates a certain

amount of value (possibly depending on how well the task is
accomplished). Here, each coalition of agents would have
a different collective skill set, and thereby achieve a dif-
ferent level of success on each task. We assume that eac
coalition’s optimization problem for each individual issue
is solved already (or easy to solve), thereby largely assum-
ing away the first source of computational complexity. This
paper belongs to the relatively new set of papers that study
computational considerations directly related to value divi-
sion among the agents—the second source of complexity.

The rest of the paper is organized as follows. In Section
2, we formalize our problem representation. In Section 3,
we show how to efficiently compute the Shapley value. In
Section 4, we show that manipulating marginal-contribution
based value division schemes is hard. Finally, in Section 5,
we show that it is hard to determine whether a given value
division is stable—that is, belongs to the core.

2. Multi-issue characteristic function games
Characteristic function games

Value division in coalition formation is usually studied in
characteristic function gamesvhere each potential coali-
tion S has a valuey(.S) that it can obtain. This assumes that
utility is transferable (e.g., payments are possiblajd that

a coalition’s value is independent of what nonmembers of
the coalition do. In some settings, nonmembers’ actions af-
fect the coalition’s value, for example, due to usage of shared

limited resources. Such general games can be modeled in the

characteristic function framework by either optimistically
assuming that the nonmembers will do what maximizes the
coalition’s value, or pessimistically assuming that the non-
members will do what minimizes the coalition’s value. (In
either case, the members of the coalition act to maximize the
coalition’s value.) The optimistic assumption yields stronger
stability (in the sense of the core): if a coalition cannot ben-
eficially deviate even if its value is maximized by the non-
members, then it certainly cannot beneficially deviate.

Definition 1 Given a set of agentd, a characteristic func-
tionv : 24 — R assigns a value to each coalition.

Typically the function is increasing:
Definition 2 v isincreasingf S1 C So = v(S51) < v(S2).

The function being increasing entails that adding more
agents to a coalition never hurts (in the worst case, they can

!In the general case where utility transfers are not necessarily
possible, each coalition has a setutifity possibility vectorseach
of which contains a utility for each agent. If utility is transferable,
then the set of utility possibility vectors for a coalition is the set of
all utility vectors for that coalition with utilities summing to at most
the value of the coalition. We will only deal with the transferable
utility case in this paper.

S1,5, C A, 1}(51) + ’U(Sg) < 1}(51 U SQ)

The motivation behind this is that, at worst, the agents can
pretend that they are in two separate coalitions even though
they are joined into a single one. However, superadditivity

does not always hold, for any of several reasons: 1. There

pcan be coordination overhead. A larger coalition may need

to expend more effort in coordinating the agents in the coali-
tion. 2. The problem of deciding how a coalition will handle
its tasks can be a hard optimization problem, and the cost of
solving it often increases superlinearly with the number of
agents in the coalition (Sandholm & Lesser 1997). 3. There
may be some penalty to collusion, for example, due to anti-
trust laws. 4. In games where a coalition’s value can depend
on what nonmembers do, and the characteristic function is
derived using the optimistic assumption described above, the
argument of pretending to be in two separate coalitions does
not go through. This is because it would implicitly require
all agents to act in the best interest%f, as well as in the
best interest of5, which may not be possible.

Concise representation of multi-issue games

We are now ready to present our concise representation
of characteristic functions, which involves a decomposition
over a number of independdssues Each issue has its own
characteristic function.

Definition 4 The vector of characteristic functions
(v1,v2,...,v7), with eachy; : 24 — R, is adecomposi-
tion overT issuesof characteristic function : 24 — R if

T
foranyS C A, v(S) = > v;(9).
=1
The following lemmas show that if the functions into
which the characteristic function decomposes are increasing
or superadditive, then so is the characteristic function. (We
will omit the proofsbecause of space constraint.)

T

Lemmal If v = ) v; is a decomposition of, and each
1=1

v; IS increasing, themw is increasing.

T
Lemma?2 If v = ) v; is a decomposition of, and each
=1
v; IS superadditive, then is superadditive.

The decomposition can lead to a more concise represen-
tation if the individualy; are concisely representable. In this
paper, we will study the case where eaglonly concerns a
subset of the agents that are relevant to igs&er instance,
in a setting where the issues correspond to tasks, some of the
agents may not have any skills relevant to a given task.

Definition 5 We say thatv; concerns onlyC; C A if
v;(S1) = v;(S2) wheneverC; N S; = C; N Sy. In this
case, we only need to defingover2¢:.

Our representation requires the specification of only

3~ 2I%l values, exponentially fewer than tB&!l we need
=1



to specify in general—presuming th&;| are small. We will
conceive of theC;| as being small (for example, a constant)
throughout this paper.

3. Computing the Shapley value

We will now review a well-known value division scheme
known as theShapley valug¢Shapley 1953). The Shapley
value aims to distribute the gains from cooperation in a fair
manner. It has many equivalent characterizations; we will
review one that gives a formula in closed form for it.

First consider a different value division scheme, which
we will call the marginal-contribution schemelt imposes
an orderr on the agents im, and adds in the agents one
by one in this order. An agent’s payoff is its marginal con-
tribution to the value of the coalition. This simple value di-

vision scheme has its advantages, not the least of which is

its S|mpI|C|ty, and we will return to it later. A dlfflculty that

to indicate thatr and =, agree on the order of the ele-
ments inC;, if 7 = n¢,, it follows thatS(w,a) N C; =
S(me,,a). Combining this with our previous observation,
we havev;(S(m, a) U{a}) —v;(S(m,a)) = v;(S(7c,,a) U
{a}) = vi(S(7¢;,a)). Then,Sh,, = ﬁ Z(vi(S(ﬂ',a) U

{ah) — w(Stma)) = T ¥ "(0i(S(ra) U
{a}) = vi(S(m,a)) = Aiz_ Py (vi(S(rc,.a) U
fa)) = wl(Stre,a) = pp 2 LA (0,(S (0, ) U

{a}) = vi(S(me,, a)))

vi(S(7c,, a)))

Finally, we show that we do not really need to sum over all
possible orderings, but rather just over all possible subsets,

E(vz( (7¢,,a) U{a}) —
= Shy, (Cy,a), provmg the first part. =

C\'

it presents is that the value that an agent receives dependsif we add an appropriate weighting factor to each term.

on the orderr, in which the agents join the coalition. The

Shapley value resolves this by averaging each agent’s payoff 1|

overall possible orderings.

Definition 6 Given an orderingr of A, for any agent, let
S(m,a) be the set of agents id that appear before: in
orderingw. Then theShapley valudor agenta is defined as

Sh(A,a) = ﬁ ;(’U(S(ﬂ', a) U{a}) —v(S(m,a))).

To operationalize a value division scheme, the scheme
should be associated with an algorithm for finding a value
division consistent with the scheme. In the rest of this sec-
tion we derive a fast way of determining the Shapley value.

We first show that to compute the Shapley value in our

Lemma5 We can write  Sh(A4,a) =
> ISIAA] =[S = DIw(S U {a}) — v(S)).
SCA—{a}
Similarly, if »; only concerns C; C A, then
for any « € C(;, we can write Sh,,(C;,a) =
2 X ISING] = 18] = D(wi(S U {a}) — vilS)).
CCi—{a}
Proof: We haveSh(4,a) = i Y (v(S(m,a) U {a}) —
o(S(ma) = Fp X > (S U {a}) -
SCA—{a} m:S(mw,a)=S
v(9)) = ﬁs Z{ IS]H(IA] = [S] = DH(v(S U {a}) —

representation, we can simply compute the Shapley value v(S)). The proof for theuz is exactly the same, because the

for each termv;, and sum these. That is, if the characteristic
function decomposes, then so does the Shapley value.

T
Lemma 3 If v = > v; is a decomposition af, then for any
=1
agenta we haveSh(A, a) = Z Shy, (A, a), whereSh,,,

the Shapley value computed with respect to characteristic
functionuv;,.

Proof: We omit this proof because of space constraintm
Next, we show that to compute the Shapley value of a

formula has exactly the same structure.m

We can conclude that our representation allows for fast
computation of the Shapley value, if thg;| are small.

Theorem 1 Suppose we are given a characteristic function

with a decomposition Z v, represented as follows.

For eachi with1 < i < T we are givenC; C A, so that
eachv; concerns only;. Eachv; is flatly represented over
2¢%, that is, for each with 1 < i < T', we are giveny;(S;)
explicitly for eachS; C C;. Then (assuming that table
lookups for thev;(.S;), as well computations of factorials,

function that only concerns a subset of the agents, we need multiplications and subtractions take constant time), we can

to average over the orderings of only those agents.

Lemma 4 If v; only concerns’; C A, then for anya €
Ci, Shy,(A,a) = Shy, (Cs,a) = |C i Z(vz( (re;,a) U

{a}) —v;(S(m¢,,a))) (Where ther¢, are orderings of the
agents inC; only, andS(n¢,,a) is the set of agents ifY;
appearing beforen in ordering 7¢,). For anya ¢ C;,
Shy,; (A,a) = 0.

Proof: Becausev;(S) = v;(S U {a}) foranyS C A and
a ¢ C;, the marginal contribution of an agent outside
is always 0, and it follows that its Shapley value is 0—
proving the second part of the lemma. For asiyC A
anda € C;, we havev;(S U {a}) — v;(S) = v((SN
C;) U {a}) — v;(S N C;). Using the notationt = ¢,

compute the Shapley valuewfor any given agent in time
T
O(>_ 2/, or less preciseO (T2 I€:1), This holds

=1
whether or not the characteristic function is increasing, and
whether or not it is superadditive.

Proof: By Lemma 3, we can simply compute the agent’s
Shapley value for each individual issue, and then sum these
together. By Lemmas 4 and 5, to compute the Shapley
value of an individual issue, we only need to sum weighted
marginal utilities over subsets of the agents that that issue
concerns. The computation of each term in the latter sum-
mation only takes constant time, by assumptions made in the
statement of the theorem. =



Thus, the Shapley value can be computed very quickly,
especially in the case where t/t&| are bounded by a small
constant (as will be the case in the rest of the paper).

4. Manipulating marginal-contribution based
value division schemes

We now return to marginal contribution schemes for value
division where we do not average over all possible orders

(unlike in the Shapley value scheme). In such schemes, we

and a numbek. We are asked if there is som§eC A — {a}
such thaw (S U {a}) — v(S) > k.

We show this problem is NP-complete by reducing the
MAX2SAT problem to it (Papadimitriou 1995).

Theorem 2 MAX-MARGINAL-CONTRIBUTION is NP-
complete, even whel@;| = 3 for all 4, v; only takes on
valuesin{0, 1, 2} for all 7, and allv; (and thus, by Lemma 1,
v) are increasing (but not necessarily superadditive).

should be concerned that an agent may have some influenceProof: The problem is in NP because for a givenc A —

over which order is chosen, and will attempt to make the
chosen order so that its marginal contribution is maximal
when it joins. Choosing the order completely at random has

{a}, we can easily compute the marginal contributioruof
to this set. To show that itis NP-hard, we reduce an arbitrary
MAX2SAT instance (given by a set of Boolean variablés

been Suggested as a solution to this (Wlth the added bonusand aset of CIaUSﬁ, each of which contains 2 literals (a lit-

that theexpectedvalue to an agent is its Shapley value).
This, however, requires either a trusted source of random-
ness, or a distributed cryptographic protocol—for instance,

eral is a variable or its negation), corresponding to different
variables; and a target numbepof satisfied clauses) to the
following MAX-MARGINAL-CONTRIBUTION instance.

each agent could pick a permutation of the agents, submit an For each variable € V, there is an agent, ; additionally,

encryption of it to all the other agents, and then provide the

there is the agent whose marginal contribution we seek

decryption key once everybody has submitted an encrypted t0 maximize. For every clause€ C, there is an issue.

permutation. Then, we can choose the composition of all
the permutations as the order with respect to which we com-
pute the marginal contributions. For example, consider a
3-agent example where agent 1 submits the permutatipn
wherem (1) = 2, m1(2) = 1, andw;(3) = 3, agent 2 sub-
mits the permutationry, wherems(1) = 3, m2(2) = 1,
andm2(3) = 2, and agent 3 submits the permutatiog
wherens(1) = 2, m3(2) = 3, andn3(3) = 1. The final
joining order would then bes(ma(m1(1))), m3(m2(71(2))),
m3(m2(m1(3))), which is 2, 1, 3. Assuming that the de-
cryption cannot be manipulated, if even one agent picks its
order uniformly at random, then the final resulting order
will be uniformly random. This is the approach suggested
by Zlotkin and Rosenschein (Zlotkin & Rosenschein 1994).
However, a problem with this approach remains that it may
be possible for an agent to change its decryption key (and
thus the plaintext of its submission) on the basis of the plain-
texts of the other agents’ permutations. This way the agent
could again manipulate the joining order to its advantage.

We suggest a different approach to resolving this prob-
lem. Even with perfect control over the (final) order chosen,
it may be computationally hard for an agent to determine
the order most beneficial to it. We want to use this computa-
tional complexity as the barrier to manipulatidnThe fol-
lowing problem captures the predicament of a manipulating
agent with perfect control over the order chosen.

Definition 7 (MAX-MARGINAL-CONTRIBUTION)
We are given a characteristic function with a decomposi-
T
tion v = Y v;, represented as follows. For eac¢hwith
=1
1 < i < T we are giverC; C A, so that each; concerns
only C;. Eachu; is flatly represented ovex“:, that is, for
eachi with 1 < ¢ < T, we are giverv;(S;) explicitly for
eachsS; C C;. Additionally, we are given an agente A,

2Using computational complexity as the barrier to manipulation
has previously been studied in the context of the complexity of ma-
nipulating voting protocols (Bartholdi, Tovey, & Trick 1989; 1992;
Bartholdi & Orlin 1991; Conitzer & Sandholm 2002; 2003b).

(so thatT' = |C|). The set of agents that_ concerns is
Cy, = {a} U{a, : v € ¢V —v € ¢} (exactly 3 agents
because we are reducing from MAX2SAT). The character-
istic functionv;, : 2% — R is defined as follows. Let
P, ={ay, :v € ctandN,, = {a, : —v € c¢}. Then,
for a givensS;, C C;_, v: (St ) = 0 if at least one element
of N;_, anda, arenotin S;_; v, (S;,) = 1 if at least one
element ofN;_ is notin S;_, buta isin Sy_; v, (S:.) = 1if
N;. C S;, , and: eitherw ¢ S;_, or no element of;_ is in
St.i v, (Se,) = 21if Ny, C S, a € S, and some element
of P;_isinS;,. (Itis easy to see that each is increasing.)
Finally, letk = r, that is, the two instances’ target values
are the same. We now show the instances are equivalent.

Suppose there is a solution to the MAX2SAT instance,
that is, an assignment of truth values to the variables so that
at leastr clauses are satisfied. L&+ be the variables set
to true. Then, letS = {a, : v € V+}. Now, ifc € C
is satisfied in this assignment, either some variabihose
negation occurs in this clause is setftdse or, if this is
not the case, some variahlghat occurs in this clause (hot
negated) is set twue. In the former case, we hawg € IV,
anda, ¢ S; so thatv(S) = 0 andv(S U {a}) = 1. In the
latter case, we havk,, C S;_ (because the former case did
not apply),a, € P;., anda, € S; so thatv(S) = 1 and
v(S U {a}) = 2. In either case, the marginal contribution
of a to this issue is at leadt so that the total marginal con-
tribution of ¢ is at least- = k. Thus,S is a solution to the
MAX-MARGINAL-CONTRIBUTION instance.

Now suppose there is a solution to the MAX-
MARGINAL-CONTRIBUTION instance, that is, a sétso
thatv(S U {a}) — v(S) > k = r. Then, let our assignment
be to setw to true if a, € S, and tofalseotherwise. The
marginal contribution of;, to an issue (relative t§) is either
0 or 1. If the marginal contribution of to ¢. is 1 (which
by the previous has to be the case for at ledssues), then
either somey,, € N, is notinS, or we have thatv;, C S;,
and some element, of P, isin S. In the former case, the
negation ofv occurs inc, and we have set to false soc is
satisfied. In the latter case,occurs inc (not negated), and
we have seb to true, soc is satisfied. It follows that the



number of clauses satisfied by our assignment is at teast
Thus, our assignment solves the MAX2SAT instancen

We observe that  the MAX-MARGINAL-
CONTRIBUTION problem is not necessarily hard if
the characteristic function is known to have special struc-
ture. For instance, a characteristic functiorcdsivexif the
marginal contribution of an agent is always increasing in
the subset of agents to which the agent is added—that is, an
agent always adds at least as much value to a coalition as it
does to any subcoalition. In this case, it is easy to see that
an agent always wants to be the last in the order.

An interesting aspect of convex games is that in such
games the Shapley value and any value division stemming
from a marginal-contribution based scheme are always in the
core, so the resulting value division is stable (Shapley 1971,
Mas-Colell, Whinston, & Green 1995; Osborne & Rubin-
stein 1994). So, these payoff schemes seem particularly de-
sirable in that setting. It is thus frustrating that, as we dis-
cussed above, finding a beneficial manipulation of the join-
ing order in convex games is easy!

The complexity of the MAX-MARGINAL-
CONTRIBUTION problem remains open if the char-
acteristic function is superadditive, but not convex.

It should also be observed that, even though the problem
of maximizing an agent's marginal contribution is hard in
the worst case, there may still exist effective heuristics for
finding an order that makes the agent’s marginal contribution
at least relatively large (even if it is not the largest possible).
For instance, if most other agents’ skills can substitute for
this agent’s skills, then it is likely beneficial for the agent to
be early in the order. On the other hand, with complemen-
tary skills, it is likely beneficial for the agent to be late in the
order (convex games are an extreme example of this).

5. Checking core membership

We finally consider the best-known stability concept, the
core (Gillies 1953; von Neumann & Morgenstein 1947). A
value division is in the core if no subcoalition has an incen-
tive to break away.

Definition 8 A value divisiond : A — R is blockedby
coalition S if v(S) > Y d(a). We say thatl is in thecore

a€S
if it is not blocked by any coalition.

Our next result shows that under the multi-issue represen-
tation, even checking whether a given value division is in the
core is coNP-complete. We first define the problem.

Definition 9 (CHECK-IF-BLOCKED) We are given a
T

characteristic function with a decompositian = >_ v;,
=1
represented as follows. For eachwith 1 < ¢ < T we
are givenC; C A, so that eachy; concerns onl\(;. Each
v; is flatly represented ove2®:, that is, for eachi with
1 <4 < T,we are giveny,(S;) explicitly for eachS; C C;.
Additionally, we are given a value divisieh: A — R.2 We

3We intentionally do not constraith to be afeasiblevalue di-
vision relative to the given charcteristic functiod i6 feasible if
Y aca d(a) < w(A)). This omission is justified because it does
not introduce any new instances of the computational problem:

are asked whethet is outside of the core, that is, if there is
some blocking coalitios with v(S) > > d(a).
a€s
We show this problem is NP-complete by reducing the
VERTEX-COVER problem to it (Papadimitriou 1995).

Theorem 3 CHECK-IF-BLOCKED is NP-complete, even
when|C;| = 3 for all ¢, v; only takes on values if0, 1}
for all i, and all thev; (and thus, by Lemmas 1 and),are
increasing and superadditive.

Proof: The problem is in NP because given a sulisetve

can computev(S) and > d(a) in polynomial time, and
a€S

check if the former is larger. To show that it is NP-hard,

we reduce an arbitrary VERTEX-COVER instance (given
by a graphG = (V, E) (V| > 0, |E| > 0) and a maxi-
mal number- > 0 of vertices to cover all the edges with)
to the following CHECK-IF-BLOCKED instance. For ev-
ery vertexv € V, there is an agent,; there is one addi-
tional agentay. For every edge € E, there is an issug.

(so thatT" = |E|). The set of agents that_ concerns is
Cy. = {ao} U{a, : v € e} (we sayv € e when one ok’s
endpoints is). The characteristic functiony, : 2¢% — R

is defined as follows: for a givefi;, C C;_, v, (S:,) =1

if ap € S;, and{a, : v € e} N S;, is nonempty, and
vt (St,) = 0 otherwise. (It is easy to see that eaghis in-
creasing; each;, is also superadditive, because when split-
ting a coalition into two disjoint subcoalitions, only one of
them can havey in it, and the other hence will have value
0.) Finally, for the value division, we hav&{ag) = T — 1

51
and for anyv € V, d(a,) = m We now show the
2
instances are equivalent.

Suppose there is a solution to the VERTEX-COVER in-
stance, that is, a subsBt C V such thajiW| < r and for
anye € E,{v: v € e} N W is nonempty. Then consider
the setS = {ap} U {a, : v € W}. Itis straightforward to
check thatv;_(S) = 1 for all issues, and thus(S) = T.
On the other hand)" d(a) = T — 1 + |W|2(++%) <

acs :
T—%+7~2(T—+%) <T—4%+4r5 =T=0uv(S). Thus,Sis
a blocking coalition, and there is a solution to the CHECK-
IF-BLOCKED instance.

Now suppose there is a solution to the CHECK-IF-
BLOCKED instance, that is, a subs8t C A such that
v(S) > > d(a). We first observe thai, € S, because

a€S

otherwise we would have(S) = 0 and.S could not be a
blocking coalition. Now consider the st = {v : a,, € S}
of the vertices corresponding to agents in the blocking coali-
tion. Then, " d(a) = Tf%+|W\2(%+l). Combining this

a€s 2
with T > v(S) > > d(a), and using the fact thai¥’| is

a€sS

whend is not a feasible value division, it is always possible to
increase the value of the grand coalition of all agents to the point
where the value division is feasible, without changing the value of
any other coalition. This new “valid” instance has the exact same
strategic structure as the original instance. Apart from streamlining
the definition, omitting the constraint théts feasible also makes
it easier to think about scenarios where there is an outside benefac-
tor that gives some of the agents some additional value to prevent
them from blocking the value division.

1



an integer, we can concludié’| < r. Additionally, we have
v(S) > d(ag) = T — 4. It follows thatv,, (S) = 1 for every
issuet., and thus, for any edge there is an agent, € S
(and thus a vertex € W) with v € e. It follows thatW
covers all the edges, and is thus a solution to the VERTEX-
COVER instance. =

This result not only implies that it is difficult computa-
tionally to use the core as the solution concept, but also that
the core may be an unnecessarily strong solution concept. If
a value division is unstable in the sense that some subcoali-
tion is motivated to break away, but nobody damd this
coalition because it is too difficult computationally, then the
value division is still stable in practice.

6. Conclusions and future research

Coalition formation is a key problem in automated negotia-

tion among self-interested agents. A coalition of agents can
sometimes accomplish things that the individual agents can-
not, or can do things more efficiently. In order for coali-

tion formation to be successful, a key question that must
be answered is how the gains from cooperation are to be
distributed. This question has been studied extensively in
cooperative game theory, and some of the resulting solu-
tion concepts have already been adopted in the multiagent
systems literature. However, the computational questions
around these solution concepts have received relatively little
attention. When it comes to coalition formation among soft-

ware agents (that represent real-world parties), these ques-

tions become increasingly explicit.

We studied a concise representation of characteristic func-
tions which allows for the agents to be concerned with a
number of distinct independetigsuesthat each coalition
of agents can address.
of tasksthat the capacity-unconstrained agents could under-

take, where accomplishing a task generates a certain amount

of value (possibly depending on how well the task is ac-
complished). Here, each coalition of agents would have a
different collective skill set, and thereby achieve a differ-

ent level of success on each task. We assumed that each

coalition’s value determination problem (how it would han-
dle the task/issue) for each individual issue is solved already
(or easy to solve), and focused on the computational ques-
tions related to value division among the agents.

We showed how to quickly compute tishapley value-
a seminal value division scheme that distributes the gains
from cooperation fairly in a certain sense. We then showed
that in (distributed) marginal-contribution based value divi-
sion schemes, which are known to be vulnerable to manip-
ulation of the order in which the agents are added to the
coalition, this manipulation is NP-complete. Thus, compu-
tational complexity serves as a barrier to manipulating the
joining order. Finally, we showed that given a value divi-
sion, determining whether some subcoalition has an incen-
tive to break away (in which case we say the division is not
in the core) is NP-complete. So, computational complexity
serves to increase the stability of the coalition. These results
yield a positive picture, where even fairly complex value di-
visions can be computed quickly, even distributed value di-
vision schemes are not too vulnerable to manipulation, and
economic instability of the coalition is less of a worry.

For example, there may be a set

For future research, an immediate extension would be
to study the questions of this paper in settings where util-
ity transfer is not always possible. More interestingly, is it
possible to design new value division schemes that are par-
ticularly hard to manipulate, for example, PSPACE-hard or
average-case complete? Also, could one construct stability
concepts that take into account the complexity of finding a
beneficial deviation?
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