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LBasic Linear Algebra

Matrices and Vectors

m Matrix: A rectangular array of numbers, e.g., A € R™*":

ay a2 ... Aain

a1 ap ... anp
A=

am d@m2 ... dmn

m Vector: A matrix consisting of only one column (default) or
one row, e.g., x € R”

X1
X2
X =

Xn
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LBasic Linear Algebra

Matrix Multiplication

mIfAcR™NT BeR™P, C = AB, then C € R™*P:

n
Cj=>_ AiBy
k=1

m Special cases: Matrix-vector product, inner product of two
vectors. e.g., with x, y € R™:

n
xTy=>"xy,eR
i=1
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LBasic Linear Algebra

Properties of Matrix Multiplication

m Associative: (AB)C = A(BC)

m Distributive: A(B+ C) = AB+ AC

m Non-commutative: AB # BA

m Block multiplication: If A = [Ay], B = [Byj], where Ai’s and
Byj's are matrix blocks, and the number of columns in Aj is
equal to the number of rows in By;, then C = AB = [Cj]
where C,'j = Zk AikBkj
Exam_p>le_:>lf X e_)R” and A= [éTﬂ a_ﬁ\ ]a_;] € RMxN,
B = [by| by| ...|bp] € R™P:

n
A7 = Z X;z
i=1

AB = [AD;| AB}| ... | Aby)
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m Transpose: A € R™" then AT € R™™: (AT); = A;
m Properties:

m (A) = A

m (AB)T = BTA”

m (A+B)T=AT+B"
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LBasic Linear Algebra

Operators and properties

m Transpose: A € R™" then AT € R™™: (AT); = A;
m Properties:
m (A=A
m (AB)T = BTAT
m (A+B)T=AT+B"
m Trace: A € R™", then: tr(A) = Y7, Aj
m Properties:
m tr(A) = tr(AT)
m tr(A+ B) = tr(A) + tr(B)
m tr(\A) = \ir(A)
m If AB is a square matrix, ir(AB) = tr(BA)
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1 s,
lj = ,
0 otherwise.

mBVASR™™ Al =Ih,A=A
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Special types of matrices

m Identity matrix: / = I, € R™"™:

1 s,
lj = ,
0 otherwise.

BYAcR™M AL =Ihb A=A
m Diagonal matrix: D = diag(ds, db, ..., dp):
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LBasic Linear Algebra

Special types of matrices

m Identity matrix: / = I, € R™"™:

1 s,
lj = ,
0 otherwise.

BYAcR™M AL =Ihb A=A
m Diagonal matrix: D = diag(ds, db, ..., dp):

Dll — dl J=I7 .
0 otherwise.

m Symmetric matrices: A € R"<" is symmetricif A= AT.

m Orthogonal matrices: U € R™" is orthogonal if
uuT=1=UU
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E{Ch oo ,Ozn}i 27:1 ajXj = 0

m Rank: A € R™*" then rank(A) is the maximum number of
linearly independent columns (or equivalently, rows)



Quick Tour of Basic Linear Algebra and Probability Theory

LBasic Linear Algebra

Linear Independence and Rank

m A set of vectors {xy,..., Xy} is linearly independent if
E{Ch oo ,Ozn}i 27:1 aiXj = 0
m Rank: A € R™*" then rank(A) is the maximum number of
linearly independent columns (or equivalently, rows)
m Properties:
m rank(A) < min{m, n}
m rank(A) = rank(AT)
m rank(AB) < min{rank(A), rank(B)}
m rank(A+ B) < rank(A) + rank(B)
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Matrix Inversion

m If Ac R™", rank(A) = n, then the inverse of A, denoted
A~1is the matrix that: AA~' = A"TA=
m Properties:
(AN T=A
m (AB)"' =B 1A
m (A—1)T _ (AT)—1
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Range and Nullspace of a Matrix

m Span: span({xy, ..., X:}) = {31, aixj|a; € R}
m Projection:
Proj(y; {Xi}1§i§n) = argminvespan({x,—}1S,Sn){‘|y — V||2}
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Range and Nullspace of a Matrix

m Span: span({xy, ..., X:}) = {31, aixj|a; € R}

m Projection:
Proj(y:; {Xi}1§f§f7) = argminvespan({x,—}1S,-Sn){‘|y — Vvl2}

m Range: A € R™" then R(A) = {Ax| x € R"} is the span
of the columns of A
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LBasic Linear Algebra

Range and Nullspace of a Matrix

m Span: span({xy, ..., X:}) = {31, aixj|a; € R}

m Projection:
Proj(y:; {Xi}1§f§f7) = argminvespan({x,—}1S,-Sn){‘|y — Vvl2}

m Range: A € R™" then R(A) = {Ax| x € R"} is the span
of the columns of A

m Proj(y,A) = A(ATA)'ATy

m Nullspace: null(A) = {x € R"| Ax = 0}
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Determinant

m AcR™" ay,...,anthe rows of A,
S={30, a0 < qa; <1}, then det(A) is the volume of
S.

m Properties:

det(l) =1

det AA) = \det(A)

m det(
m det(AT) = det(A)

m detf(AB) = det(A)det(B)
m det(A

]

det(A) # 0 if and only if A is invertible.
If Ainvertible, then det(A~1) = det(A)
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LBasic Linear Algebra

Quadratic Forms and Positive Semidefinite Matrices

m AcR™" x € R", x" Ax is called a quadratic form:

xTAx = Z AjXiX;

1<ij<n

m Ais positive definite if Y x € R : xTAx > 0
m Ais positive semidefinite if Y x e R : xTAx >0
m Ais negative definite if Y x e R7 : xTAx < 0
m Ais negative semidefinite if Y x e R : xTAx < 0
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LBasic Linear Algebra

Eigenvalues and Eigenvectors

m Ac R™7" X\ e Cis an eigenvalue of A with the
corresponding eigenvector x € C" (x # 0) if:

AX = \x

m eigenvalues: the n possibly complex roots of the
polynomial equation det(A — A\l) = 0, and denoted as
AMyeeos An

m Properties:

m tr(A) = Y0\
m det(A) =[], \i
m rank(A) = |{1 <i < n| )\ # 0}
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LBasic Linear Algebra

Matrix Eigendecomposition

B AcR™" X\, ..., \the eigenvalues, and xi, ..., X, the
eigenvectors. X = [xq|x2|...|xn], A = diag(\1, - .., An),
then AX = XA.

m A called diagonalizable if X invertible: A= XAX~'

m If A symmetric, then all eigenvalues real, and X orthogonal
(hence denoted by U = [uy|uz| . .. |un]):

n
A= U/\UT = Z/\,’U,‘U,-T
i=1

m A special case of Signular Value Decomposition
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Elements of Probability

m Sample Space Q: Set of all possible outcomes

m Event Space F: A family of subsets of Q

m Probability Measure: Function P : F — R with properties:
P(A) >0 (VA€ F)
P(Q) =1
A’s disjoint, then P({J; A) = 3, P(A)
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Conditional Probability and Independence

m For events A, B:

P(AB) = P(;‘(Q)B)
m A, Bindependent if P(A|B) = P(A) or equivalently:
P(ANB) = P(A)P(B)
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Random Variables and Distributions

m A random variable X is a function X : Q@ — R
Example: Number of heads in 20 tosses of a coin

m Probabilities of events associated with random variables
defined based on the original probability function. e.g.,
P(X =k) = P({w € Q| X(w) = k})

m Cumulative Distribution Function (CDF) Fx : R — [0, 1]:
Fx(x) = P(X < x)

m Probability Mass Function (pmf): X discrete then
px(x) = P(X = x)

m Probability Density Function (pdf): fx(x) = dFx(x)/dx
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Properties of Distribution Functions

m CDF:

m0<Fx(x)<1

m Fx monotone increasing, with limy_, . Fx(x) =0,

limy 00 Fx(x) = 1

m pmf:

m 0 <px(x) < 1

m D, px(x) =

B D ea Px(X) px(A)
m pdf:

m fx(x ) > 0

m f_

xeA 'X

fx(x)
() (XEA)
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Expectation and Variance

m Assume random variable X has pdf fx(x),and g: R — R.
Then

Elo0)] = | " g (x)ax

m for discrete X, E[g(X)] = >, 9(x)px(x)
m Properties:

m for any constant a € R, E[a] = a
m Efag(X)] = aE[g(X)]
m Linearity of Expectation:
E[g(X) + h(X)] = E[g(X)] + E[h(X)]
m Var[X] = E[(X — E[X])?]
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Some Common Random Variables

m X ~ Bernoulli(p) (0 < p <1):
x=1,
px(x) = {p

m X ~ Geometric(p) (0 < p < 1): px(x) = p(1 — p)*~!
m X ~ Uniform(a, b) (a < b):

1

—— a<x<b
fr(x) = b—a = —
x(X) {0 otherwise.

m X ~ Normal(u, 0?):

fx(x) = 217“792;2(’(“)2
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Multiple Random Variables and Joint Distributions

Xi,..., X, random variables
m Joint CDF: FX1 ..... Xn(X1, .. ,Xn) = P(X1 < Xq,... ,Xn < Xn)
m Joint pdf: fx, . x,(X1,...,Xn) = % O
m Marginalization:
fX1(X1):ffooo...f_oooo f)(1 77777 Xn(X1,...,Xn)dX2...an

m Conditioning: fx,|x,

m Chain Rule: f(xy,...,Xn) = f(x1) [T/ f(Xi| X1, ..., Xi_1)
m Independence: f(x1,...,xn) =[] f(X).
m More generally, events Ay, ..., A, independent if

P(Nies Ai) = Ilies P(A) (vS C {1,...,n}).
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Random Vectors

Xq, ..., X, random variables. X = [X; Xx... X;]” random vector.

m If g: R” — R, then
E[9(X)] = Jgn (X1, -, Xn)Ex,, . x, (X1, - Xn)AXy ... AXp
mifg:R" > R™ g=1[g1...9m]", then
Elg(X)] = [Elg1(X)]... Elgm(X)]]
m Covariance Matrix:
¥ = Cov(X) = E[(X — E[X])(X — E[X])T]
m Properties of Covariance Matrix:
m 3 = Cov[X;, X] = E[(X; — E[X])(X; - E[X])]
B Y symmetric, positive semidefinite
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Multivariate Gaussian Distribution

uw e R Y e R™" symmetric, positive semidefinite
X ~ N(u, X) n-dimensional Gaussian distribution:

() = 777 O (— =) E (=)

1
(27)"/2det

mEX]=u
m Cov(X)=X
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Parameter Estimation: Maximum Likelihood

Parametrized distribution fx(x; 6) with parameter(s) 6 unknown.
IID samples x4, ..., x, observed.

Goal: Estimate 0

MLE: 4 = argmaxy{f(xi,...,Xn; 0)}
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MLE Example

X ~ Gaussian(u, 0?). 8 = (1, 0%) unknown. Samples Xy, . .., X.
Then:

)n/2 exp ( _ er‘,:1 (xi — M)Z)

f(X1,...,Xn;,U702):( 20,2

2ma?
Setting: ag’ff =0and 2% — o
Gives:

Ll Xi g2 _ Y= p)y?
o Omie p

If not possible to find the optimal point in closed form, iterative
methods such as gradient decent can be used.

AmMLE =
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Some Useful Inequalities

m Markov’s Inequality: X random variable, and a > 0. Then:

PX| 2 a) < E1X
m Chebyshev’s Inequality: If E[X] = p, Var(X) = o2, k > 0,
then: 1
Pr(X =l = ko) < 25
m Chernoff bound: Xj, ..., X, iid random variables, with

E[Xi]] = pu, X; € {0,1} (v1 < i < n). Then:

1 n
P(=> " X; — u| > €) < 2exp(—2ne?
(1522% — 112 ) < 2exp(-2n?)
m Multiple variants of Chernoff-type bounds exist, which can
be useful in different settings
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