CME342 / AA220 / CS238
Parallel Methods in Numerical Analysis

Domain Decomposition Methods I

Outline:

e Sign up for final project slot starting Monday.

e Overlapping methods.

e Nonoverlapping methods.



Domain Decomposition Methods

Key Idea: Divide and Conquer
Suitable for parallel computing.

Overlapping Methods
> Multiplicative: Classical Alternating Schwarz
> Additive

Nonoverlapping Methods

> Substructuring Iterative Methods

Two Level Methods / Convergence Analysis

Reference: Domain Decomposition, Barry Smith,
Petter Bjorstad, William Gropp.



Scalability

e Ideal case 1: double #£ of procs, double speedup.
> Amdahl’'s law.

> Communication cost.

e Ideal case 2: double problem size, double ex-
ecution time.

> Not possible for solving linear systems using
GE since O(n3).

> Neither for Jacobi, GS whose complexity =
O(n?) nor CG = O(n3/2).

e Scalable methods:
domain decomposition, multigrid.



Model Problem: 2 Subdomains

Definitions:
Q = QU
I_'i = 892 N 2

artificial interface/boundary

uf = approx. solution on €;
after k iterations
u¥|r, = restriction of u} to I,

ub|r, restriction of uf to 'y



Classical Alternating Schwarz (1869)

e Consider solving the following boundary value

problem:
Lu = f in £
u = g on 012

e.g. L = —A, the Laplacian operator.

e Alternating Schwarz algorithm:

Starting with initial guess ug on Q- (actually
only need values of w9 on 1), for k=1,2,...

(i) Solve for ufT1 in Q:

(LT = in Q4
\ k_l_l = g on 9021\l ,':rl
k 1
\ +1 _ uglrl on Iy QT
(ii) Then, solve for ug_H in Qo:
0Q\T
(Luttt = in 95
\ %ii = gk_l_1 on 925\l Q5
= Ir, on o




Classical Alternating Schwarz (cont.)

e In each half step of alternating Schwarz:

Solve the elliptic problem in €2;:
k+1
Luz-—l_ = f
with given boundary values g on the true bound-
ary 8Qi\l'z-:
k+1
and latest approx. solution values on the ar-

tificial boundaries:
k41 k41 k41
u1+ :U2|r17 ’LL2+ —’LL1+ | >
e Note that exact solution satisfies the two sub-
domain problems simultaneously

= Alternating Schwarz is consistent.

e May use other boundary conditions on the
artificial boundaries I;.
e.g. Robin boundary condition on [ q:

uh T 8u2

—oqu-I-ﬁ



Example: 1D, 1 element overlap

o 21 = (z0,24), Q20 = (z3,27), 23 = (x6,710)-

e (1) Solve for u’{+1 in $21:

( 2 1 :
gci—zuli_i_ = f in Q4
\ u%—l_l(:vo) = 0 on 891\|—1
| uiTH(wa) = ub(za) on Ty

Matrix form:

2 -1 ulf"'l(acl)
12 -1 | | W) | =

-1 2 ui T (x3)

fi
f2
f3 + ub(za)

e



Example: 1D (cont.)

e (2) Solve for usTt in Qy:

(42 k41 -
iz =S

< s 1(w3) = wuqy' (x3) on >

| uz (e7) = ui(zr)  on Ty

Matrix form:

2 -1 ust(z4)
1 2 -1 || W) | =

-1 2 ustt(z6)

/5
fo + uk(z7)

fa+ u]f+1($3) ]

e (3) Solve for u’§+1 in Q23:

2 -1 uttt(x7) fr + ubtt(x6)
52 || dne | = | K
-1 2 u§+1(x9) Jo

o uF L = (Wb AFL AL



Alternating Schwarz vs Block GS

e Write A as 3 x 3 block:

- 2 -1
-1 2 -1
-1 2 -1
-1 2 -1
-1 2
—1
e Block GS:
Allxli—i_l =
1
Aozt =
3
A33a:]§+1 =

-1
2
-1

T

1

I3 — Azlib“?'_l — Aozl

3

—1
2
—1

—1
2
—1

-1
2

A1l
Ao
Asz1

k

k

k

— A12x2

fi
f2
fa + =%

3

fa+ 2t
fs
fo + at

— A31x113+1 — A32x§+1
k+1
f7 _I_ Lg

fs
fo

A12
Aoo
Azo



Example: 1D, 2 elements overlap

e (1) Solve for uf*t in Q:

2
—1

—1
2
—1

—1
2
—1

—1
2

e (2) Solve for ubt! in Qo:

2
—1

—1
2
—1

—1
2
—1

—1
2

o i
fo
/3

| fa+ ub(zs) |

[ fa 4 uf T (as) |
fs
fe

| f7 + u5(we)

10



Example: 1D, 2 elements overlap (cont.)

e (3) Solve for uit! in Qa:

2
—1

—1
2
—1

—1
2
—1

—1
2

ug" (27) f7 + uEt ()
k+1($8) = f; i 6
le(379) fo

o uFtl = (uj Mlz1),u +1(m ), u +1(:z: ), u +1(x ), us M l(xs),
+1($6),u§+1(5€ ); u3+1(378) UI§+1(339))

e Related to but different from block GS. Will explain
later.
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Example: 2D

'13“‘--141 ______ -151 ______ 16.
QZ :11—————3:—__rl'__4:_____1_2: ﬁ
\L 9 1 2 10 Ql
> 6 7 8
0\,
e Solve

e 1st half-step: (subscripts denote component number)

12
Solve for u%H/Q , given boundary conditions:
2
—AyFt/2 = f in Q1
w2 = 0 on 021\l
u§+1/2 = ug, uZ+1/2 = uﬁ on [

4 -1 u];+1/2 _( fi— uk
-1 4 ubt1/2 fo—uf

12



Example: 2D (cont.)

e 2nd half-step:

k+1
Solve for ( u2+1 ) given boundary conditions:
Uy
—AuFtl = f in €25
uk‘H = 0 on 8QQ\|_2
ulf+1 = ulf+1/2, ug—H = u§+1/2 on [ >

Similarly, we have

k
-1 4 Lotz | T
4

iy
fa — u2+ /

13



Matrix Interpretation

e Assume matching grid, i.e. the discretizations of the
2 subdomains coincide in the overlapping region.

Notation:

e Write the approx. solution wu; in €2; as:

UQ,
Ui = UHQNT
ur,

u; in the interior of <2;
= u; on the true boundary 0S2;\I";
u; on the artificial boundary I;

e Note: upo,\r, are actually known; given by the Dirich-
let boundary condition. They are kept as unknowns
for convenience.

e Let A; = discrete L on €2,. Similar to above, it can
be written as:

A, = (Aq, Aganr, Ar.)
Agq, = coupling between interior nodes.
Apoar, = coupling between interior and true
boundary nodes.
Ar. = coupling between interior and artificial

boundary nodes.

14



Example: L = —A

:L9————14.i———r!'—1—2:‘—————19: ¢

7 1 2 8 Ql

3 4 5 6 $
0Q .\,

e T he components of uw in €21:

u3
— u1 _ . — Ui1i
U’Ql - uD ) U’aﬂl\rl - : 9 url - U12

u1io

e The couplings of A1 in €21:

Aqul
UQl
= (Aq, Agonr, Ar) | weai\r
Uur,
o
u
u3
. 4 -1 0O -1 0] O -1 0] o -1 0] 0] )
- —1 4 0] 0] -1 O 0] -1 O 0] -1 O :
u10
U11
u12

e 1st row: difference eqn. at x1.
2nd row: difference eqn. at x».
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Matrix Interpretation (cont.)

Using the new subscript notations, the alternating Schwarz
algorithm can be written as the following 2 half-steps:

( ugi_l
(Aq, Asanr, Ar,) u@&i\rl = Jf1 in<q
\ up,
uggll\l_l = g1 On 3Ql\|_1
\ ulli:"l = wug|r, on Ty
( ug'_l
(Ao, Aponr, Ar) | il | = £ in s
\ ur)
ug;gj\n = g1 On 3QQ\|_2
\ ullij'l = ulgl'1||-2 on Mo

e Multiply 4; and »'*! and move known quantities to
the right-hand sides:

k+1
(%) { AQlugI = f1—Asargr — Arug,

16



Matrix Interpretation (cont.)

Let f; = fi—Apq,\r,9i, Which is the usual right-
hand side for €2; after eliminating unknowns on
the true boundary. Then (*) becomes:

k+1 _ 7 k
AQQuQQ — f2 o AI—Qqu

e [ his is precisely block GS method applied to
the linear system:

(i) (i) =(2)
Aq, Ar, uQ, J2

e Note: The size of this linear system is bigger
than n since the values of v on 21 N> #=
are duplicated in UQ, and UQ,-

e Partitioning of matrix Ag:

Aq,
Ao =

17



Matrix Operator Form

Write the alternating Schwarz as 2 half-steps:

( -1
kT2 k4 ( s 8 ) (f — Au¥)

0]
uktl k12 4 < 8 Aql )(f_Auk-l—l/z)
€2,

7\

\

Define the restriction operator R; (rectangu-
lar matrix) as:

uo, = Riu=({ O)( e )
ug, = Rou=(01) ( U\, )

i.e. R;u restricts u to the subdomain €2;.

Note: Ag, = R;AR!. Hence, alternating Schwarz
can be written as:

W2k g RE(RART) (S — Au)
W R 4 RE(R ARS) Ry (f — Autt/2)

No need to form R; in practice; only used in
analysis.

18



o Define B; = RI'(R;ARY)71R;, i.e. B; restricts
the residual to subdomain €2;, solves the sub-
domain problem to generate a correction, and
extends back onto the entire domain.

> Just like R;, never form B; in practice.

e [ hen the alternating Schwarz iteration can
be written as:

uF Tl wf 4 (By + By — BoAB1)(f — Au®)

i.e. The preconditioner By;s (= A1) given
by the Schwarz method is:

Bpyrs = B1+ B — BoAB;

e Define the error of u* by: ef = v — uF. By
direct calculation,

efFT1  ef — (B{+ Bo — BoABy) A"
[ — (B1 + Ba — BoAB1p) Ale”
(I — BoA)(I — B1A)eF

Hence, the iteration matrix is a product of 2
matrices — multiplicative Schwarz.

19



Symmetrized Multiplicative Schwarz

The preconditioner Bjysg IS not symmetric,
and hence cannot be used as a preconditioner
for CG, even if A is SPD.

Can symmetrize the multiplicative Schwarz
by adding one more intermediate step:

w13 k4 By (f — Au®)
uk—|—2/3 - ’U,k+1/3+32(f—14uk+1/3)
uk—|—1 - uk—|—2/3_|_Bl(f_Auk—|—2/3)

i.e. Solving the subdomain €21 problem again.

The preconditioner Bg)sg of the symmetric
multiplicative Schwarz is:

Bgys = B1+ ([ — B1A)Bx(I — ABq)

20



Additive Schwarz Method

If we do not use the most updated values
when solving $2,, the Schwarz iteration be-
comes:

f ~1
ukbt1/2 uk-l-<AC§)21 8)(f—f4uk)

0O O
uFt e f 2 4 ( 0 Az} ) (f — Au")
o,

N\

\

Both updates can be performed simultane-
ously — parallelism.

Combing the two half-steps:
-1
uk—l—1<_uk:_|_(( Aé 8 )_|_( 8 Agl ))(f_Auk:)

i.e.
uFtt — uF 4+ (By + Bo)(f — AuP)

The preconditioner Byg given by the additive
Schwarz is:

Bag = B1 + B>

Can be viewed as generalized block Jacobi
method.
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Additive vs Multiplicative

Analogous to Jacobi vs Gauss-Seidel

Convergence rate of additive Schwarz is slower
than multiplicative Schwarz. Typically, MS
requires half as many iterations as AS.

AS is easily parallelizable. Each subdomain
problem can be solved independently in paral-
lel whereas MS solves the subdomain problem
sequentially.

Parallelize MS using multicoloring.

22



Numerical Example

PDE: ze? in Q

—xe¥  on 0N

—Au

u

Domain and domain partition: same as previ-
ous example.

Convergence results: iteration counts

n | Overlap size | MS | AS
11 1 2 4
11 2 2 3
11 3 2 3
21 1 3 5
21 2 2 4
21 3 2 4
31 1 3 5
31 2 3 5
31 3 2 4

e Both AS and MS are insentive to overlap size.

e About a factor of 2 difference between the
number of iterations for MS and AS methods.
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Practical Considerations

For relatively large subdomain cases, exact
subdomain solves may be too expensive to
carry out.

Since the Schwarz method is typically used as
preconditioner for a Krylov subsp. method,
we may solve the subdomain problems ap-
proximately, i.e. A;Z;L ~ A';z_l.

1

Krylov subsp theory requires that }I;zi is a
linear operator, e.g. a fixed number of sweeps
of GS, or PCG solved to machine precision.

Several steps of a Krylov subsp method is not
a linear operator.

However, experience indicates that if the lo-
cal problems are solved accurately enough,
convergence of the outer iteration is not af-
fected much even if the local solver is a non-
linear operator such as a Krylov subsp method.
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