AA220 / CS 238
Parallel Methods in Numerical Analysis

Matrix Computation: Iterative Methods II

Outline:
e CG & its parallelization.

e Sparse Matrix-vector Multiplication.



Basic iterative methods:
Axr = b

r = b— Az (residual)

Split the matrix A= M — N

Solve MzFT1 = NzF 4+ b
ehtl =gk - M~ 1(b— Az) = 2F 4+ M~ 1r

Jacobi: M =D, N=L+U

GS ' M=D+L, N=U



Summary: Jacobi vs GS

e Jacobi is parallel.

e S is sequential because of the data depen-
dency. Can be fixed by coloring technique.

e Comparison:

Jacobi | GS
Parallelism Good | Poor
Convergence | Slow | Fast

Which one is faster on parallel machines?



Jacobi vs RB Gauss-Seidel

e RB GS converges twice as fast as Jacobi, but
requires twice as many parallel steps; about
the same run time in practice.

e Parallel efficiency alone is not sufficient to
determine overall performance.

e \We also need fast converging algorithms.



Conjugate Gradient Method

e For A=SPD, i.e.
> symmetric: A = AT
> positive definite: z!' Az > 0, Vz # 0.

e Consider the quadratic function:

1
d(x) = EZBTACE —zlb

> Its unique minimum x satisfies:
Arx = b
> Hence, solving Az = b < min d(x).
e Given zF~1 and search direction d¥, let

gk = k-1 -+ ozdk,

where o« = step length.



CG (cont.)

Vol a d

e Determine a by min. ®(z*) along d*:
min o (21 + adh).
e By differentiation, aj = agpt IS given by
(Tk—l)Tdk
(dk)724dk

Qg

where r#—1 = p — AzF—1 = residual vector.

e The search direction d¥ is chosen such that it
is A-orthogonal to all previous directions, i.e.

(dHTAd = 0, i=0,...,k—1.
Using this fact, it can be shown that:
(Tk—l)Trk—l
(d"f)TAdk




CG Algorithm

k=0; r0=b— A20; pg = ||79)3;
while (\/pr > €||r?]|2) do
k=k+4+ 1;
pr—1 = (P hyTpk—1;
if (k=1)
dl = r9;
else
Br—1 = Pr—1/Pr—2;
dk = pk—1 + Bk—ldk_l;
endif
ek = Adk;
a = pr—1/(d*)Te”;
wk — :Ek_l + Oékdk;
rk = pk=1 _ akek;
prp = (r*)Trk;
end



Properties of CG

e NO need to form A. Only Av is needed.

e Minimal storage:

> Short recurrence for the update of z*.
> Need only store: zF, rk dk AdFk.

e Minimal error:

> Define K.(A; r9), Krylov subspace of dimen-

sion k:

KrL(A; r0) = {ro, ArQ Ak_lfr'o}.
It can be proved that:

Ki(A;70)

> k€ Ki(A; r9)
the A-norm:

span{r®,rl, ... rF 1}

span{d!,d?,...,d"}.

min. the error e = 2F — 2 in

|of —z||a < |Z—=zl|la VT e KL(A;r),

where ||w||4 =

w! Aw.



Properties of CG (cont.)

e In exact arithmetic, CG achieves exact solu-
tion in at most n steps (finite termination).

e In practice, an accurate approx. is obtained
long before n steps. So, CG is usually used
as an iterative method.

e Convergence of CG:
> Upper bound:

k
k vE—1 0
|m—wnAs< )Hw—xﬂm

v+ 1
where k is the condition number of A:
_ Amax(A)
k= ||A||ATH| = :
Amin(A)

> In practice, the rate of convergence is usu-
ally much faster than the upper bound, es-
pecially in the case when the eigenvalues of
A are located in clusters.

e 2D mesh with N unknowns, Poisson eqgn:

CG converges in O(v/N) steps, same as opti-
mal SOR.



Parallel CG
p = # oOf processors.

e DAXPY: scalar x vector 4 vector (BLAS )
> 3 saxpy operations: d¥, zF, rk.
> O(n/p) flops.
> NO communication.

e Inner products (BLAS )
> 2 inner products: (rF—1)Tpk=1 ()T gk,
> O(n/p) flops.

> Communication for the reduction process
(collecting partial sums from all processors).

e Matrix-vector product (Essentially BLAS I)
> Major cost of CG.
> Efficiency depends on sparse structure of A.

e Minor note: {z*} are not needed in the CG
process. We may delay the update of z¥, ... 2"
by storing dF, ..., dFTJ.
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Overlapping Communication

Want to overlap communication time with
useful computations.

In standard CGQG, there are 2 synchronization
points (inner products).

Possible to reduce to 1 synch. point by rear-
ranging terms.

A version is given in next slide.
1 additional saxpy operation.

2 inner products can be computed in parallel
— 1 synch. point.

Main disadvantage is the possible numerical
instability.
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Variant CG Algorithm

rO =b— Az0;

¢l=p1=0;8_1=0;

sO = Ar0;

po = (1)1 po = (s ag = po/no;
for k=0,1,...

p* ="+ B

¢ = sF +5k_1qk_1;

k1l = gk 4 akpk;

Pkl — ok aqu;

check convergence; continue if necessary
sh+tl — Apk+1.

pra1 = (PFT)Tpkrl,
ppgq = (sFHHIrkTL
Br = Pr+1/Pk;

ap4+1 = pr+1/(Wk+1 — Pr+18%/%);
end
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CG for non symmetric matrices

Ax = b, where A is not SPD

AT Az = AT (minimal residual)

r= Aly
solve AATy = b (minimal error)
get =z from y

When A is square, the condition number of
AT A is bigger than the condition number of
A: slower convergence
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Krylov Subspace Methods

e A can be any nonsymmetric matrices.

o Let Vi = {vq,...,v;} be a basis for Ki(A;r9).
ook for approx. solution z¥ ¢ Kr(A; r9), i.e.,

=¥ = Vi,
for some y € IR*.
e Four projection-type approaches to pick zk:
> Ritz-Galerkin: (CG, Lanczos, FOM, GENCG)
b— Az" L K. (A;r0).
> Minimum Residual: (GMRES, MINRES)

min ||b — Az®||5.
xkEICk

> Petrov-Galerkin: (BiCG, BICGSTAB, QMR)
b— AzF 1 ;.
e.g. S = Ki(A1: s9).
> Minimum Error: (SYMMLQ, GMERR)

minxkele |z — zF||5.
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Sparse Matrix Computations

e Computations only carried out at nonzero en-
tries. Thus, only nonzero entries are stored.

Storage formats:

e Coordinate format:
A={I,J,VAL}, I,J, VAL, are nnz x 1 array,
nnz = # Of nonzeros.

e Compress sparse row format:
A={IJ,VAL}
VAL = nnz x 1 array of nonzero entries
J = nnz X 1 array of column indices.
I = n x 1 array; ith entries of which points
to the 1st entry of the <th row in VAL & J.

e Ellpack-Itpack format:
m — maX. # of nonzeros in any row.
A= {VAL,J}
VAL = n X m array of nonzero entries.
J = n X m array of column indices.
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Example: storage formats

1 O 0 2
13400
A= O 5 6 0
7 0 8 9
e Coordinate format:
I = [112233444]
J = [141223134]
VAL = [1234567 8 9]
e CSR format:
VAL = [1234567 8 9]
J = [141223134]
I = [1357]
e Ellpack-Itpack format:
1o _
3 4 —
VAL = 56 _ | J =
| 7 8 9 | I

RN~

wwN P+
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Sparse Matrix-Vector Multiplication

e For iterative methods such as Jacobi, Gauss-
Seidel, CG, etc, the major computational cost
per iteration is Awv.

e Sparse matrices usually have a special struc-
ture which should be exploited for max effi-
ciency.

e Consider 3 cases:

> Matrices whose nonzero entries lie on a few
diagonals.

> Unstructured matrices; the locations of the
nonzero entries can be anywhere.

> Banded matrices; the nonzero elements are
confined within a band.

e Key Idea: data mapping.
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Pentadiagonal Matrices

Decompose the matrix into 3 parts:

Partition A by rows: P; contains row (i-1) (n/p)+1
to i(a/p), and vector elements (i-1) (n/p)+1
to i(n/p).

I requires no communication.

II requires comm between neighboring pro-
cessors, i.e, P, comm with P;,_1 for vector
element (i-1) (n/p) & P;4; for i(n/p)+1.

Timing:
Tcomm = 2(ts + tw),

where ts=startup time & t,,=time per word.
Assume hypercube architecture.
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Pentadiagonal Matrices (cont.)

I:?-p/m

‘,‘ /
v
P, i

I:f+p/m

—| m=sgrt(n) =

o III: p < 4/n:
Comm between neighboring processors ex-

changing /n elements.

Timing:
J Tcomm = Q(ts + tw\/ﬁ)-

(including Tcomm for II)

o III: p > \/n:
Need comm with P, , = for n/p elements.

Timing:
Tcomm = 2(ts + twn/p + ty 109 p),

where t;,=time per hop between processors.
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Checkerboard (domain) Partitioning

° ° ° ° ° °
P B B
° ° ° ° ° °
P R R sort(n)/p
° ° ° ° ° ° l
° ° ° ° ° °
& R R
° ° ° ° ° °

e Each processor stores (/n/p clusters of \/n/p
matrix rows, i.e. n/p elements.

e Need comm only along boundary data with
length = 4,/n/p.

Timing:
Tcomm = 4(ts + twy/n/p).
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Unstructured Sparse Matrices

Partition by rows.

Require the entire vector in general. Hence
all-to-all broadcast.

Perform local matrix-vector multiplication.
Parallel run time (hypercube):

n
p

= O(n).

te=computational time per data,
m=—max number of honzero per row.
(Sequential run time = O(n))

Hence, no gain in parallel.
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Checkerboard Matrix Partitioning

e Hypercube:

3 (tynlog
Tcomm=ts|09p+—(w p)-
2 VP
e Average computation = "%,

m = average number of nonzeros per row.
e Parallel run time, speedup, efficiency:

mn 3 nlog
Tp = ¢ + tslogp + —tw P
p 2 \/p
g — mitcpn
mten + tsplog p + (3twn,/p/2) logp
13
EFE = —
pr
mtc

mtc + (tsplogp)/n + (3,/plogp)/2

e £ -/~ 1asn— oo = unscalable.

e Tp = O(logp) + O™ 2P)
better than sequentiaﬁ? run time for large p.
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Planar Graph

Suppose A sparse matrix with a symmetric
structure, i.e.

Qg g # O iff Qaj.q # 0.

Let G(A) be the graph of A. A scalable paral-
lel implementation of matrix-vector multiply
exists if G(A) is planar.

If G(A) is planar, communication occurs only
at the boundaries of each processor’'s parti-
tion.

Hence, by reducing the number of partitions,
or equivalently, increasing the size of the par-
titions, it is possible to increase the compu-
tation to comm. ratio of the processors.

Partition a graph to minimize interprocessor
comm. is NP-hard.
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Banded Unstructured Sparse Matrices

e Suppose bandwidth = w, Ellpack-Itpack for-
mat, partition the matrix by rows, average #
of nonzeros = m.

e Assumen/p < w:

Pi-wp/(2n)

Pi

AMAMENIANY

Pi+wpi(2n)

w

e Need vector element indices from i-(w-1)/2
to i+(w-1)/2 = comm. with (w — 1)p/n pro-
cessors, i.e. P; comm. with

Pi—wp/(Qn) T Pi—l—wp/Qn'
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