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Part V

Supp ort Vector Mac hines
This set of notes presents the Support Vector Machine (SVM) learning al-
gorithm. SVMs are among the best (and many believe is indeed the best)
\o�-the-shelf " supervised learning algorithm. To tell the SVM story, we'll
needto �rst talk about marginsand the idea of separatingdata with a large
\gap." Next, we'll talk about the optimal margin classi�er, which will lead
us into a digressionon Lagrangeduality. We'll also seekernels,which give
a way to apply SVMs e�cien tly in very high dimensional(such as in�nite-
dimensional) feature spaces,and �nally , we'll closeo� the story with the
SMO algorithm, which givesan e�cien t implementation of SVMs.

1 Margins: In tuition

We'll start our story on SVMs by talking about margins. This section will
give the intuitions about margins and about the \con�dence" of our predic-
tions; theseideaswill be madeformal in Section3.

Consider logistic regression,where the probability p(y = 1jx; � ) is mod-
eled by h� (x) = g(� T x). We would then predict \1" on an input x if and
only if h� (x) � 0:5, or equivalently, if and only if � T x � 0. Consider a
positive training example (y = 1). The larger � T x is, the larger also is
h� (x) = p(y = 1jx; w; b), and thus also the higher our degreeof \con�dence"
that the label is 1. Thus, informally we can think of our prediction asbeing
a very con�dent one that y = 1 if � T x � 0. Similarly, we think of logistic
regressionasmaking a very con�dent prediction of y = 0, if � T x � 0. Given
a training set, again informally it seemsthat we'd have found a good �t to
the training data if we can �nd � so that � T x(i ) � 0 whenever y(i ) = 1, and
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� T x(i ) � 0 whenever y(i ) = 0, sincethis would re
ect a very con�dent (and
correct) set of classi�cations for all the training examples.This seemsto be
a nice goal to aim for, and we'll soon formalize this idea using the notion of
functional margins.

For a di�eren t type of intuition, considerthe following �gure, in which x's
represent positive training examples,o's denotenegative training examples,
a decisionboundary (this is the line given by the equation � T x = 0, and
is also called the separating hyp erplane ) is also shown, and three points
have alsobeenlabeledA, B and C.
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��

��
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Notice that the point A is very far from the decisionboundary. If we are
asked to make a prediction for the value of y at at A, it seemswe should be
quite con�dent that y = 1 there. Conversely, the point C is very closeto
the decisionboundary, and while it's on the side of the decisionboundary
on which we would predict y = 1, it seemslikely that just a small changeto
the decisionboundary could easily have causedout prediction to be y = 0.
Hence,we're much morecon�dent about our prediction at A than at C. The
point B lies in-between these two cases,and more broadly, we seethat if
a point is far from the separatinghyperplane, then we may be signi�cantly
more con�dent in our predictions. Again, informally we think it'd be nice if,
given a training set, we manageto �nd a decisionboundary that allows us
to make all correct and con�dent (meaning far from the decisionboundary)
predictions on the training examples. We'll formalize this later using the
notion of geometricmargins.
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2 Notation

To make our discussionof SVMs easier,we'll �rst needto introduce a new
notation for talking about classi�cation. We will be considering a linear
classi�er for a binary classi�cation problem with labels y and features x.
From now, we'll usey 2 f� 1; 1g (instead of f 0; 1g) to denotethe classlabels.
Also, rather than parameterizingour linear classi�er with the vector � , we
will useparametersw; b, and write our classi�er as

hw;b(x) = g(wT x + b):

Here, g(z) = 1 if z � 0, and g(z) = � 1 otherwise. This \ w; b" notation
allows us to explicitly treat the intercept term b separatelyfrom the other
parameters.(Wealsodrop the convention wehad previouslyof letting x0 = 1
be an extra coordinate in the input feature vector.) Thus, b takesthe role of
what was previously � 0, and w takesthe role of [� 1 : : : � n ]T .

Note also that, from our de�nition of g above, our classi�er will directly
predict either 1 or � 1 (cf. the perceptron algorithm), without �rst going
through the intermediate step of estimating the probability of y being 1
(which was what logistic regressiondid).

3 Functional and geometric margins

Lets formalize the notions of the functional and geometricmargins. Given a
training example(x(i ) ; y(i )), we de�ne the functional margin of (w; b) with
respect to the training example


̂ (i ) = y(i )(wT x + b):

Note that if y(i ) = 1, then for the functional margin to be large (i.e., for our
prediction to be con�dent and correct), then we needwT x + b to be a large
positive number. Conversely, if y(i ) = � 1, then for the functional margin to
be large, then we needwT x + b to be a large negative number. Moreover,
if y(i )(wT x + b) > 0, then our prediction on this exampleis correct. (Check
this yourself.) Hence,a large functional margin represents a con�dent and a
correct prediction.

For a linear classi�er with the choice of g given above (taking valuesin
f� 1; 1g), there's one property of the functional margin that makes it not a
very good measureof con�dence,however. Givenour choiceof g, wenote that
if we replacew with 2w and bwith 2b, then sinceg(wT x + b) = g(2wT x + 2b),
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this would not changehw;b(x) at all. I.e., g, and hencealsohw;b(x), depends
only on the sign, but not on the magnitude, of wT x + b. However, replacing
(w; b) with (2w; 2b) also results in multiplying our functional margin by a
factor of 2. Thus, it seemsthat by exploiting our freedomto scalew and b,
we can make the functional margin arbitrarily large without really changing
anything meaningful. Intuitiv ely, it might therefore make senseto impose
somesort of normalization condition such as that jjwjj 2 = 1; i.e., we might
replace (w; b) with (w=jjwjj 2; b=jjwjj 2), and instead consider the functional
margin of (w=jjwjj 2; b=jjwjj 2). We'll comeback to this later.

Given a training set S = f (x (i ) ; y(i )); i = 1; : : : ; mg, we also de�ne the
function margin of (w; b) with respect to S as the smallestof the functional
marginsof the individual training examples.Denotedby 
̂ , this cantherefore
be written:


̂ = min
i =1 ;:::;m


̂ (i ) :

Next, lets talk about geometric margins . Considerthe picture below:

wA

g

B

(i)

The decisionboundary corresponding to (w; b) is shown, along with the
vector w. Note that w is orthogonal (at 90� ) to the separatinghyperplane.
(You should convince yourself that this must be the case.) Consider the
point at A, which represents the input x (i ) of sometraining examplewith
label y(i ) = 1. Its distanceto the decisionboundary, 
 (i ) , is given by the line
segment AB.

How can we �nd the value of 
 (i )? Well, w=jjwjj is a unit-length vector
pointing in the samedirection as w. SinceA represents x (i ) , we therefore
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�nd that the point B is given by x (i ) � 
 (i ) � w=jjwjj . But this point lies on
the decisionboundary, and all points x on the decisionboundary satisfy the
equation wT x + b= 0. Hence,

wT

�
x(i ) � 
 (i ) w

jjwjj

�
+ b= 0:

Solving for 
 (i ) yields


 (i ) =
wT x(i ) + b

jjwjj
=

�
w

jjwjj

� T

x(i ) +
b

jjwjj
:

This was worked out for the caseof a positive training exampleat A in the
�gure, wherebeing on the \p ositive" side of the decisionboundary is good.
More generally, we de�ne the geometricmargin of (w; b) with respect to a
training example(x(i ) ; y(i )) to be


 (i ) = y(i )

 �
w

jjwjj

� T

x(i ) +
b

jjwjj

!

:

Note that if jjwjj = 1, then the functional margin equalsthe geometric
margin|this thus gives us a way of relating these two di�eren t notions of
margin. Also, the geometricmargin is invariant to rescalingof the parame-
ters; i.e., if we replacew with 2w and b with 2b, then the geometricmargin
doesnot change. This will in fact comein handy later. Speci�cally, because
of this invarianceto the scalingof the parameters,whentrying to �t w and b
to training data, we can imposean arbitrary scalingconstraint on w without
changinganything important; for instance,we can demandthat jjwjj = 1, or
jw1j = 5, or jw1 + bj + jw2j = 2, and any of thesecan be satis�ed simply by
rescalingw and b.

Finally, given a training set S = f (x (i ) ; y(i )); i = 1; : : : ; mg, we alsode�ne
the geometric margin of (w; b) with respect to S to be the smallest of the
geometricmargins on the individual training examples:


 = min
i =1 ;:::;m


 (i ) :

4 The optimal margin classi�er

Given a training set, it seemsfrom our previous discussionthat a natural
desideratumis to try to �nd a decisionboundary that maximizesthe (ge-
ometric) margin, sincethis would re
ect a very con�dent set of predictions
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on the training set and a good \�t" to the training data. Speci�cally, this
will result in a classi�er that separatesthe positive and the negative training
exampleswith a \gap" (geometricmargin).

For now, we will assumethat we are given a training set that is linearly
separable;i.e., that it is possibleto separatethe positive and negative ex-
amples using some separating hyperplane. How we we �nd the one that
achieves the maximum geometricmargin? We can posethe following opti-
mization problem:

max
 ;w;b 


s.t. y(i )(wT x(i ) + b) � 
 ; i = 1; : : : ; m

jjwjj = 1:

I.e., we want to maximize 
 , subject to each training examplehaving func-
tional margin at least 
 . The jjwjj = 1 constraint moreover ensuresthat the
functional margin equalsto the geometricmargin, sowe are alsoguaranteed
that all the geometricmarginsare at least 
 . Thus, solving this problem will
result in (w; b) with the largestpossiblegeometricmargin with respect to the
training set.

If we could solve the optimization problem above, we'd be done. But the
\ jjwjj = 1" constraint is a nasty (non-convex) one,and this problemcertainly
isn't in any format that we can plug into standard optimization software to
solve. So, lets try transforming the problem into a nicer one. Consider:

max
 ;w;b

̂

jjwjj

s.t. y(i )(wT x(i ) + b) � 
̂ ; i = 1; : : : ; m

Here, we're going to maximize 
̂ =jjwjj , subject to the functional margins all
being at least 
̂ . Sincethe geometricand functional margins are related by

 = 
̂ =jjwj, this will give us the answer we want. Moreover, we've gotten rid
of the constraint jjwjj = 1 that we didn't like. The downsideis that we now
have a nasty (again, non-convex) objective 
̂

jj wjj function; and, we still don't
have any o�-the-shelf software that can solve this form of an optimization
problem.

Lets keepgoing. Recallour earlierdiscussionthat wecanadd an arbitrary
scalingconstraint on w and bwithout changinganything. This is the key idea
we'll usenow. We will introduce the scaling constraint that the functional
margin of w; b with respect to the training set must be 1:


̂ = 1:
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Sincemultiplying w and b by someconstant results in the functional margin
being multiplied by that sameconstant, this is indeed a scaling constraint,
and can be satis�ed by rescalingw; b. Plugging this into our problem above,
and noting that maximizing 
̂ =jjwjj = 1=jjwjj is the samething asminimizing
jjwjj 2, we now have the following optimization problem:

min
 ;w;b
1
2

jjwjj 2

s.t. y(i )(wT x(i ) + b) � 1; i = 1; : : : ; m

We've now transformed the problem into a form that can be e�cien tly
solved. The above is an optimization problem with a convex quadratic ob-
jective and only linear constraints. Its solution givesus the optimal mar-
gin classi�er . This optimization problem can be solved using commercial
quadratic programming (QP) code.1

While we could call the problem solved here, what we will instead do is
make a digressionto talk about Lagrangeduality. This will lead us to our
optimization problem'sdual form, which will play a key role in allowing us to
usekernelsto get optimal margin classi�ers to work e�cien tly in very high
dimensionalspaces.The dual form will also allow us to derive an e�cien t
algorithm for solving the above optimization problem that will typically do
much better than genericQP software.

5 Lagrange dualit y

Lets temporarily put asideSVMs and maximum margin classi�ers, and talk
about solving constrainedoptimization problems.

Considera problem of the following form:

minw f (w)

s.t. hi (w) = 0; i = 1; : : : ; l :

Someof you may recall how the method of Lagrangemultipliers can be used
to solve it. (Don't worry if you haven't seenit before.) In this method, we
de�ne the Lagrangian to be

L (w; � ) = f (w) +
lX

i =1

� i hi (w)

1You may be familiar with linear programming, which solves optimization problems
that have linear objectives and linear constraints. QP software is also widely available,
which allows convex quadratic objectivesand linear constraints.
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Here, the � i 's are called the Lagrange multipliers . We would then �nd
and set L 's partial derivativesto zero:

@L
@wi

= 0;
@L
@� i

= 0;

and solve for w and � .
In this section,we will generalizethis to constrainedoptimization prob-

lemsin which we may have inequality aswell asequality constraints. Due to
time constraints, wewon't really beableto do the theory of Lagrangeduality
justice in this class,2 but we will give the main ideasand results, which we
will then apply to our optimal margin classi�er's optimization problem.

Considerthe following, which we'll call the primal optimization problem:

minw f (w)

s.t. gi (w) � 0; i = 1; : : : ; k

hi (w) = 0; i = 1; : : : ; l :

To solve it, we start by de�ning the generalized Lagrangian

L (w; � ; � ) = f (w) +
kX

i =1

� i gi (w) +
lX

i =1

� i hi (w):

Here, the � i 's and � i 's are the Lagrangemultipliers. Considerthe quantit y

� P (w) = max
�;� : � i � 0

L(w; � ; � ):

Here, the \ P" subscript stands for \primal." Let somew be given. If w
violates any of the primal constraints (i.e., if either gi (w) > 0 or hi (w) 6= 0
for somei), then you should be able to verify that

� P (w) = max
�;� : � i � 0

f (w) +
kX

i =1

� i gi (w) +
lX

i =1

� i hi (w) (1)

= 1 : (2)

Conversely, if the constraints are indeedsatis�ed for a particular value of w,
then � P (w) = f (w). Hence,

� P (w) =
�

f (w) if w satis�es primal constraints
1 otherwise:

2Readersinterested in learning more about this topic are encouragedto read, e.g., R.
T. Rockarfeller (1970), Convex Analysis, Princeton University Press.
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Thus, � P takes the samevalue as the objective in our problem for all val-
uesof w that satis�es the primal constraints, and is positive in�nit y if the
constraints are violated. Hence,if we considerthe minimization problem

min
w

� P (w) = min
w

max
�;� : � i � 0

L(w; � ; � );

we seethat it is the sameproblem (i.e., and has the samesolutions as) our
original, primal problem. For later use,we also de�ne the optimal value of
the objective to be p� = minw � P (w); we call this the value of the primal
problem.

Now, lets look at a slightly di�eren t problem. We de�ne

� D (� ; � ) = min
w

L(w; � ; � ):

Here, the \ D" subscript stands for \dual." Note also that whereasin the
de�nition of � P we were optimizing (maximizing) with respect to � ; � , here
are are minimizing with respect to w.

We can now posethe dual optimization problem:

max
�;� : � i � 0

� D (� ; � ) = max
�;� : � i � 0

min
w

L(w; � ; � ):

This is exactly the sameasour primal problem shown above, exceptthat the
order of the \max " and the \min" are now exchanged. We also de�ne the
optimal value of the dual problem's objective to be d� = max�;� : � i � 0 � D (w).

How arethe primal and the dual problemsrelated? It caneasilybeshown
that

d� = max
�;� : � i � 0

min
w

L(w; � ; � ) � min
w

max
�;� : � i � 0

L(w; � ; � ) = p� :

(You should convince yourself of this; this follows from the \max min" of a
function always being lessthan or equal to the \min max.") However, under
certain conditions, we will have

d� = p� ;

so that we can solve the dual problem in lieu of the primal problem. Lets
seewhat theseconditions are.

Suppose f and the gi 's are convex,3 and the hi 's are a�ne. 4 Suppose
further that the constraints gi are (strictly) feasible;this meansthat there
exists somew so that gi (w) < 0 for all i .

3When f has a Hessian, then it is convex if and only if the hessianis positive semi-
de�nite. For instance, f (w) = wT w is convex; similarly, all linear (and a�ne) functions
are also convex. (A function f can also be convex without being di�eren tiable, but we
won't needthose more generalde�nitions of convexity here.)

4I.e., there exists ai , bi , so that hi (w) = aT
i w + bi . \A�ne" meansthe samething as

linear, except that we also allow the extra intercept term bi .



10

Under our aboveassumptions,theremust exist w� ; � � ; � � sothat w� is the
solution to the primal problem, � � ; � � are the solution to the dual problem,
and moreover p� = d� = L(w� ; � � ; � � ). Moreover, w� ; � � and � � satisfy the
Karush-Kuhn-T ucker (KKT) conditions , which are as follows:

@
@wi

L(w� ; � � ; � � ) = 0; i = 1; : : : ; n (3)

@
@� i

L(w� ; � � ; � � ) = 0; i = 1; : : : ; l (4)

� �
i gi (w� ) = 0; i = 1; : : : ; k (5)

gi (w� ) � 0; i = 1; : : : ; k (6)

� � � 0; i = 1; : : : ; k (7)

Moreover, if somew� ; � � ; � � satisfy the KKT conditions, then it is also a
solution to the primal and dual problems.

We draw attention to Equation (5), which is called the KKT dual com-
plemen tarit y condition. Speci�cally, it implies that if � �

i > 0, then gi (w� ) =
0. (I.e., the \ gi (w) � 0" constraint is activ e, meaningit holds with equality
rather than with inequality.) Later on, this will be key for showing that the
SVM has only a small number of \support vectors"; the KKT dual comple-
mentarit y condition will alsogiveusour convergencetest whenwe talk about
the SMO algorithm.

6 Optimal margin classi�ers

Previously, we posedthe following (primal) optimization problem for �nding
the optimal margin classi�er:

min
 ;w;b
1
2

jjwjj 2

s.t. y(i )(wT x(i ) + b) � 1; i = 1; : : : ; m

We can write the constraints as

gi (w) = � y(i )(wT x(i ) + b) + 1 � 0:

We have one such constraint for each training example. Note that from the
KKT dual complementarit y condition, we will have � i > 0 only for the train-
ing examplesthat have functional margin exactly equal to one(i.e., the ones
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corresponding to constraints that hold with equality, gi (w) = 0). Consider
the �gure below, in which a maximum margin separatinghyperplaneis shown
by the solid line.

The points with the smallestmargins are exactly the onesclosestto the
decisionboundary; here,thesearethe threepoints (onenegativeand two pos-
itiv e examples)that lie on the dashedlinesparallel to the decisionboundary.
Thus, only three of the � i 's|namely , the onescorresponding to thesethree
training examples|will be non-zeroat the optimal solution to our optimiza-
tion problem. These three points are called the supp ort vectors in this
problem. The fact that the number of support vectorscan be much smaller
than the sizethe training set will be useful later.

Lets moveon. Looking ahead,aswedevelopthe dual form of the problem,
onekey idea to watch out for is that we'll try to write our algorithm in terms
of only the inner product hx(i ) ; x(j ) i (think of this as (x(i ))T x(j )) between
points in the input featurespace.The fact that we canexpressour algorithm
in terms of theseinner products will be key when we apply the kernel trick.

When weconstruct the Lagrangianfor our optimization problemwehave:

L (w; b;� ) =
1
2

jjwjj 2 �
mX

i =1

� i
�
y(i )(wT x(i ) + b) � 1

�
: (8)

Note that there're only \ � i " but no \ � i " Lagrange multipliers, since the
problem hasonly inequality constraints.

Lets �nd the dual form of the problem. To do so,weneedto �rst minimize
L (w; b;� ) with respect to w and b (for �xed � ), to get � D , which we'll do by
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setting the derivativesof L with respect to w and b to zero. We have:

r wL(w; b;� ) = w �
mX

i =1

� i y(i )x(i ) = 0

This implies that

w =
mX

i =1

� i y(i )x(i ) : (9)

As for the derivative with respect to b, we obtain

@
@b

L(w; b;� ) =
mX

i =1

� i y(i ) = 0: (10)

If we take the de�nition of w in Equation (9) and plug that back into the
Lagrangian(Equation 8), and simplify, we get

L (w; b;� ) =
mX

i =1

� i �
1
2

mX

i;j =1

y(i )y(j ) � i � j (x(i ))T x(j ) � b
mX

i =1

� i y(i ) :

But from Equation (10), the last term must be zero,so we obtain

L (w; b;� ) =
mX

i =1

� i �
1
2

mX

i;j =1

y(i )y(j ) � i � j (x(i ))T x(j ) :

Recall that we got to the equationabove by minimizing L with respect to w
and b. Putting this togetherwith the constraints � i � 0 (that wealways had)
and the constraint (10), we obtain the following dual optimization problem:

max� W(� ) =
mX

i =1

� i �
1
2

mX

i;j =1

y(i )y(j ) � i � j hx(i ) ; x(j ) i :

s.t. � i � 0; i = 1; : : : ; m
mX

i =1

� i y(i ) = 0;

You should also be able to verify that the conditions required for p� =
d� and the KKT conditions (Equations 3{7) to hold are indeed satis�ed in
our optimization problem. Hence,we can solve the dual in lieu of solving
the primal problem. Speci�cally, in the dual problem above, we have a
maximization problem in which the parametersare the � i 's. We'll talk later
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about the speci�c algorithm that we'regoingto useto solvethe dual problem,
but if we are indeedable to solve it (i.e., �nd the � 's that maximize W(� )
subject to the constraints), then we canuseEquation (9) to go back and �nd
the optimal w's as a function of the � 's. Having found w� , by considering
the primal problem, it is also straightforward to �nd the optimal value for
the intercept term b as

b� = �
maxi :y( i ) = � 1 w� T x(i ) + mini :y( i ) =1 w� T x(i )

2
: (11)

(Check for yourself that this is correct.)
Beforemoving on, lets alsotakea morecarefullook at Equation (9), which

gives the optimal value of w in terms of (the optimal value of) � . Suppose
we've �t our model's parametersto a training set, and now wish to make a
prediction at a new point input x. We would then calculate wT x + b, and
predict y = 1 if and only if this quantit y is bigger than zero. But using (9),
this quantit y can alsobe written:

wT x + b =

 
mX

i =1

� i y(i )x(i )

! T

x + b (12)

=
mX

i =1

� i y(i )hx(i ) ; xi + b: (13)

Hence, if we've found the � i 's, in order to make a prediction, we have to
calculate a quantit y that dependsonly on the inner product betweenx and
the points in the training set. Moreover, we saw earlier that the � i 's will all
be zeroexcept for the support vectors. Thus, many of the terms in the sum
abovewill bezero,and wereally needto �nd only the inner products between
x and the support vectors (of which there is often only a small number) in
order calculate (13) and make our prediction.

By examining the dual form of the optimization problem, we gainedsig-
ni�can t insight into the structure of the problem, and werealsoable to write
the entire algorithm in terms of only inner products between input feature
vectors. In the next section,we will exploit this property to apply the ker-
nelsto our classi�cation problem. The resulting algorithm, supp ort vector
machines , will be able to e�cien tly learn in very high dimensionalspaces.

7 Kernels

Back in our discussionof linear regression,we had a problem in which the
input x was the living areaof a house,and we consideredperforming regres-
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sion using the features x, x2 and x3 (say) to obtain a cubic function. To
distinguish betweenthesetwo setsof variables,we'll call the \original" input
value the input attributes of a problem (in this case,x, the living area).
When that is mapped to somenew set of quantities that are then passedto
the learning algorithm, we'll call those new quantities the input features .
(Unfortunately, di�eren t authors use di�eren t terms to describe these two
things, but we'll try to usethis terminology consistently in thesenotes.) We
will alsolet � denotethe feature mapping , which mapsfrom the attributes
to the features. For instance,in our example,we had

� (x) =

2

4
x
x2

x3

3

5 :

Rather than applying SVMs usingthe original input attributes x, wemay
insteadwant to learn using somefeatures� (x). To do so,we simply needto
go over our previousalgorithm, and replacex everywherein it with � (x).

Sincethe algorithm can be written entirely in terms of the inner prod-
ucts hx; zi , this meansthat we would replaceall those inner products with
h� (x); � (z)i . Speci�cically, given a feature mapping � , we de�ne the corre-
sponding Kernel to be

K (x; z) = � (x)T � (z):

Then, everywherewe previouslyhad hx; zi in our algorithm, we could simply
replaceit with K (x; z), and our algorithm would now be learning using the
features� .

Now, given � , we could easily computeK (x; z) by �nding � (x) and � (z)
and taking their inner product. But what's more interesting is that often,
K (x; z) may be very inexpensive to calculate, even though � (x) itself may
be very expensive to calculate (perhapsbecauseit is an extremely high di-
mensionalvector). In such settings, by using in our algorithm an e�cien t
way to calculateK (x; z), we can get SVMs to learn in the high dimensional
feature spacespacegiven by � , but without ever having to explicitly �nd or
represent vectors � (x).

Lets seean example. Supposex; z 2 Rn , and consider

K (x; z) = (xT z)2:
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We can alsowrite this as

K (x; z) =

 
nX

i =1

x i zi

!  
nX

j =1

x i zi

!

=
nX

i =1

nX

j =1

x i x j zi zj

=
nX

i;j =1

(x i x j )(zi zj )

Thus, weseethat K (x; z) = � (x)T � (z), wherethe featuremapping � is given
(shown here for the caseof n = 3) by

� (x) =

2

6
6
6
6
6
6
6
6
6
6
6
6
4

x1x1

x1x2

x1x3

x2x1

x2x2

x2x3

x3x1

x3x2

x3x3

3

7
7
7
7
7
7
7
7
7
7
7
7
5

:

Note that whereascalculating the high-dimensional� (x) requiresO(n2) time,
�nding K (x; z) takesonly O(n) time|linear in the dimensionof the input
attributes.

For a related kernel, alsoconsider

K (x; z) = (xT z + c)2

=
nX

i;j =1

(x i x j )(zi zj ) +
nX

i =1

(
p

2cxi )(
p

2czi ) + c2:

(Check this yourself.) This correspondsto the featuremapping (again shown



16

for n = 3)

� (x) =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

x1x1

x1x2

x1x3

x2x1

x2x2

x2x3

x3x1

x3x2

x3x3p
2cx1p
2cx2p
2cx3

c

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

;

and the parameter c controls the relative weighting between the x i (�rst
order) and the x i x j (secondorder) terms.

More broadly, the kernel K (x; z) = (xT z + c)d corresponds to a feature
mapping to an

�
n+ d

d
�

feature space,corresponding of all monomials of the
form x i 1 x i 2 : : : x i k that are up to order d. However, despite working in this
O(nd)-dimensionalspace,computing K (x; z) still takesonly O(n) time, and
hencewe never needto explicitly represent feature vectors in this very high
dimensionalfeature space.

Now, lets talk about a slightly di�eren t view of kernels. Intuitiv ely, (and
there are things wrong with this intuition, but nevermind), if � (x) and � (z)
are closetogether, then we might expect K (x; z) = � (x)T � (z) to be large.
Conversely, if � (x) and � (z) are far apart|sa y nearly orthogonal to each
other|then K (x; z) = � (x)T � (z) will be small. So,we can think of K (x; z)
assomemeasurement of how similar are � (x) and � (z), or of how similar are
x and z.

Given this intuition, supposethat for somelearning problem that you're
working on, you'vecomeup with somefunction K (x; z) that you think might
be a reasonablemeasureof how similar x and z are. For instance,perhaps
you chose

K (x; z) = exp
�

�
jjx � zjj 2

2� 2

�
:

This is a resonablemeasureof x and z's similarit y, and is closeto 1 when
x and z are close,and near 0 when x and z are far apart. Can we usethis
de�nition of K as the kernel in an SVM? In this particular example, the
answer is yes. (This kernel is called the Gaussian kernel , and corresponds
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to an in�nite dimensionalfeaturemapping � .) But morebroadly, givensome
function K , how can we tell if it's a valid kernel; i.e., can we tell if there is
somefeature mapping � so that K (x; z) = � (x)T � (z) for all x, z?

Supposefor now that K is indeed a valid kernel corresponding to some
featuremapping � . Now, considersome�nite setof m points (not necessarily
the training set) f x(1) ; : : : ; x(m)g, and let a square, m-by-m matrix K be
de�ned so that its (i; j )-entry is given by K ij = K (x(i ) ; x(j )). This matrix
is called the Kernel matrix . Note that we've overloadedthe notation and
usedK to denoteboth the kernel function K (x; z) and the kernel matrix K ,
due to their obvious closerelationship.

Now, if K is a valid Kernel, then K ij = K (x(i ) ; x(j )) = � (x(i ))T � (x(j )) =
� (x(j ))T � (x(i )) = K (x(j ) ; x(i )) = K j i , and henceK must besymmetric. More-
over, letting � k(x) denotethe k-th coordinate of the vector � (x), we �nd that
for any vector z, we have

zT K z =
X

i

X

j

zi K ij zj

=
X

i

X

j

zi � (x(i ))T � (x(j ))zj

=
X

i

X

j

zi

X

k

� k(x(i ))� k(x(j ))zj

=
X

k

X

i

X

j

zi � k(x(i ))� k(x(j ))zj

=
X

k

 
X

i

zi � k(x(i ))

! 2

� 0:

The second-to-laststep above used the sametrick as you saw in Problem
set 1 Q1. Sincez was arbitrary, this shows that K is positive semi-de�nite
(K � 0).

Hence,we've shown that if K is a valid kernel (i.e., if it corresponds to
somefeature mapping � ), then the corresponding Kernel matrix K 2 Rm� m

is symmetric positive semide�nite. More generally, this turns out to be not
only a necessary, but also a su�cien t, condition for K to be a valid kernel
(also called a Mercer kernel). The following result is due to Mercer.5

5Many texts present Mercer's theorem in a slightly more complicated form involving
L 2 functions, but when the input attributes take values in Rn , the version given here is
equivalent.
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Theorem (Mercer). Let K : Rn � Rn 7! R be given. Then for K
to be a valid (Mercer) kernel, it is necessaryand su�cien t that for any
f x(1) ; : : : ; x(m)g, (m < 1 ), the corresponding kernel matrix is symmetric
positive semi-de�nite.

Given a function K , apart from trying to �nd a feature mapping � that
corresponds to it, this theoremthereforegivesanother way of testing if it is
a valid kernel. You'll also have a chance to play with these ideas more in
problem set 2.

In class,we also brie
y talked about a couple of other examplesof ker-
nels. For instance, consider the digit recognition problem, in which given
an image (16x16 pixels) of a handwritten digit (0-9), we have to �gure out
which digit it was. Using either a simplepolynomial kernelK (x; z) = (xT z)d

or the Gaussiankernel, SVMs were able to obtain extremely good perfor-
mance on this problem. This was particularly surprising since the input
attributes x were just a 256-dimensionalvector of the imagepixel intensity
values,and the systemhad no prior knowledgeabout vision, or even about
which pixels are adjacent to which other ones. Another example that we
brie
y talked about in lecture was that if the objects x that we are trying
to classifyare strings (say, x is a list of amino acids, which strung together
form a protein), then it seemshard to construct a reasonable,\small" set of
featuresfor most learning algorithms, especially if di�eren t strings have dif-
ferent lengths. However, considerletting � (x) be a featurevector that counts
the number of occurrencesof each length-k substring in x. If we're consider-
ing strings of englishalphabets, then there're 26k such strings. Hence,� (x)
is a 26k dimensionalvector; even for moderate valuesof k, this is probably
too big for us to e�cien tly work with. (e.g., 264 � 460000.)However, using
(dynamic programming-ish)string matching algorithms, it is possibleto ef-
�cien tly compute K (x; z) = � (x)T � (z), so that we can now implicitly work
in this 26k-dimensionalfeature space,but without ever explicitly computing
feature vectors in this space.

The application of kernels to support vector machines should already
be clear and so we won't dwell too much longer on it here. Keep in mind
however that the idea of kernelshas signi�cantly broader applicability than
SVMs. Speci�cally, if you have any learning algorithm that you can write
in terms of only inner products hx; zi betweeninput attribute vectors, then
by replacing this with K (x; z) where K is a kernel, you can \magically"
allow your algorithm to work e�cien tly in the high dimensionalfeaturespace
corresponding to K . For instance, this kernel trick can be applied with
the perceptron to to derive a kernel perceptron algorithm. Many of the
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algorithms that we'll seelater in this class will also be amenableto this
method, which hascometo be known as the \k ernel trick."

8 Regularization and the non-separable case

The derivation of the SVM as presented so far assumedthat the data is
linearly separable.While mapping data to a high dimensionalfeature space
via � does generally increasethe likelihood that the data is separable,we
can't guarantee that it always will be so. Also, in somecasesit is not clear
that �nding a separatinghyperplaneis exactly what we'd want to do, since
that might be susceptibleto outliers. For instance, the left �gure below
shows an optimal margin classi�er, and when a singleoutlier is addedin the
upper-left region (right �gure), it causesthe decisionboundary to make a
dramatic swing, and the resulting classi�er hasa much smaller margin.

To make the algorithm work for non-linearly separabledatasetsas well
as be less sensitive to outliers, we reformulate our optimization (using `1

regularization ) as follows:

min
 ;w;b
1
2

jjwjj 2 + C
mX

i =1

� i

s.t. y(i )(wT x(i ) + b) � 1 � � i ; i = 1; : : : ; m

� i � 0; i = 1; : : : ; m:

Thus, examplesare now permitted to have (functional) margin lessthan 1,
and if an examplewhosefunctional margin is 1 � � i , we would pay a cost of
the objective function being increasedby C� i . The parameterC controls the
relative weighting betweenthe twin goalsof making the jjwjj 2 large (which
we saw earlier makesthe margin small) and of ensuringthat most examples
have functional margin at least 1.
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As before,we can form the Lagrangian:

L (w; b;� ; � ; r ) =
1
2

wT w + C
mX

i =1

� i �
mX

i =1

� i
�
y(i )(xT w + b) � 1 + � i

�
�

mX

i =1

r i � i :

Here, the � i 's and r i 's are our Lagrangemultipliers (constrainedto be � 0).
We won't go through the derivation of the dual again in detail, but after
setting the derivativeswith respect to w and b to zeroasbefore,substituting
them back in, and simplifying, we obtain the following dual form of the
problem:

max� W(� ) =
mX

i =1

� i �
1
2

mX

i;j =1

y(i )y(j ) � i � j hx(i ) ; x(j ) i

s.t. 0 � � i � C; i = 1; : : : ; m
mX

i =1

� i y(i ) = 0;

As before, we also have that w can be expressedin terms of the � i 's
as given in Equation (9), so that after solving the dual problem, we can
continue to useEquation (13) to make our predictions. Note that, somewhat
surprisingly, in adding `1 regularization, the only changeto the dual problem
is that what was originally a constraint that 0 � � i has now become0 �
� i � C. The calculation for b� also has to be modi�ed (Equation 11 is no
longer valid); seethe comments in the next section/Platt's paper.

Also, the KKT dual-complementarit y conditions (which in the next sec-
tion will be useful for testing for the convergenceof the SMO algorithm)
are:

� i = 0 ) y(i )(wT x(i ) + b) � 1 (14)

� i = C ) y(i )(wT x(i ) + b) � 1 (15)

0 < � i < C ) y(i )(wT x(i ) + b) = 1: (16)

Now, all that remainsis to give an algorithm for actually solving the dual
problem, which we will do in the next section.

9 The SMO algorithm

The SMO (sequential minimal optimization) algorithm, due to John Platt,
givesan e�cien t way of solving the dual problem arising from the derivation
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of the SVM. Partly to motivate the SMO algorithm, and partly becauseit's
interesting in its own right, lets �rst take another digressionto talk about
the coordinate ascent algorithm.

9.1 Coordinate ascent

Considertrying to solve the unconstrainedoptimization problem

max
�

W(� 1; � 2; : : : ; � m ):

Here,we think of W asjust somefunction of the parameters� i 's, and for now
ignoreany relationship betweenthis problem and SVMs. We've alreadyseen
two optimization algorithms, gradient ascent and Newton's method. The
new algorithm we're going to considerhere is called coordinate ascent :

Loop until convergence:f

For i = 1; : : : ; m, f

� i := argmax�̂ i W(� 1; : : : ; � i � 1; �̂ i ; � i +1 ; : : : ; � m ).

g

g

Thus, in the innermost loop of this algorithm, we will hold all the vari-
ablesexcept for some� i �xed, and reoptimize W with respect to just the
parameter � i . In the version of this method presented here, the inner-loop
reoptimizesthe variablesin order � 1; � 2; : : : ; � m ; � 1; � 2; : : :. (A more sophis-
ticated version might chooseother orderings; for instance, we may choose
the next variable to update accordingto which onewe expect to allow us to
make the largest increasein W(� ).)

When the function W happensto be of such a form that the \arg max"
in the inner loop can be performede�cien tly, then coordinate ascent can be
a fairly e�cien t algorithm. Here'sa picture of coordinate ascent in action:
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The ellipsesin the �gure are the contours of a quadratic function that
we want to optimize. Coordinate ascent was initialized at (2; � 2), and also
plotted in the �gure is the path that it took on its way to the globalmaximum.
Notice that on each step,coordinate ascent takesa step that's parallel to one
of the axes,sinceonly onevariable is being optimized at a time.

9.2 SMO

We closeo� the discussionof SVMs by sketching the derivation of the SMO
algorithm. Somedetails will be left to the homework, and for others you
may refer to the paper excerpt handedout in class.

Here's the (dual) optimization problem that we want to solve:

max� W(� ) =
mX

i =1

� i �
1
2

mX

i;j =1

y(i )y(j ) � i � j hx(i ) ; x(j ) i : (17)

s.t. 0 � � i � C; i = 1; : : : ; m (18)
mX

i =1

� i y(i ) = 0: (19)

Lets say we have set of � i 's that satisfy the constraints (18-19). Now,
supposewe want to hold � 2; : : : ; � m �xed, and take a coordinate ascent step
and reoptimize the objective with respect to � 1. Can we make any progress?
The answer is no, becausethe constraint (19) ensuresthat

� 1y(1) = �
mX

i =2

� i y(i ) :
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Or, by multiplying both sidesby y(1) , we equivalently have

� 1 = � y(1)
mX

i =2

� i y(i ) :

(This step usedthe fact that y(1) 2 f� 1; 1g, and hence(y(1) )2 = 1.) Hence,
� 1 is exactly determinedby the other � i 's, and if we wereto hold � 2; : : : ; � m

�xed, then we can't make any change to � 1 without violating the con-
straint (19) in the optimization problem.

Thus, if we want to update somesubject of the � i 's, we must update at
least two of them simultaneously in order to keepsatisfying the constraints.
This motivates the SMO algorithm, which simply doesthe following:

Repeat till convergencef

1. Selectsomepair � i and � j to update next (using a heuristic that
tries to pick the two that will allow us to make the biggestprogress
towards the global maximum).

2. Reoptimize W(� ) with respect to � i and � j , while holding all the
other � k 's (k 6= i; j ) �xed.

g

To test for convergenceof this algorithm, we cancheck whether the KKT
conditions (Equations 14-16) are satis�ed to within sometol. Here, tol is
the convergencetoleranceparameter, and is typically set to around 0.01 to
0.001. (Seethe paper and pseudocode for details.)

The key reasonthat SMO is an e�cien t algorithm is that the update to
� i , � j can be computed very e�cien tly. Lets now brie
y sketch the main
ideasfor deriving the e�cien t update.

Lets say we currently have somesetting of the � i 's that satisfy the con-
straints (18-19), and supposewe've decided to hold � 3; : : : ; � m �xed, and
want to reoptimize W(� 1; � 2; : : : ; � m ) with respect to � 1 and � 2 (subject to
the constraints). From (19), we require that

� 1y(1) + � 2y(2) = �
mX

i =3

� i y(i ) :

Sincethe right hand side is �xed (as we've �xed � 3; : : : � m ), we can just let
it be denotedby someconstant � :

� 1y(1) + � 2y(2) = � : (20)

We can thus picture the constraints on � 1 and � 2 as follows:



24

a2

a1

a1 a2

C

C

(1)
+

(2)y y =zH

L

From the constraints (18), we know that � 1 and � 2 must lie within the box
[0; C] � [0; C] shown. Also plotted is the line � 1y(1) + � 2y(2) = � , on which we
know � 1 and � 2 must lie. Note also that, from theseconstraints, we know
L � � 2 � H ; otherwise, (� 1; � 2) can't simultaneously satisfy both the box
and the straight line constraint. In this example,L = 0. But depending on
what the line � 1y(1) + � 2y(2) = � looks like, this won't always necessarilybe
the case;but more generally, there will be somelower-bound L and some
upper-bound H on the permissablevaluesfor � 2 that will ensurethat � 1, � 2

lie within the box [0; C] � [0; C].
Using Equation (20), we can alsowrite � 1 as a function of � 2:

� 1 = (� � � 2y(2) )y(1) :

(Check this derivation yourself;we againusedthe fact that y(1) 2 f� 1; 1g so
that (y(1) )2 = 1.) Hence,the objective W(� ) can be written

W(� 1; � 2; : : : ; � m ) = W((� � � 2y(2) )y(1) ; � 2; : : : ; � m ):

Treating � 3; : : : ; � m as constants, you should be able to verify that this is
just somequadratic function in � 2. I.e., this can also be expressedin the
form a� 2

2 + b� 2 + c for someappropriate a, b, and c. If we ignore the \b ox"
constraints (18) (or, equivalently, that L � � 2 � H ), then we can easily
maximizethis quadratic function by setting its derivative to zeroand solving.
We'll let � new;uncl ipped

2 denote the resulting value of � 2. You should also be
able to convince yourself that if we had insteadwanted to maximizeW with
respect to � 2 but subject to the box constraint, then wecan�nd the resulting
value optimal simply by taking � new;uncl ipped

2 and \clipping" it to lie in the
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[L; H ] interval, to get

� new
2 =

8
<

:

H if � new;uncl ipped
2 > H

� new;uncl ipped
2 if L � � new;uncl ipped

2 � H
L if � new;uncl ipped

2 < L

Finally, having found the � new
2 , we canuseEquation (20) to goback and �nd

the optimal value of � new
1 .

There're a couplemoredetails that arequite easybut that we'll leave you
to read about yourself in Platt's paper: One is the choice of the heuristics
usedto selectthe next � i , � j to update; the other is how to update b as the
SMO algorithm is run.


