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Part V
Supp ort Vector Mac hines

This set of notes presens the Support Vector Machine (SVM) learning al-
gorithm. SVMs are amongthe best (and many beliewe is indeed the best)
\o -the-shelf " supervised learning algorithm. To tell the SVM story, we'll
needto rst talk about marginsand the idea of separatingdata with a large
\gap." Next, we'll talk about the optimal margin classi er, which will lead
us into a digressionon Lagrangeduality. We'll also seekernels,which give
a way to apply SVMs e cien tly in very high dimensional(suc asin nite-

dimensional) feature spaces,and nally, we'll closeo the story with the
SMO algorithm, which givesan e cien t implemertation of SVMs.

1 Margins: Intuition

We'll start our story on SVMs by talking about margins. This sectionwill
give the intuitions about margins and about the \con dence" of our predic-
tions; theseideaswill be madeformal in Section3.

Consider logistic regressionwherethe probability p(y = 1jx; ) is mod-
eledby h (x) = g( "x). We would then predict \1" on an input x if and
only if h (x) 0:5, or equivalertly, if and only if Tx 0. Considera
positive training example (y = 1). The larger Tx is, the larger also is
h (x) = p(y = 1jx;w;b), and thus alsothe higher our degreeof \con dence"
that the label is 1. Thus, informally we canthink of our prediction asbeing
avery condent onethat y = 1if Tx 0. Similarly, we think of logistic
regressioras making a very con dent prediction ofy = 0,if Tx 0. Given
a training set, again informally it seemsthat we'd have found a good t to
the training data if wecan nd sothat "x()  0whenewery® = 1, and



Tx® 0 whenewer y) = 0, sincethis would re ect a very con dent (and
correct) set of classi cations for all the training examples.This seemdo be
a nice goalto aim for, and we'll scon formalize this idea using the notion of
functional margins.

For a di erent type of intuition, considerthe following gure, in which x's
represemn positive training examples,o's denote negative training examples,
a decisionboundary (this is the line given by the equation Tx = 0, and
is also called the separating hyp erplane) is also showvn, and three points
have alsobeenlabeled A, B and C.
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Notice that the point A is very far from the decisionboundary. If we are
asked to make a prediction for the value of y at at A, it seemswe should be
guite con dent that y = 1 there. Conversely the point C is very closeto
the decisionboundary, and while it's on the side of the decisionboundary
on which we would predicty = 1, it seemdikely that just a small changeto
the decisionboundary could easily have causedout prediction to bey = 0.
Hence,we're much more con dent about our prediction at A than at C. The
point B lies in-between these two cases,and more broadly, we seethat if
a point is far from the separatinghyperplane, then we may be signi cantly
more con dent in our predictions. Again, informally we think it'd be nice if,
given a training set, we manageto nd a decisionboundary that allows us
to make all correct and con dent (meaningfar from the decisionboundary)
predictions on the training examples. We'll formalize this later using the
notion of geometricmargins.



2 Notation

To make our discussionof SVMs easier,we'll rst needto introduce a new
notation for talking about classi cation. We will be consideringa linear
classi er for a binary classi cation problem with labels y and features x.
From now, we'll usey 2 f 1, 1g (instead of f 0; 1g) to denotethe classlabels.
Also, rather than parameterizingour linear classi er with the vector , we
will useparametersw; b, and write our classi er as

hwin(X) = g(w'x + b):

Here,g(z) = 1if z 0, and g(z) = 1 otherwise. This \w; " notation
allows us to explicitly treat the intercept term b separatelyfrom the other
parameters.(We alsodrop the convertion we had previouslyof letting xo = 1
be an extra coordinate in the input feature vector.) Thus, b takesthe role of
what was previously o, and w takesthe role of [ 1::: ,].

Note alsothat, from our de nition of g above, our classi er will directly
predict either 1 or 1 (cf. the perceptron algorithm), without rst going
through the intermediate step of estimating the probability of y being 1
(which was what logistic regressiondid).

3 Functional and geometric margins

Lets formalize the notions of the functional and geometricmargins. Given a
training example(x(; y(), we de ne the functional margin of (w;b) with
respect to the training example

ali) = y(l)(WTX + b)

Note that if y() = 1, then for the functional margin to be large (i.e., for our
prediction to be con dent and correct), then we needw'x + bto be a large
positive number. Cornversely if y() = 1, then for the functional margin to
be large, then we needw'x + b to be a large negative number. Moreover,
if yO(w'x + b) > 0, then our prediction on this exampleis correct. (Chedk
this yourself.) Hence,a large functional margin represens a con dent and a
correct prediction.

For a linear classi er with the choice of g given above (taking valuesin
f 1;1g), there's one property of the functional margin that makesit not a
very good measureof con dence,however. Givenour choiceof g, we note that
if we replacew with 2w and bwith 2b, then sinceg(w™x + b) = g(2w'x + 2b),



this would not changeh,,.,(x) at all. l.e., g, and hencealso h,,.,(x), depends
only on the sign, but not on the magnitude, of w™x + b. However, replacing
(w; b) with (2w; 2b) also results in multiplying our functional margin by a
factor of 2. Thus, it seemghat by exploiting our freedomto scalew and b,
we can make the functional margin arbitrarily large without really changing
anything meaningful. Intuitiv ely, it might therefore make senseto impose
somesort of normalization condition such asthat jjwijj, = 1; i.e., we might
replace (w; b) with (w=jjwijj»; bjjwij,), and instead considerthe functional
margin of (w=jjwijj2; b3jwjj.). We'll comebad to this later.

function margin of (w; b) with respectto S asthe smallestof the functional

marginsof the individual training examples.Denotedby *, this cantherefore
be written:

Next, lets talk about geometric margins . Considerthe picture below:
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The decisionboundary correspnding to (w; b) is shown, along with the
vector w. Note that w is orthogonal (at 90 ) to the separating hyperplane.
(You should corvince yourself that this must be the case.) Consider the
point at A, which represens the input x() of sometraining example with
label y() = 1. Its distanceto the decisionboundary, (), is given by the line
segmen AB.

How canwe nd the value of ? Well, wSjjwijj is a unit-length vector
pointing in the samedirection asw. SinceA represems x(), we therefore



nd that the point B is givenby x® () w=jjwjj. But this point lies on
the decisionboundary, and all points x on the decisionboundary satisfy the
equationw’x + b= 0. Hence,

Solvingfor ) yields

Ty (i) T
(i = WX +b: w () 4 b

Jjwjj jiwijj Jiwij
This was worked out for the caseof a positive training exampleat A in the
gure, where being on the \p ositive" side of the decisionboundary is good.

More generally we de ne the geometric margin of (w;b) with respect to a
training example(x(;y®) to be

!
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Note that if jjwjj = 1, then the functional margin equalsthe geometric
margin|this thus givesus a way of relating thesetwo di erent notions of
margin. Also, the geometricmargin is invariant to rescalingof the parame-
ters; i.e., if we replacew with 2w and b with 2b, then the geometricmargin
doesnot change. This will in fact comein handy later. Speci cally, because
of this invarianceto the scalingof the parameters,whentrying to t wandb
to training data, we canimposean arbitrary scalingconstraint on w without
changinganything important; for instance,we candemandthat jjwjj = 1, or
jwij = 5, 0r jw; + b + jwyj = 2, and any of thesecan be satis ed simply by
rescalingw and b.

the geometricmargin of (w;b) with respect to S to be the smallest of the
geometricmargins on the individual training examples:

= min O

4 The optimal margin classier

Given a training set, it seemsfrom our previous discussionthat a natural
desideratumis to try to nd a decisionboundary that maximizesthe (ge-
ometric) margin, sincethis would re ect a very con dent set of predictions



on the training setand a good \t" to the training data. Speci cally, this
will resultin a classi er that separateshe positive and the negative training
exampleswith a\gap" (geometric margin).

For now, we will assumethat we are given a training set that is linearly
separable;i.e., that it is possibleto separatethe positive and negative ex-
amples using some separating hyperplane. How we we nd the one that
achieves the maximum geometric margin? We can posethe following opti-
mization problem:

max -w:b
st. yOw™xM+b ;i=1:::m
jiwjj = 1

l.e., we want to maximize , subject to ead training examplehaving func-
tional margin at least . The jjwjj = 1 constrain moreover ensuresthat the
functional margin equalsto the geometricmargin, sowe are alsoguararteed
that all the geometricmarginsareat least . Thus, solving this problem will
resultin (w; b) with the largestpossiblegeometricmargin with respectto the
training set.

If we could solve the optimization problem above, we'd be done. But the
\jjwjj = 1" constrairnt is a nasty (non-corvex) one,and this problemcertainly
isn't in any format that we can plug into standard optimization software to
solwe. So,lets try transforming the probleminto a nicer one. Consider:

N
max wib T
Jywj
st. yOw'™xO+bp 2 i=1:::m

Here, we're going to maximize ~=jjwjj, subject to the functional margins all
being at least”. Sincethe geometricand functional margins are related by
= "5jjwj, this will give us the answer we want. Moreover, we've gotten rid
of the constrairt jjwjj = 1 that we didn't like. The downsideis that we now
have a nasty (again, non-corvex) objective JVAV—” function; and, we still don't
have any o -the-shelf software that can sof\e this form of an optimization
problem.
Lets keepgoing. Recallour earlier discussiorthat we canadd an arbitrary
scalingconstraint on w and bwithout changinganything. This is the keyidea
we'll usenow. We will introduce the scaling constraint that the functional

margin of w; b with respect to the training set must be 1:

N= 1



Sincemultiplying w and b by someconstart resultsin the functional margin
being multiplied by that sameconstar, this is indeed a scaling constrairt,
and can be satis ed by rescalingw; b. Plugging this into our problem above,
and noting that maximizing *5jjwjj = 15jwjj is the samething asminimizing
jiwjj2, we now have the following optimization problem:

_ 1
min w;p EJJWJJ
st. yOW'x®+bp 1 i=1::0m

We've now transformed the problem into a form that can be e cien tly
solved. The above is an optimization problem with a corvex quadratic ob-
jective and only linear constrains. Its solution givesus the optimal mar-
gin classier . This optimization problem can be solved using commercial
quadratic programming (QP) codel

While we could call the problem solved here, what we will instead do is
make a digressionto talk about Lagrangeduality. This will lead usto our
optimization problem'sdual form, which will play a keyrole in allowing usto
usekernelsto get optimal margin classi ersto work e cien tly in very high
dimensional spaces. The dual form will also allow us to derive an e cient
algorithm for solving the above optimization problem that will typically do
much better than genericQP software.

5 Lagrange dualit y

Lets temporarily put asideSVMs and maximum margin classi ers, and talk
about solving constrainedoptimization problems.
Considera problem of the following form:

min,, f(w)
sit. hj(w)=0; i=1;:::;10:
Someof you may recall how the method of Lagrangemultipliers can be used

to solwe it. (Don't worry if you haven't seenit before.) In this method, we
de ne the Lagrangian to be

L(w; )="f(w)+ ihi(w)

i=1

1You may be familiar with linear programming, which solves optimization problems
that have linear objectives and linear constraints. QP software is also widely available,
which allows convex quadratic objectivesand linear constraints.



Here, the ;'s are called the Lagrange multipliers . We would then nd
and setL's partial derivativesto zero:
@ = 0; @ =0
@v; @;
and solwe for w and
In this section,we will generalizethis to constrainedoptimization prob-
lemsin which we may have inequality aswell asequality constrains. Due to
time constrains, wewon't really be ableto do the theory of Lagrangeduality
justice in this class? but we will give the main ideasand results, which we
will then apply to our optimal margin classi er's optimization problem.
Considerthe following, which we'll call the primal optimization problem:

min,, f(w)
st. g(w) O i=1:::;k
hi(w)=0; i=12;:::;I
To solwe it, we start by de ning the generalized Lagrangian
Xk X
L(w; ; )="f(w)+ iG (W) + ihi (w):

i=1 i=1
Here,the i'sand ;'s arethe Lagrangemultipliers. Considerthe quartity

p(w) = _maxoL(w; ;)

Here, the \P" subscript stands for \primal." Let somew be given. If w
violates any of the primal constrairts (i.e., if either gi(w) > 0 or hj(w) 6 0
for somei), then you should be able to verify that

X X
~max f(w)+ igi(w) + ihi(w) (1)
Co i=1 i=1

= 1: (2)

p (W)

Conversely if the constrains are indeedsatis ed for a particular value of w,
then p(w) = f (w). Hence,

(W) = f (w) if w satis es primal constrairts
N | otherwise

2Readersinterested in learning more about this topic are encouragedto read, e.g., R.
T. Rockarfeller (1970), Convex Analysis, Princeton University Press.



Thus, p takesthe samevalue as the objective in our problem for all val-
uesof w that satis es the primal constrairts, and is positive in nit y if the
constrairts are violated. Hence,if we considerthe minimization problem

min p(w) = min max L(w; ; );
w w ; i 0

we seethat it is the sameproblem (i.e., and hasthe samesolutions as) our
original, primal problem. For later use,we also de ne the optimal value of
the objective to be p = min,, p(w); we call this the value of the primal
problem.

Now, lets look at a slightly di erent problem. We de ne

o( 5 )=minL(w; ;).

Here, the \D" subscript stands for \dual." Note also that whereasin the
de nition of p we were optimizing (maximizing) with respectto ; , here
are are minimizing with respect to w.

We can now posethe dual optimization problem:

max p( ; )= max minL(w; ; ):
;i 0 ;i 0w

This is exactly the sameasour primal problem shovn above, exceptthat the
order of the \max" and the \min" are now exchanged. We also de ne the
optimal value of the dual problem'sobjectiveto bed = max. . , o p(w).

How arethe primal and the dual problemsrelated? It caneasilybe shovn
that

d = max minL(w; ; ) min max L(w; ; )=p:
7 0w w ; :; 0

(You should corvince yourself of this; this follows from the \max min" of a
function always being lessthan or equalto the \min max.") Howewer, under
certain conditions, we will have

d =p;
sothat we can solve the dual problem in lieu of the primal problem. Lets
seewhat theseconditions are.
Supposef and the g's are corvex,? and the h;'s are ane. * Suppose

further that the constraints g; are (strictly) feasible;this meansthat there
exists somew sothat gj(w) < O for all i.

SWhen f has a Hessian, then it is corvex if and only if the hessianis positive semi-
de nite. For instance, f (w) = w'w is convex; similarly, all linear (and ane) functions
are also corvex. (A function f can also be convex without being di erentiable, but we
won't needthose more generalde nitions of corvexity here.)

4l.e., there exists a;, by, sothat hj(w) = a'w+ bh. \Ane" meansthe samething as
linear, exceptthat we also allow the extra intercept term L.
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Under our above assumptionsthere must existw ; ; sothat w isthe
solution to the primal problem, ; arethe solution to the dual problem,
and moreoverp =d =L(w; ; ). Moreover,w; and satisfythe
Karush-Kuhn-T ucker (KKT) conditions , which are as follows:

—@L(W; ;) = 0 i=21::n 3)
i
QL(W; ) = 0 i=1;:000 (4)
i
ig(w) = 0 i=1:k (5)
g(w) 0 i=1:k (6)
O i=1:::;k (7)
Moreover, if somew ; ;  satisfy the KKT conditions, then it is also a

solution to the primal and dual problems.

We draw attention to Equation (5), which is calledthe KKT dual com-
plemen tarit y condition. Speci cally, it impliesthat if ;, > 0,theng(w ) =
0. (l.e.,, the\g(w) 0" constrairt is activ e, meaningit holdswith equality
rather than with inequality.) Later on, this will be key for showing that the
SVM hasonly a small number of \support vectors"; the KKT dual comple-
mertarit y condition will alsogive us our corvergenceaest whenwe talk about
the SMO algorithm.

6 Optimal margin classiers

Previously, we posedthe following (primal) optimization problem for nding
the optimal margin classi er:

) 1. .,
min .w:p EJJWJJ

st. yOwW'x®+b 1 i=1::0m

We can write the constrairts as
gw) = yOWxO+ph+1 o

We have one sudh constraint for ead training example. Note that from the
KKT dual complememarity condition, we will have ; > 0 only for the train-
ing examplesthat have functional margin exactly equalto one(i.e., the ones
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correspnding to constrairts that hold with equality, gi(w) = 0). Consider

the gure below, in which a maximum margin separatinghyperplaneis shovn
by the solid line.
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The points with the smallestmargins are exactly the onesclosestto the
decisionboundary; here,thesearethe three points (one negative and two pos-
itiv e examples)that lie on the dashedlines parallel to the decisionboundary.
Thus, only three of the 's|namely , the onescorrespnding to thesethree
training examples|will be non-zeroat the optimal solution to our optimiza-
tion problem. Thesethree points are called the support vectors in this
problem. The fact that the number of support vectorscan be much smaller
than the sizethe training setwill be usefullater.

Lets moveon. Looking ahead,aswe dewelopthe dual form of the problem,
onekey ideato watch out for is that we'll try to write our algorithm in terms
of only the inner product hx;x@)i (think of this as (x(V)Tx(0)) between
points in the input feature space.The fact that we canexpressour algorithm
in terms of theseinner products will be key whenwe apply the kernel trick.

When we construct the Lagrangianfor our optimization problemwe have:

ey Lo X (i) (T 5 (i) .
L(w;b; ) = Siiwij iy (wixt+ b 1 (8)
i=1
Note that there're only \ ;" but no\ ;" Lagrange multipliers, since the
problem hasonly inequality constrairs.
Lets nd the dual form of the problem. To do so,weneedto rst minimize
L (w;b; ) with respectto w and b (for xed ), to get p, which we'll do by
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setting the derivativesof L with respectto w and bto zero. We have:
X -
rwb(w;b; )=w iyOx® =0

This implies that
xXn o
w= o yOx®: (9)
i=1
As for the derivative with respect to b, we obtain

@ o
—L(w;b; )= y® = 0 (10)
@ i=1
If we take the de nition of w in Equation (9) and plug that bad into the
Lagrangian (Equation 8), and simplify, we get
X 1 X . . x :
L(w;b; )= i yOyo i xO)Tx0 by
i=1 i =1 i=1
But from Equation (10), the last term must be zero, so we obtain
xn
L(w;b; )= i

i=1 i =1

Recallthat we got to the equationabove by minimizing L with respectto w
and b. Putting this togetherwith the constrains ; 0 (that we always had)
and the constrairt (10), we obtain the following dual optimization problem:

xXn 1 X L

You should also be able to verify that the conditions required for p =
d and the KKT conditions (Equations 3{7) to hold are indeed satis ed in
our optimization problem. Hence,we can solve the dual in lieu of solving
the primal problem. Specically, in the dual problem above, we have a
maximization problem in which the parametersarethe ;'s. We'll talk later
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about the speci c algorithm that we're goingto useto solve the dual problem,
but if we are indeedableto solw it (i.e., nd the 'sthat maximize W( )
subject to the constrairts), then we canuseEquation (9) to gobad and nd

the optimal w's as a function of the 's. Having found w , by considering
the primal problem, it is also straightforward to nd the optimal value for
the intercept term b as

maX., - W ' X+ min; oo w TxO
> :
(Ched for yourselfthat this is correct.)

Beforemoving on, lets alsotake a more carefullook at Equation (9), which
givesthe optimal value of w in terms of (the optimal value of) . Suppose
we've t our model's parametersto a training set, and now wish to make a
prediction at a new point input x. We would then calculate w'x + b, and
predict y = 1 if and only if this quartity is biggerthan zero. But using (9),
this quartity can also be written:

b = (11)

'y

yOx® x+ b (12)

w'x+b

yO D xi + b: (13)
i=1
Hence, if we've found the ;'s, in order to make a prediction, we have to
calculate a quartity that dependsonly on the inner product betweenx and
the points in the training set. Moreover, we saw earlier that the ;'s will all
be zeroexceptfor the support vectors. Thus, many of the termsin the sum
above will be zero,and wereally needto nd only the inner products between
x and the support vectors (of which there is often only a small number) in
order calculate (13) and make our prediction.

By examining the dual form of the optimization problem, we gainedsig-
ni cant insight into the structure of the problem, and werealsoableto write
the ertire algorithm in terms of only inner products betweeninput feature
vectors. In the next section, we will exploit this property to apply the ker-
nelsto our classi cation problem. The resulting algorithm, supp ort vector
machines, will be ableto e cien tly learnin very high dimensionalspaces.

7 Kernels

Badk in our discussionof linear regression,we had a problem in which the
input x wasthe living areaof a house,and we consideredperforming regres-
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sion using the featuresx, x2 and x3 (say) to obtain a cubic function. To
distinguish betweenthesetwo setsof variables,we'll call the \original” input
value the input attributes of a problem (in this case,x, the living area).
When that is mapped to somenew set of quartities that are then passedto
the learning algorithm, we'll call those new quartities the input features .
(Unfortunately, di erent authors usedierent terms to describe these two
things, but we'll try to usethis terminology consisterly in thesenotes.) We
will alsolet denotethe feature mapping , which mapsfrom the attributes
to the features. For instance,in our example,we had

2 3
X

(X):4X25:
X3

Rather than applying SVMs usingthe original input attributes x, we may
insteadwant to learn using somefeatures (x). To do so, we simply needto
go over our previousalgorithm, and replacex everywherein it with  (x).

Sincethe algorithm can be written ertirely in terms of the inner prod-
ucts hx; zi, this meansthat we would replaceall those inner products with
h (x); (2)i. Specicically, given a feature mapping , we de ne the corre-
sponding Kernel to be

Kx;z)= ()" (2):

Then, everywherewe previously had hx; zi in our algorithm, we could simply
replaceit with K (x;z), and our algorithm would now be learning using the
features .

Now, given , we could easilycomputeK (x; z) by nding (x) and (2)
and taking their inner product. But what's more interesting is that often,
K (x; z) may be very inexpensiwe to calculate, even though (x) itself may
be very expensiwe to calculate (perhapsbecauseit is an extremely high di-
mensionalvector). In sud settings, by using in our algorithm an e cien t
way to calculate K (x; z), we can get SVMs to learn in the high dimensional
feature spacespacegiven by , but without ever having to explicitly nd or
represem vectors (x).

Lets seean example. Supposex; z 2 R", and consider

K(x;z) = (x"2)%
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We can alsowrite this as
xn X
X Z; X Z;
i=1 i=1
xXnoxn
= XiXj zZiZ
i=1 j=1

K (x; z)

Xix;)(zz)
ihj =1

Thus,weseethat K (x;z) = (x)"T (2), wherethe feature mapping is given
(shown herefor the caseof n = 3) by

2 3
X1X1

X1X2
X1X3
X2X1
(X) = 8 XXz
X2X3
X3X1
X3X2
X3X3

Note that whereascalculating the high-dimensional (x) requiresO(n?) time,
nding K (x; z) takesonly O(n) time|linear in the dimensionof the input
attributes.

For a related kernel, also consider

K(x;z) = (xX'z+ ¢)?
X X p_ p_—
= (xix)(ziz) +  ( 2cx)( 2cz) + ¢

i =1 i=1

(Ched this yourself.) This correspndsto the feature mapping (again shovn
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forn= 3) > 3
X1X1
X1X2
X1X3
X2X1
X2X2
X2X3
(x) = X3X1 ;
X3X2
3X3
Z:Xl
Z_CXZ
Z:X;g
C

and the parameter c controls the relative weighiing betweenthe x; (rst
order) and the X;X; (secondorder) terms.

More broadly, the kernel K (x;z) = (xTz + ¢)Y correspndsto a feature
mapping to an "3 feature space,correspnding of all monomials of the
form x;, X, :::X;, that are up to order d. Howewer, despiteworking in this
O(nY)-dimensionalspace,computing K (x; z) still takesonly O(n) time, and
hencewe newer needto explicitly represem feature vectorsin this very high
dimensionalfeature space.

Now, lets talk about a slightly di erent view of kernels. Intuitiv ely, (and
there are things wrong with this intuition, but nevermind), if (x) and (z)
are closetogether, then we might expect K (x;z) = (x)T (z) to be large.
Cornversely if (x) and (z) are far apart|sa y nearly orthogonal to eath
other[then K (x;z) = (x)T (2) will be small. So,we can think of K (x; 2)
assomemeasuremenof how similar are (x) and (z), or of how similar are
x and z.

Given this intuition, supposethat for somelearning problem that you're
working on, you've comeup with somefunction K (x; z) that you think might
be a reasonablemeasureof how similar x and z are. For instance, perhaps
you chose
iix_ zjj?

2 2
This is a resonablemeasureof x and z's similarity, and is closeto 1 when
x and z are close,and near 0 when x and z are far apart. Can we usethis
de nition of K asthe kernel in an SVM? In this particular example, the
answer is yes. (This kernelis calledthe Gaussian kernel, and correspnds

K(x;z) = exp
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to anin nite dimensionalfeature mapping .) But morebroadly, givensome
function K, how can we tell if it's a valid kernel;i.e., can we tell if there is
somefeature mapping sothat K (x;z) = (x)T (z) for all x, z?
Supposefor now that K is indeeda valid kernel correspnding to some
featuremapping . Now, considersome nite setof m points (not necessarily

de ned sothat its (i; j)-entry is given by K; = K (x®;x0)). This matrix
is called the Kernel matrix . Note that we've overloadedthe notation and
usedK to denoteboth the kernelfunction K (x; z) and the kernelmatrix K,
due to their obvious closerelationship.
Now, if K is a valid Kernel, then K;; = K (x;x1)) = (xM)T (x1)) =
(x0T (x0) = K (xW;xD) = K;;, and henceK must be symmetric. More-
over, letting «(x) denotethe k-th coordinate of the vector (x), we nd that
for any vector z, we have

X X
ZTKZ = ZiKij Z
X X | |
= zZ (X(I))T (X(J))Zj
X X

X . .
= Z k(xP) «(x)z
X X x |
= z (x) k(X(J))Zj
!

X X 2
z «(x")

k i

0}

The second-to-laststep above usedthe sametrick as you saw in Problem
set1 Q1. Sincez was arbitrary, this showvs that K is positive semi-de nite
(K 0.

Hence,we've shavn that if K is a valid kernel (i.e., if it correspndsto
somefeature mapping ), then the correspnding Kernel matrix K 2 R™ ™
is symmetric positive semide nite. More generally this turns out to be not
only a necessarybut also a su cient, condition for K to be a valid kernel
(also called a Mercer kernel). The following result is due to Mercer?

SMany texts presert Mercer's theorem in a slightly more complicated form involving
L2 functions, but when the input attributes take valuesin R", the version given here is
equivalert.
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Theorem (Mercer). Let K : R" R" 7! R be given. Then for K
to be a valid (Mercer) kernel, it is necessaryand su cient that for any

positive semi-de nite.

Given a function K, apart from trying to nd a feature mapping that
correspndsto it, this theoremtherefore givesanother way of testing if it is
a valid kernel. You'll also have a chanceto play with theseideasmore in
problem set 2.

In class,we alsobriey talked about a couple of other examplesof ker-
nels. For instance, considerthe digit recognition problem, in which given
an image (16x16 pixels) of a handwritten digit (0-9), we have to gure out
which digit it was. Using either a simple polynomial kernelK (x; z) = (x"z)¢
or the Gaussiankernel, SVMs were able to obtain extremely good perfor-
mance on this problem. This was particularly surprising since the input
attributes x were just a 256-dimensionalector of the image pixel intensity
values,and the systemhad no prior knowledgeabout vision, or even about
which pixels are adjacent to which other ones. Another examplethat we
briey talked about in lecture was that if the objects x that we are trying
to classify are strings (say, x is a list of amino acids, which strung together
form a protein), then it seemshard to construct a reasonable\small" set of
featuresfor most learning algorithms, especially if di erent strings have dif-
ferert lengths. Howewer, considerletting (x) be a feature vector that courts
the number of occurrencesof eat length-k substringin x. If we're consider-
ing strings of englishalphabets, then there're 26¢ sud strings. Hence, (X)
is a 26¢ dimensionalvector; even for moderate valuesof k, this is probably
too big for usto e cien tly work with. (e.g.,26* 460000.) Howewer, using
(dynamic programming-ish) string matching algorithms, it is possibleto ef-
ciently computeK (x;z) = (x)T (2), sothat we can now implicitly work
in this 26¢-dimensionalfeature space,but without ever explicitly computing
feature vectorsin this space.

The application of kernelsto support vector macines should already
be clear and so we won't dwell too much longer on it here. Keep in mind
howeer that the idea of kernelshas signi cantly broader applicability than
SVMs. Speci cally, if you have any learning algorithm that you can write
in terms of only inner products hx; zi betweeninput attribute vectors,then
by replacing this with K (x; z) where K is a kernel, you can \magically"
allow your algorithm to work e cien tly in the high dimensionalfeature space
correspnding to K. For instance, this kernel trick can be applied with
the perceptron to to derive a kernel perceptron algorithm. Many of the
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algorithms that we'll seelater in this classwill also be amenableto this
method, which hascometo be known asthe \k ernel trick.”

8 Regularization and the non-separable case

The derivation of the SVM as preserted so far assumedthat the data is
linearly separable.While mapping data to a high dimensionalfeature space
via does generally increasethe likelihood that the data is separable,we
can't guarartee that it always will be so. Also, in somecasesit is not clear
that nding a separatinghyperplaneis exactly what we'd want to do, since
that might be susceptibleto outliers. For instance, the left gure belov
shows an optimal margin classi er, and when a singleoutlier is addedin the
upper-left region (right gure), it causesthe decisionboundary to make a
dramatic swing, and the resulting classi er hasa much smaller margin.

o
X X X X X x
X X
X X
X X
X X
o X o X
[} o o o
o o
¢} o o o o o
¢} o o o

To make the algorithm work for non-linearly separabledatasetsas well
as be lesssensitive to outliers, we reformulate our optimization (using "
regularization ) asfollows:

) 1. .
min e Siwj*+C
i=1
st. yOwW™xO+b 1 ;i=2L:0m
i 0 i=Lom:

Thus, examplesare now permitted to have (functional) margin lessthan 1,
and if an examplewhosefunctional marginis1  ;, we would pay a cost of
the objective function beingincreasedoy C ;. The parameterC cortrols the
relative weighting betweenthe twin goalsof making the jjwijj? large (which
we saw earlier makesthe margin small) and of ensuringthat most examples
have functional margin at least 1.
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As before,we can form the Lagrangian:

1 U R
L(wib; ;i) = swiw+C YOTwH b 1+ fi i
i=1 i=1 i=1

Here,the 's andr;'s are our Lagrangemultipliers (constrainedto be 0).
We won't go through the derivation of the dual again in detail, but after
setting the derivativeswith respectto w and bto zeroasbefore,substituting
them bad in, and simplifying, we obtain the following dual form of the
problem:

xn 1 L . .
max W( )= i é y(')y(l) i th(');X(J)i
i=1 i =1
st. O i Ci=11:::;m
iy =0

i=1

As before, we also have that w can be expressedin terms of the ;'s
as given in Equation (9), so that after solving the dual problem, we can
cortinueto useEquation (13) to make our predictions. Note that, somewhat
surprisingly, in adding "; regularization, the only changeto the dual problem
is that what was originally a constrairt that O i has now become0

i C. The calculation for b alsohasto be modi ed (Equation 11is no
longervalid); seethe commerts in the next section/Platt's paper.

Also, the KKT dual-complemetarity conditions (which in the next sec-
tion will be useful for testing for the corvergenceof the SMO algorithm)
are:

i=0) yOw'xW+p 1 (14)
i=C ) yOow'xD+p 1 (15)
0< ;<C ) yOw xD+p=1 (16)

Now, all that remainsis to give an algorithm for actually solvingthe dual
problem, which we will do in the next section.

9 The SMO algorithm

The SMO (sequemial minimal optimization) algorithm, due to John Platt,
givesan e cien t way of solving the dual problem arising from the derivation
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of the SVM. Partly to motivate the SMO algorithm, and partly becauset's
interesting in its own right, lets rst take another digressionto talk about
the coordinate ascen algorithm.

9.1 Coordinate ascent

Considertrying to solve the unconstrainedoptimization problem

Here,wethink of W asjust somefunction of the parameters ;'s, and for now
ignore any relationship betweenthis problemand SVMs. We've already seen
two optimization algorithms, gradiert ascem and Newton's method. The
new algorithm we're goingto considerhereis called coordinate ascent:

Loop until convergence:f

g

Thus, in the innermost loop of this algorithm, we will hold all the vari-
ablesexceptfor some ; xed, and reoptimize W with respect to just the
parameter ;. In the versionof this method presened here, the inner-loop

ticated version might choose other orderings; for instance, we may choose
the next variable to update accordingto which onewe expect to allow usto
make the largestincreasein W( ).)

When the function W happensto be of sud a form that the \arg max"
in the inner loop can be performede cien tly, then coordinate ascem can be
a fairly e cient algorithm. Here'sa picture of coordinate ascen in action:
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The ellipsesin the gure are the contours of a quadratic function that
we want to optimize. Coordinate ascem was initialized at (2; 2), and also
plotted in the gure isthe path that it took onits way to the global maximum.
Notice that on ead step, coordinate ascem takesa stepthat's parallel to one
of the axes,sinceonly onevariable is being optimized at a time.

9.2 SMO

We closeo the discussionof SVMs by sketching the derivation of the SMO
algorithm. Somedetails will be left to the homework, and for others you
may refer to the paper excerpthandedout in class.

Here'sthe (dual) optimization problem that we want to solve:

xXn X L
max W( )= 3 yy) jh((');x(’)i: (17)
i=1 i =1
st. O i Ci=121:::;m (18)
iy(i) =0 (19)

i=1

Lets say we have set of ;'s that satisfy the constrairts (18-19). Now,
supposewe warnt to hold ,;:::; ., Xxed, andtake a coordinate ascem step
and reoptimize the objective with respectto ;. Canwe make any progress?
The answer is no, becausethe constraint (19) ensuresthat

1 X i
1y® = y®:
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Or, by multiplying both sidesby y, we equivalertly have

xXn .
1= y(l) iy(l):
i=2
(This step usedthe fact that y® 2 f 1;1g, and hence(y®¥)? = 1.) Hence,
1 Is exactly determinedby the other ;'s, andif wewereto hold ,;:::;
xed, then we can't make any changeto ; without violating the con-
straint (19) in the optimization problem.
Thus, if we want to update somesubject of the ;'s, we must update at
least two of them simultaneouslyin order to keepsatisfying the constrairts.
This motivatesthe SMO algorithm, which simply doesthe following:

Repeat till convergencef

1. Selectsomepair ; and ; to update next (using a heuristic that
tries to pick the two that will allow usto make the biggestprogress
towards the global maximum).

2. Reoptimize W( ) with respectto ; and ;, while holding all the
other 's(k6i;j) xed.

g

To test for corvergenceof this algorithm, we can chedk whetherthe KKT
conditions (Equations 14-16) are satis ed to within sometol. Here, tol is
the corvergencetolerance parameter, and is typically setto around 0.01to
0.001. (Seethe paper and pseudaode for details.)

The key reasonthat SMO is an e cien t algorithm is that the update to

i, j canbe computedvery e ciently. Lets now briey sketch the main
ideasfor deriving the e cien t update.

Lets say we currertly have somesetting of the ;'s that satisfy the con-
straints (18-19), and supposewe've decidedto hold 3;:::; ., xed, and
want to reoptimize W( 1; ,;:::; m) Wwith respectto ; and ; (subject to
the constraints). From (19), we require that

1 2 X i
1y + oy = iy
i=3

Sincethe right hand sideis xed (aswe've xed 3;::: ), we canjust let
it be denotedby someconstan
1y(1) + 2y(2) = - (20)

We can thus picture the constrairts on ; and , asfollows:
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H o A+ ay®=z

\J

a, C

From the constraints (18), we know that ; and , must lie within the box
[0;C] [O;C]shown. Also plotted is the line y® + ,y® = | onwhich we
know 1 and , must lie. Note alsothat, from these constrairts, we know
L > H; otherwise,( 1; ) can't simultaneously satisfy both the box
and the straight line constrairt. In this example,L = 0. But depending on
what the line y® + ,y@ = lookslike, this won't always necessarilybe
the case;but more generally there will be somelower-bound L and some
upper-bound H on the permissablevaluesfor , that will ensurethat 4, »
lie within the box [0;C] [O; C].
Using Equation (20), we can alsowrite ; asa function of ,:

= (@)W

(Chedk this derivation yourself;we againusedthe fact that y® 2 f 1;1gso
that (y®)? = 1.) Hence,the objective W( ) can be written

W( 1 2000 m) = W(( YWD o )

Treating 3;:::; m asconstarts, you should be able to verify that this is
just somequadratic function in ,. l.e., this can also be expressedn the
forma 2+ b ,+ c for someappropriate a, b, and c. If we ignore the \b ox"
constrairts (18) (or, equivalertly, that L > H), then we can easily
maximizethis quadratic function by setting its derivative to zeroand solving.
We'll let  Hewundiered dangte the resulting value of ,. You should also be
ableto convince yourselfthat if we had instead wanted to maximize W with
respectto , but subject to the box constraint, then we can nd the resulting

new;uncl ipped

value optimal simply by taking and \clipping" it to lie in the
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[L; H] interval, to get

8 T
< H if gew,uncllpped> H

new _ . gew;unclipped if L gew;unclipped H
L if gew;uncllpped <L

Finally, having found the 5°¥, we canuseEquation (20) to gobadk and nd
the optimal value of 7°".

There're a couplemore details that are quite easybut that we'll leave you
to read about yourselfin Platt's paper: One is the choice of the heuristics
usedto selectthe next i, ; to update;the other is how to update b asthe
SMO algorithm is run.



