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(Spring 2007-08)

Solution Set #1

1. Solution by Khatib’s method (Explicit Form), with q1 = θ1, q2 = θ2, and q3 = θ3.
The equations of motion for this manipulator is,
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(a) Forward Kinematics
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c123 −s123 0 L1c1 + L2c12 + L3c123

s123 c123 0 L1s1 + L2s12 + L3s123

0 0 1 0
0 0 0 1


(b) Jacobian matrix

J(Θ) =

 −L1s1 − L2s12 − L3s123 −L2s12 − L3s123 −L3s123

L1c1 + L2c12 + L3c123 L2c12 + L3c123 L3c123

1 1 1


(c) Kinetic energy matrix

M(Θ) = m1J
T
v1

Jv1 + JT
ω1

C1I1Jω1 + m2J
T
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Jv2 + JT
ω2

C2I2Jω2 + m3J
T
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Jv3 + JT
ω3

C3I3Jω3

0PC1 =

 r1c1

r1s1

0

 , 0PC2 =

 L1c1 + r2c12

L1s1 + r2s12

0

 , 0PC3 =

 L1c1 + L2c12 + r3c123

L1s1 + L2s12 + r3s123

0



Jv1 =

 −r1s1 0 0
r1c1 0 0
0 0 0

 , Jv2 =

 −L1s1 − r2s12 −r2s12 0
L1c1 + r2c12 r2c12 0

0 0 0


Jv3 =

 −L1s1 − L2s12 − r3s123 −L2s12 − r3s123 −r3s123

L1c1 + L2c12 + r3c123 L2c12 + r3c123 r3c123

0 0 0


CiIi =

 CiIxx 0 0
0 CiIyy 0
0 0 CiIzz

 for i = 1, 2, 3.

Jω1 =

 0 0 0
0 0 0
1 0 0

 , Jω2 =

 0 0 0
0 0 0
1 1 0

 , Jω3 =

 0 0 0
0 0 0
1 1 1





M(Θ) =

 m11 m12 m13

m21 m22 m23

m31 m32 m33


m11 = m1r

2
1 + C1Izz1 + m2(r2

2 + L2
1 + 2L1r2c2) + C2Izz2

+m3(r2
3 + L2

1 + L2
2 + 2(L1L2c2 + L1r3c23 + L2r3c3)) + C3Izz3

m12 = m2(r2
2 + L1r2c2) + C2Izz2 + m3(r2

3 + L2
2 + L1L2c2 + L1r3c23 + 2L2r3c3) + C3Izz3

m13 = m3(r2
3 + L1r3c23 + L2r3c3) + C3Izz3

m21 = m12

m22 = m2r
2
2 + C2Izz2 + m3(r2

3 + L2
2 + 2L2r3c3) + C3Izz3

m23 = m3(r2
3 + L2r3c3) + C3Izz3

m31 = m13

m32 = m23

m33 = m3r
2
3 + C3Izz3

(d) Coriolis matrix

B(Θ) =

 2b112 2b113 2b123

2b212 2b213 2b223

2b312 2b313 2b323


=

 −2(m2L1r2s2 + m3L1(L2s2 + r3s23)) −2m3(L1r3s23 + L2r3s3) −2m3(L1r3s23 + L2r3s3)
0 −2m3L2r3s3 −2m3L2r3s3

2m3L2r3s3 0 0


(e) Centrifugal matrix

C(Θ) =

 b111 b122 b133

b211 b222 b233

b311 b322 b333


=

 0 −m2L1r2s2 −m3L1(L2s2 + r3s23) −m3(L1r3s23 + L2r3s3)
m2L1r2s2 + m3L1(L2s2 + r3s23) 0 −m3L2r3s3

m3(L1r3s23 + L2r3s3) m3L2r3s3 0


(f) Gravity matrix with g = [0 g 0]T .

G(Θ) = −(m1J
T
v1

g+m2J
T
v2

g+m3J
T
v3

g) =

 −(m1r1c1 + m2(L1c1 + r2c12) + m3(L1c1 + L2c12 + r3c123))g
−(m2r2c12 + m3(L2c12 + r3c123))g

−m3r3c123g




