
CS 205b / CME 306

Application Track

Homework 8

1 Overview

It is shown in class that for incompressible flow the inviscid 1D Euler equations decouple to:

ρt + uρx = 0 ut +
px

ρ
= 0 et + uex = 0

In this homework assignment, you will extend this to the 3D case.
This assignment is an algebraic exercise that asks you to manipulate one set of equations

(compressible flow) into another set of equations (incompressible flow) using additional assumptions.
The difficulty of these manipulations and the work required to complete them depends on the
notation used. The primary purpose of this assignment is to see how the incompressible equations
are obtained from the compressible ones. A secondary (but optional) purpose of this assignment is
to experiment with different notation.

The assignment is expressed using four different types of notation. You should choose one of
the four notational styles and use it consistently.

2 Calculus Notation

The 3D Euler equations are given by
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where ρ is the density, u = (u, v,w) are the velocities, E is the total energy per unit volume and p
is the pressure. The total energy is the sum of the internal energy and the kinetic energy.

E = ρe + ρ(u2 + v2 + w2)/2

where e is the internal energy per unit mass. The assumption of incompressiblity gives

ux + vy + wz = 0, (2)
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Show that in 3D the inviscid Euler equations with the assumption of incompressible flow decouple
to:

ρt + uρx + vρy + wρz = 0

ut + uux + vuy + wuz +
px

ρ
= 0

vt + uvx + vvy + wvz +
py

ρ
= 0

wt + uwx + vwy + wwz +
pz

ρ
= 0

et + uex + vey + wez = 0

3 Vector Calculus Notation

The 3D Euler equations take the form

ρt + ∇ · (ρu) = 0 (ρu)t + ∇ · (ρuu
T ) + ∇p = 0 Et + ∇ · ((E + p)u) = 0

The break down of total energy and the incompressibility assumption take the form

E = ρ

(

e +
1

2
‖u‖2

)

∇ · u = 0

Show that in 3D the inviscid Euler equations with the assumption of incompressible flow decouple
to:

ρt + u · ∇ρ = 0 ut + (u · ∇)u +
1

ρ
∇p = 0 et + u · ∇e = 0

Note that the second equation differs from the version in the lecture notes. The version in the
lecture notes is technically incorrect but reflects the way the equation is often written. It should
not be used here, since the equation can only be obtained by making a mistake or by intentionally
introducing the notational abuse. The difference between the two is subtle, but only one of them
will produce correct results.

Mass:

0 = ρt + ∇ · (ρu)

= ρt + u · ∇ρ + ρ∇ · u

= ρt + u · ∇ρ

Momentum:

0 = (ρu)t + ∇ · (ρuu
T ) + ∇p

= ρtu + ρut + (u · ∇ρ)u + ρ(u · ∇)u + ρu(∇ · u) + ∇p

= ρut + (ρt + u · ∇ρ)u + ρ(u · ∇)u + ∇p

= ρut + ρ(u · ∇)u + ∇p

0 = ut + (u · ∇)u +
1

ρ
∇p
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Energy:

0 = Et + ∇ · ((E + p)u)

= Et + u · ∇(E + p) + (E + p)∇ · u

=

(

ρ

(

e +
1

2
u · u

))

t

+ u · ∇

(

ρ

(
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1

2
u · u

))

+ u · ∇p

= ρ

(

e +
1

2
u · u

)

t

+ ρt

(

e +
1

2
u · u

)

+ u · ∇ρ

(

e +
1

2
u · u

)

+ ρu · ∇

(

e +
1

2
u · u

)

+ u · ∇p

= ρ

(

e +
1

2
u · u

)

t

+ (ρt + u · ∇ρ)

(

e +
1

2
u · u

)

+ ρu · ∇

(

e +
1

2
u · u

)

+ u · ∇p

= ρ

(

e +
1

2
u · u

)

t

+ ρu · ∇

(

e +
1

2
u · u

)

+ u · ∇p

= ρet + ρu · ∇e + ρu · ut + ρu · ((u · ∇)u) + u · ∇p

= ρet + ρu · ∇e + u · (ρut + ρ(u · ∇)u + ∇p)

= ρet + ρu · ∇e

4 Classical Cartesian Tensor Calculus Notation

The 3D Euler equations take the form

∂ρ

∂t
+ (ρui),i = 0

∂

∂t
(ρui) + (ρuiuk),k + p,i = 0

∂E

∂t
+ ((E + p)ui),i = 0

The break down of total energy and the incompressibility assumption take the form

E = ρ

(

e +
1

2
uiui

)

ui,i = 0.

Show that in 3D the inviscid Euler equations with the assumption of incompressible flow decouple
to:

∂ρ

∂t
+ uiρ,i = 0

∂ui

∂t
+ ukui,k +

1

ρ
p,i = 0

∂e

∂t
+ uie,i = 0

Mass:

0 = ρt + (ρui),i

= ρt + ρ,iui + ρui,i

= ρt + ρ,iui
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Momentum:

0 = (ρui)t + (ρuiuk),k + p,i

= ρ(ui)t + ρtui + ρ,kuiuk + ρui,kuk + ρuiuk,k + p,kδik

= ρ(ui)t + (ρt + ρ,kuk)ui + ρui,kuk + p,i

= ρ(ui)t + ρui,kuk + p,i

0 = (ui)t + ui,kuk +
1

ρ
p,i

Energy:

0 = Et + ((E + p)ui),i

0 = Et + (E,i + p,i)ui + (E + p)ui,i

0 =

(

ρ

(

e +
1

2
ukuk

))

t

+

(

ρ

(

e +
1

2
ukuk

))

,i

ui + p,iui

0 = ρ

(

e +
1

2
ukuk

)

t

+ ρt

(

e +
1

2
ukuk

)

+ ρ,i

(

e +
1

2
ukuk

)

ui + ρ

(

e +
1

2
ukuk

)

,i

ui + p,iui

0 = ρ

(

e +
1

2
ukuk

)

t

+ (ρt + ρ,iui)

(

e +
1

2
ukuk

)

+ ρ

(

e +
1

2
ukuk

)

,i

ui + p,iui

0 = ρ

(

e +
1

2
ukuk

)

t

+ ρ

(

e +
1

2
ukuk

)

,i

ui + p,iui

0 = ρet + ρuk(uk)t + ρe,iui + ρukuk,iui + p,iui

0 = ρet + ρe,iui + ρui(ui)t + ρuiui,kuk + p,iui

0 = ρet + ρe,iui + (ρ(ui)t + ρui,kuk + p,i)ui

0 = ρet + ρe,iui

0 = et + e,iui

5 Classical Tensor Calculus Notation

The 3D Euler equations take the form

∂ρ

∂t
+ (ρui),i = 0

∂

∂t
(ρui) + (ρuiuk),k + gikp,k = 0

∂E

∂t
+ ((E + p)ui),i = 0

The break down of total energy and the incompressibility assumption take the form

E = ρ

(

e +
1

2
giku

iuk

)

ui
,i = 0.

Show that in 3D the inviscid Euler equations with the assumption of incompressible flow decouple
to:

∂ρ

∂t
+ uiρ,i = 0

∂ui

∂t
+ ukui

,k +
1

ρ
gikp,k = 0

∂e

∂t
+ uie,i = 0
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Mass:

0 = ρt + (ρui),i

= ρt + ρ,iu
i + ρui

,i

= ρt + ρ,iu
i

Momentum:

0 = (ρui)t + (ρuiuk),k + gikp,k

= ρ(ui)t + ρtu
i + ρ,ku

iuk + ρui
,ku

k + ρuiuk
,k + gikp,k

= ρ(ui)t + (ρt + ρ,ku
k)ui + ρui

,ku
k + gikp,k

= ρ(ui)t + ρui
,ku

k + gikp,k

= (ui)t + ui
,ku

k +
1

ρ
gikp,k

Energy:

0 = Et + ((E + p)ui),i

0 = Et + (E,i + p,i)u
i + (E + p)ui

,i

0 =
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t

+

(

ρ

(

e +
1

2
gmku

muk

))

,i

ui + p,iu
i

0 = ρ

(

e +
1

2
gmku

muk

)

t

+ ρt

(

e +
1

2
gmku

muk

)

+ ρ,i

(

e +
1

2
gmkumuk

)

ui + ρ

(

e +
1

2
gmku

muk

)

,i

ui + p,iu
i

0 = ρ

(

e +
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t

+ (ρt + ρ,iu
i)

(
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+ ρ
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0 = ρ

(

e +
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t

+ ρ

(

e +
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)

,i
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0 = ρet +
1

2
ρgmk(u

m)tu
k +

1

2
ρgmkum(uk)t + ρe,iu

i +
1

2
ρgmkum

,i ukui +
1

2
ρgmku

muk
,iu

i + p,iu
i

0 = ρet + ρgmk(um)tu
k + ρe,iu

i + ρgmku
m
,i ukui + p,iu

i

0 = ρet + ρe,iu
i + ρgmn(um)tu

n + ρgmnum
,i unui + p,nun

0 = ρet + ρe,iu
i +

(

ρgmn(um)t + ρgmnum
,i ui + p,n

)

un

0 = ρet + ρe,iu
i + ρgmn

(

(um)t + um
,i ui +

1

ρ
gmrp,r

)

un

0 = ρet + ρe,iu
i

0 = et + e,iu
i
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