CS 205 - Class 12

Readings: Same as last
Covered in class: All

1. Convergence and the Error
a. The error looks like e, = Zjajsj where the s; are the search directions and

a; are numerical coefficients
b. s -Ag, =5, - AZ,- a;s; = Zjajsk -As; =a,s, - As, since the search directions
are orthogonal in A space

k-1
S - Ae, S - Algy + j=1aisj)

I. thus a, = where the summation can be

S, - As, S, - As,
added since it is identically zero when multiplied by s, - A
il. NnOW e =€ _,+S & 1 =€ ,+S, & »+S 1O 1= -..
1 . _ k-1
e g =g+, as
S, - Ae,

iii. thus a, ==

and (from above) a, = —¢
S ae ) 8, =—a,

. k-1
c. sothe error is g, :_Z,-O‘jsj and e, =—Zjajsj +,95S;
I. after n steps the second term is equal to the first term and the error is

zero
d. multiplying this error equation by s, - A gives

s -Aeg, = —Zjajsi - As, +Z§ajsi - As,
I. fori <Kk, there is exactly one nonzero term in each sum, and these

terms cancel

ii. thusfori<k, s -Ae =0 andthus s;-r, =0 (we’ll use this below)

iii. this means that the current residual at step k is orthogonal to all the
previous search directions

2. finding the A-orthogonal directions with Gram-Schmidt
a. given a vector V, construct s, by subtracting out the “A-overlap” of V with

s, to s, sothat s, - As, =0 for i=1,k-1
4V - As;
S.

b. we define s, =V -> " J
7s; - As;

a V- ASJ-
- s; - As; and then all the terms
s, - As,

in the sum vanish except for one leaving

s - As, =V - As. ALY s.-As, =0 as desired

S - As.

i. note that s, - As; =V - As - >




kaVy - Asj
i=1q .
S; Asj

vanishes because the residual at step i is orthogonal to all the previous search
directions

c. forix>k, Sk'r':Vk'ri—Z

s; I, =V, -1;, where the summation

. I~ St Ve,
i. when k=i this leads to s, -r, =V, -r, and ¢, =—*—*—=—*—&_ (we’ll

S -As, S, - As,

use this below)
ii. whenk<i, 0=V, -r, i.e. the residual is orthogonal to all the previous
V, as well (we’ll use this below)



