Lecture 4, Oct. 1, 2009
Initial Conditions

e Caninitial conditions affect the solution 2
T(n)=[T(n/2)?]
TM)=2 = T(n)=2"
TM)=3 = T(n)=3"
TO)=1 = T(n)=1

® nwas assumed to be a power of 2.
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Iterating recurrences

e Example: T(n)=4T(n/2)+n=n+4T(n/2)
=n+4(n/2+4T(n/4))=n+2n+16T(n/4)
=n+2n+16[n/4+4T(n/8)]=n+2n+4n+64T (n/8)

Ign-1
=n+2n+4n+8n+ - =n " 2¢ 44977 (1)
1=0 —
111—‘ K
o) —— o(r)

e Disadvantages:
» Tedious
» Error-prone

e Useto generate initial guess, and then prove by induction!
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Recursion Tree

e Example: T(n)=T(n/4)+T(n/2)+n?

n? n? ‘/nz\‘ n
/\ (ny (ny’ (ny (nY* 5,42
bt ) - S
(n) () +(n) (n) n n n n 25
) e e & 66 ) [Ee
® At k-th level we get a general formula: i steps right, k-ileft
25K\ gt P — p2s (K| 4-ig gt ] —
nZ[i[24 }_nzi[416 }_
k k
_n2/1, 1) _ 25
][5
e Summing over all k, geometric sum,sumsto  ©(n?)
(overcount, since T(1)=1) 4

Master Method

® Consider the following recurrence: T (n)=aT (n/b)+ f(n); a=1,b>1
1. f(n)=0(n'%**), £>0 = T(n)=0(n'%?)
2. f(N)=0(n'%?1gkn), k=0 = T(n)=O(n'%?*1g~+'n)

3 F(N)=Q(n**"*),£>0

“af (n/b)<cf (n) for some c<1 = T(=6(f(m)

o Let Q= N'%2  Then the cases are:
» fpolynomially smaller than Q.
» f is larger than Q by a polylog factor.
» fpolynomially larger than Q.
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Examples

T(n)=2T(n/2)+O(n)
nIgha _ nIgzz =n

O(n)/n=01)=0(gn) = case2 = T(n)=O(nlgn)

Strassen's matrix multiplication
T(n)=7T(n/2)+O(n?)
nIgha — n|927

Better than n3 11!

B(n?) N
nlgr;7 ~O(n%) = casel = T(n)=O(n'%")

T(n)=4T(n/2)+nd

n3

——=n = case3 = T(n)=0(n%)
n|924

(Note: need to check the additional condition 30<c<1s.t. 4(n/2)3<cn®)
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Does the method always apply ¢

T(n)=4T(n/2)+n?/Ign

) Oo(n=4),&e>0
n ,’g'%“:ﬁi o(lgkn), k>0
=t 8N ome), e>0

Upper bound: 4T(n/2)+n? = case2 = O(n?lgn)

Lower bound: 4T (n/2)+n** = case 1 = O(n?)

Exact Answer: ®(n?Iglgn)
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Build recursion tree

T(n)=aT(n/b)+ f(n); a>1,b>1
o f(n)

f(n/b) ﬂ--\‘-\f(n/b) af (n/b)
AN

f(n/b?) =+ f(n/b?) f(/b) - f(n/b?) a’f(n/b?)

P7ANNPANZANNEP AN

Last row: ©(@'%")=0(n'%?) elements, each one @ (L),

Ig,n-1

Total: ®(n'%?)+ Y ai f (n/bi)

1=0

Which term dominates ?
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First case: “f(n) small”

g,n-1

|
Total: ©(n%%)+ 3" alf (n/bl)

1=0
r]Igba
f(n)

. . . - lgnae P je P
al f(n/bi)<cal(n/bi)®*" =cn'%?“al b?'g . =cn'%3epie
b

=0(n) = 3c s.t for "large enough n", f(n)<cn'®?/ne

bslgbn 1
b -1

The ratio summed over all possible j: =0(n%).

Total: O(n'%?).

Lower bound is trivial
(Why ?? Because first term in the original expression was already @(n'%?).)
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Second case

Ig, n-1
f(n)=0(n'%?*1gkn)  Total: T(n)= ®(n'%? )+gz alf(n/b})

. lg,a
> al[bﬂj] i ng[bﬂjj =0(Igktn)n'®?  (there are O(Ign) elements in the sum)

—n'%2 <lgkn

This is an UPPER bound ! How to prove the lower bound ??

Rough and easy approach:

lg,n-1 (lg,n)/2 (Ig,n)/2
Ig ( Jz > g [n] Z Igk vn =(const)-Igk+tn
J=1

1=

(Note that we use the assumption that k >0)

(Formally explain how to deal with (log n)/2 being non-integer)
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Ig,n-1
Total: ®(n'%*)+ 3 aif(n/bi)

Third case =0

al f(n/bi)<cif(n) for some c<1, and f(n)=Q(n'%**)

L% S e ()= Ot ()
Ig,n-1

= alf (n/bj): O(f(n)) Note Big-Oh and not Theta !

1=0

The first term is ®(n'%?)=0(f (n))
TOTAL: O(f(n))

Why Theta and not plain big-O ?
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