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Initial ConditionsInitial Conditions

 Can initial conditions affect the solution ?                                 

Lecture 4, Oct. 1, 2009
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 n was assumed to be a power of 2.

Iterating recurrencesIterating recurrences

 Example: ( ) 4 ( / 2)4 ( / 2)T n n T nT n n  

 Disadvantages:
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» Tedious

» Error-prone

 Use to generate initial  guess, and then prove by induction !
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 Example:

Recursion TreeRecursion Tree

T n T n T n n( ) ( / ) ( / )  4 2 2

n2 n2n2 n2

 At k-th level we get a general formula: i steps right k-i left
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 At k-th level we get a general formula: i steps right, k-i left

 Summing over all k, geometric sum, sums to
(overcount, since T(1)=1)  
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Master MethodMaster Method

 Consider the following recurrence: ( ) ( / ) ( ); 1, 1T n aT n b f n a b   
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 Let                           .  Then the cases are: 

» f polynomially smaller than Q.

» f  is larger than Q by a polylog factor.

» f polynomially larger than Q.

Q n b a lg
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ExamplesExamples

n n nbalg lg 2 2

T n T n n( ) ( / ) ( ) 2 2 
n n n

n n n T n n n( ) / ( ) (lg ) ( ) ( lg )    1 0   case 2

Strassen's matrix multiplication
( ) = ( / ) + (T n T n n7 2 2 )

a 7n nb 2lg lg

Better than n3 !!!n2( ) case 1
n

O n T n n7
0 8 7

2

2( ) ( ) ( )lg
. lg   

43

3( ) 4 ( / 2)T n T n n 

2

3
3

lg 4
case 3 ( ) ( )n n T n n

n
   

3 3( :  need to check the additional condition 0 1 s.t. 4( / 2) )   Note c n cn

Does the method always apply ?Does the method always apply ?
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2Exact Answer:  ( lglg )   n n



4

Build recursion treeBuild recursion tree
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lg lg

lg 1
lg

0

Last row:  ( ) ( )  elements, each one (1).

Total:  ( ) ( / )
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Which term dominates ?

First case: “f(n) small”First case: “f(n) small”
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lgTotal: ( ).b aO n

Lower bound is trivial
lg(Why ?? Because first term in the original expression was already  ( ).)ban
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Second caseSecond case
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This is an UPPER bound !  How to prove the lower bound ??

Rough and easy approach:

j
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(Note that we use the assumption that 0)
(Formally explain how to deal with (log n)/2 being non-integer)
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Third caseThird case
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( ( ))         Note Big-Oh and not Theta !O f n
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Why Theta and not plain big-O ?

TOTAL:  ( ( ))f n


