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Maximum a
Posteriori
Estimator




Maximum Likelihood Estimator

Consider a sample of n iid random variables X{, X, ..., X,,.

Maximum  What parameter 0 L(O) = f(X, X5, ..., X,|0)
Likelihood maximizes the likelihood B n |
Estimator of our observed data = L_l[f(xlw)

X1, X9, 0, X5)?
(MLE) (%1, X n) Oprg = argmax f (X, X,, ..., X,,|0)

likelihood of data
Observations:

MLE determines 0 value that maximizes
the probability of observing the sample.
If we’re estimating 6, couldn’t we just
maximize the probability of 67

Today: Bayesian estimation
using the Bayesian
definition of probability!
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Maximum A Posteriori (MAP) Estimator Not Review! New!

Consider a sample of n iid random variables X{, X, ..., X,,.

Maximum
a Posteriori
(MAP)
Estimator

maximizes the likelihood

(X1, Xa, o) Xn]60)

likelihoo ofd)ta

Given the sample data

(Xl; XZ; ...,Xn); QMAP = argernax f(9|X1)X2) '--JXTl)
what is the most probable posterior distribution
parameter 67 of 6
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Maximum A Posteriori (MAP) Estimator

Consider a sample of n iid random variables X, X, ..., X,,.

def The Maximum a Posteriori (MAP) Estimator of 6 is the value of 8 that
maximizes the posterior distribution of 6.

Opap = arg;naxf(9|X1,X2, o X))

Wrhie Hot brits

Intuition with Bayes’ Theorem: L(H)_’ orobability of data W&?ﬁw
given parameter 6 Locnc on O
o¢ pvumﬂ\ﬁ

vanazblee

rori likelihood prior

posterior .
P(datal@)P (6 Before seeing data,
P(0|data) = ( P(dlat;)( ) prior belief of 6
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After seeing
data, posterior
belief of 6




SOlVing fOr HMAP

* Observe data: X4, X5, ..., X;;, all iid
» Let likelihood be same as MLE: f(X1, X3, ... X I9)—1_[f(XI9)

 Let the prior distribution of 8 be g(H) indenbumally, N
genorac sk AN s print

X1, X2, ) X 6)g(6
Omap = arg max f(0|X1, Xz, ..., Xn) =argmaxf( L2 n|0)g(0)
6

o h(Xy, Xz ) Xn)
gO) ITi=, f(Xi| 6)

(Bayes’ Theorem)

- arg;na h(X1,Xo, s X)) (independence)
= arg max g(0) 1_[ f(X;] 9) (1/h(X1, X3, ..., X)) is a positive constant w.r.t. 8)
0 .

= arg max (logg(@) + z log f(X;] 9))
6

i=1
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Oy ap: Interpretation 1

* Observe data: X4, X5, ..., X;;, all iid

» Let likelihood be same as MLE: f(X1, Xz, ..., X5|60) —ﬂf(XIH)

* Let the prior distribution of 8 be g(8).

Omap = arg;naxf(9|X1,X2, ey X))

= arg max (logg(@) + z log f(X;| 8)
6

i=1

|

i=1

017 4p Maximizes

log prior + log-likelinood

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024
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Oy ap: Interpretation 2

* Observe data: X4, X5, ..., X;;, all iid
» Let likelihood be same as MLE: f(X1, X3, ... X I9)—1_[f(XI9)

* Let the prior distribution of 8 be g(0). =
Merke 1S wiort (\(ch veally 1€

The mode of the

6 FO1X0 X0 E)
= arg max , Xo eer T
MAP 5 Lz " posterior distribution of 8

log prior + log-likelinood

n
= arg max (logg(@) + z log f(X;] 9)) Omar maximizes
6

i=1
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Mode: A statistic of a random variable

The mode of a random variable X is defined as:

(X discrete, ar maxp(x) arg max (x) (X continuous,
PMF p(x)) gx gx f PDF f(x))

Intuitively: The value of X that is "most likely".

Note that some distributions may not have a uniqgue mode
(e.g., Uniform distribution, or Bernoulli(0.5))

Opap = argmax f(0|X1, X5, ..., X;)
0 Mnic 15 amstlor marimastin By,4p is the most likely 6

wh 'z govorall :
tp‘ff“‘w;t:f Md_ﬂl\:lr"ﬂ'{? g|Ven the data Xlr XZJ ;Xn-
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Bernoulli MAP:
Choosing a

prior




How does MAP work? (for Bernoulli)

Observe data

Choose model

Choose prior on 6

F|nd QMAP -

arg max f(0|X1, X5, ...
6

n heads, m tails

/ Bernoulli(p)

(some g(0))

maximize
log prior + log-likelihood

log g(6) + ) log f (X;16)
i=1

* Differentiate, setto O
* Solve

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024

MAP depends on what
g(6) we choose.
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MAP for Bernoulli it} ovieagmable |

198 cenderd avivnd
* Flip a coin 8 times. Observe n = 7 heads and m = 1 tail. 0\S but Allwe Env

¢ Choose a prior on 6. What is Oy;4p? /\/\__\«MMPMJ.B?
i i 2 1oy A
Suppose we pick a prior 6~N(0.5,14). g(8) = e : mgloor
) men

21T

1. Determine log logg(8) +log f (X, X5, ..., X,|0)

prior + log 1 n+m
likelihood =10g(\/7—ne (p=05) /2)+10g(( i )p”(l—p)m)
= —log(V2m) — (p — 0.5)%/2 + log (n :m) + nlogp + mlog(1 —p)

2. Differentiate

wrt (each) 6, —(p—05) + n__m _ o We should choose a prior that's
setto O p 1l-p easier to deal with. This one is hard!
L\ —_—
3. Solve resulting Yesamahly vmdevarzumendt

cubic equations, nope not goingtodo it ,, we ueh by a ucﬁ.z to_ )
o8 env e[ W .

equations )
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A better approach: Use conjugate distributions
WEHe drnec 1o vrtlgup

. -t
Observe data n heads, mtails 17U dhmer Smens
Hat'e €89 o W\}wputﬂl-f
' wWhile ¢\ dhe 2
Choose model Bernoulli(p) R
He prive
Choose prior on 6 (choose conjugate

distribution)

F|nd BMAP -
arg max f(0|Xy, X5, ..., X)
0

Up next: Conjugate

priors are great
for MAP!
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Bernoulli MAP:
Conjugate prior




Beta is a conjugate distribution for Bernoulli

Beta is a conjugate distribution for Bernoulli, meaning;
Prior and posterior parametric forms are the same

Practically, conjugate means easy update:
Add numbers of "successes" and "failures" seen to Beta parameters.

You can set the prior to reflect how fair/biased you think the experiment is a priori.

Prior Beta(a = nypqg + 1, b = Mypeq + 1)
Experiment Observe n successes and m failures

Posterior Beta(a = Nymag + 1+ 1,b = Mypay + m+ 1)

1 Beta parameters a, b are called hyperparameters.
. a— Interpret Beta(a, b): a + b — 2 trials,
Mode of Beta(a, b): a+b—2 of which a — 1 are successes

(We’” prove this in a few minu&s@%)mcmis Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 15



How does MAP work? (for Bernoulli)

Observe data n heads, m tails
Choose model Bernoulli(p) \
Choose prior on 6 (choose conjugate
distribution)
FIind Opap = Mode of posterior
arg max f(61X1, Xz, ..., Xn) distribution of 6

(posterior is also
conjugate)
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Conjugate strategy: MAP for Bernoulli

* Flip a coin 8 times. Observe n = 7 heads and m = 1 tail. } Define as data, D
* Choose a prior on 8. What is Oy 4p?

1. Choose a prior

2. Determine posterior

3. Compute MAP

Suppose we pick a prior 8~Beta(a, b).

Because Beta is a conjugate distribution for Bernoulli,
the posterior distribution is 6|D~Beta(a + n, b + m)

at+n—1
Oriap = (mode of Beta(a + n, b + m))
a+n+b+m-—2

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 17



MAP in practice

* Flip a coin 8 times. Observe n = 7 heads and m = 1 tail.

* What is the MAP estimator of the Bernoulli parameter p,
if we assume a prior on p of Beta(2, 2)?

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 18



MAP in practice

* Flip a coin 8 times. Observe n = 7 heads and m = 1 tail.

* What is the MAP estimator of the Bernoulli parameter p,

if we assume a prior on p of Beta(2, 2)?
Before flipping the coin,

1. Choose a prior 0~Beta(2,2). we imagined 2 trials:
fvvw/ka[é pviw Bolw@,@ 1 imaginary head, 1
2~ 1 imaginaqy\@u.\,ﬂ 247
2412 & 38 pally, 24\
2. Determine posterior Posterior distribution of 8 given observed data is Beta(9, 3)
After the experiment, we saw 10 trials:
3. Compute MAP Oryap = — 8 heads (imaginary and real),
1 L .
A-| S 2 tails (imaginary and real).
Mide = =
443-1 v

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 19



Proving the mode of Beta

F|nd BMAP -
arg max f(0|Xy, X5, ..., X)
0

These are equivalent
interpretations of Oy 4p.
We'll use this equivalence
to prove the mode of Beta.

(choose conjugate)
Beta(a, b)

maximize
log prior + log-likelihood

Mode of posterior
distribution of 6

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024
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From first principles: MAP for Bernoulli, conjugate prior

Flip a coin 8 times. Observe n = 7 heads and m = 1 tail.
Choose a prioron 8. What is 8y,4p7?

normalizing
constant, 8

Suppose we pick a prior 6~Beta(a, b). g(6 =p) = ;_pa—l(l — p)b-1

Determine log prior + log likelihood

log g(0) +log f (X1, X3, ..., Xn|6) = log ([—1319“‘1(1 — p)”‘l) + log ((n J,;m) p"(1 - p)m)

1 n+m
=log—+ (a— 1) log(p) + (b — 1) log(1 — p) +log( " )+nlogp + mlog(1l — p)

B
Differentiate a—1+11_b—1_ m _o
w.r.t. (each) 0, p p 1-p 1-p
setto O

(next slide)

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 21



From first principles: MAP for Bernoulli, conjugate prior

Flip a coin 8 times. Observe n = 7 heads and m = 1 tail.

Choose a prior 8. What is 8y,4p7?
normalizing

Suppose we pick a prior 6~Beta(a, b). g(6) = ;Tpa_l(l —p)b-1 constant, 3

Solve for p a—1 + n_ b—1 __m — (0 (from previous slide)

p p 1-p 1-p
~a+n-—1 b+m-—1
— _ —
p p
= (a@a+n—-1)—-(a+n—1Dp=OhL+m—-1)p
= pla+n+b+m—-2)=a+n-1
at+n—1 If we choose a conjugate prior, we avoid calculus
Oriap = ’
MAP " a+n+b+m—2

with MAP, and we can simply report mode of

The mode of the posterior, posterior.
Beta (a +n, b+ m)' Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 22




Choosing
hyperparameters
for conjugate
prior




2
Where'd you get them priors? A
. : v prior f
* Let 8 be the probability a coin turns up heads. s gd,(;\g'),‘\f — poo
. : : - . 2.5 1 SN
Model 8 with 2 different priors: -] b1 )
> Prior 1: Beta(3,8): 2 imaginary heads, 2 e
7 imaginary tails ~ mode: 5 Lol
> Prior 2: Beta(7,4): 6 imaginary heads, 6 0.5
3 imaginary tails de: 3 R

Now flip 100 coins and get 58 heads and 42 tails.
1. What are the two posterior distributions?

2. What are the modes of the two posterior distributions?

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 24



Where'd you get them priors?

prior

* Let 8 be the probability a coin turns up heads. s T — o

-~ —== Beta(7.4)
N

* Model 6 with 2 different priors: 22

> Prior 1: Beta(3,8): 2 imaginary heads, 2 §1:5-

7 imaginary tails ~ Mode: 5 Lo

° Prior 2: Beta(7,4): 6 imaginary heads, 6 0.5
3 imaginary tails de: o 0.0 Loeeeer

Now flip 100 coins and get 58 heads and 42 tails. posterior
_ 60 0 \ [ scaissas:
Posterior 1: Beta(61,50) mode: — &0 i
6.0 1
: 64 N
Posterior 2: Beta(65,46) mode: 109 S a0
Provided we collect enough data, posteriors will converge to 0
the true value and choice of priors will matter less and less. 0.0

00 02

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 202 2}



Laplace smoothing

MAP with Laplace smoothing: a prior which represents k imagined
observations of each outcome.

Categorical data (i.e., Multinomial, Bernoulli/Binomial)
Also known as additive smoothing

Laplace estimate Imagine k = 1 of each outcome
(follows from Laplace’s "law of succession")

Example: Laplace estimate for probabilities from previously mentioned
experiment (100 coins: b8 heads, 42 tails)

59  sg 43 Laplace smoothing:

heads — =— tails —  Easy to implement/remember
102 [w+2 102
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Back to our happy Laplace

Consider our previous 6-sided die.

* Roll the dice n = 12 times.
* Observe: 3 ones, 2 twos, 0 threes, 3 fours, 1 fives, 3 s%es -
e 2ewm 1C viriwmg
Recall 8, 5 pr=3/12,p, = 2/12,p; = 0/12, A | becanse ') preomts P2
ps =3/12,ps = 1/12,ps = 3/12 Frm becrmils, angting

elee.

What are your Laplace estimates for each roll outcome?

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 27



Back to our happy Laplace

Consider our previous 6-sided die.

Roll the dice n = 12 times.
Observe: 3 ones, 2 twos, 0 threes, 3 fours, 1 fives, 3 sixes

pa=3/12,ps =1/12,p5 = 3/12

What are your Laplace estimates for each roll outcome?

¥ 1 o+ |
D; = it X%: b = w + b
n+m
p1 =4/18,p, = 3/18,p3; = 1/18, Laplace smoothing: piden
ps = 4/18,ps = 2/18,ps = 4/18 * Easy to implement/remember npotes
* Avoids parameter estimation of 0

Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 2s



Extra: Other
Conjugates




Conjugate distributions

_ The mode of the
MA.P Omap = argmax f(0|Xq, Xy, ..., Xp) T
estimator: 0 posterior distribution of 6
V1dea! mirAed v \
( PV v M‘)VSJ&/IVV‘

Distribution parameter Conjugate distribution

Bernoulli p Beta

Binomial p Beta

Multinomial p; Dirichlet —> gorewrhizadins o Bestr

Poisson A4 Gamma

Exponential 4 Gamma

Normal u Normal

Normal o2 Inverse Gamma
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Multinomial is Multiple times the fun

Dirichlet(a4, a,, ..., a,,) is a conjugate for Multinomial.

Generalizes Beta in the m
same way Multinomial 1 qui-l
ey Q) 2 i

. . . f(x1'x21 "'rxm) —
generalizes Binomial: B(ay, ay,

Prior Dirichlet(aq, a,, ..., a,,)
Saw (Xi%, a;) — m imaginary trials, with a; — 1 of outcome i

Experiment Observe n; + n, + --- + n,, new trials, with n; of outcome i

BEVERLY CLEARY

Posterior  Dirichlet(a; + nq,a, + n,, ..., a,;, + ny) m,;“?;;g

[V

al-+nl-—1

")+ () —m

St ;-»‘-' 3 . .
Lisa Yan, Chris Piech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Fous il gtted stnie oo bighecld Stanford UI'llVCI'Slty 31
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Good times with Gamma

0.7

Gamma(a, ) is a conjugate for Poisson. 0.6 — anipos
* Also conjugate for Exponential,,, o« convte erente — ik
but we won't delve into that S 5l S

. dvackotte
* Mode of gamma: (a — 1)// e ek

Pn('.(.’x

Prior ~Gamma(a :8) 00 2 4 6 8 10 12 14 16 18 20

F(a) Poisson parameter

Saw a — 1 total imaginary events during 8 prior time periods

Experiment Observe n events during next k time periods

Posterior  (6|n events in k periods)~Gamma(a + n, S + k)
,H\(V\ejwo‘-
‘a+n-—1

'\ﬁﬂ/ﬁ
Mg Yerepndriskefech, Mehran Sahami, and Jerry Cain, CS109, Winter 2024 Stanford University 32
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Gammal(a, ) Mode: =1

MAP fOI' Poisson is conjugate for Poisson B

Let A be the average # of successes in a time period.

1. What does it mean to have Observe 10 imaginary events
a prior of 6~Gamma(11,5)? in 5 time periods,

l.e., observe at Poisson rate = 2
Now perform the experiment and see 11 events in next 2 time periods.

2. Given your prior, what is the
posterior distribution?

3. What is 6y 4p? '@Q
€
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Gammal(a, ) Mode: =1

MAP fOI' Poisson is conjugate for Poisson B

Let A be the average # of successes in a time period.

1. What does it mean to have Observe 10 imaginary events

a prior of 6~Gamma(11,5)? In 5 time periods,
l.e., observe at Poisson rate = 2

Now perform the experiment and see 11 events in next 2 time periods.

2. Given your prior, what is the

posterior distribution? (6]n events in k periods)~Gamma(22,7)

3. Whatis Op4p? O 4p = 3, the updated Poisson rate
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