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Functions

Asused in ordinary language, the word function indicates dependence of one quantity on another.
More specifically, suppose two sets of objects are given: set A and set B; and suppose that with each
element of A there is associated a particular element of B. These three things:. the two sets and the
correspondence between elements comprise afunction. We would say that the functions "maps"
elements of A into elements of B.

A function f isamapping from aset D to aset T with the property that for each elementd in D, f
maps d to a unique element of T, denoted f(d). Here D iscalled the domain of f, and T is called the
target or co-domain. Wewritef: D — T. We also say that f(d) isthe image of d under f, and we
call the set of all imagestherange R of f.

Hereis an example that maps students to grades:

f:5-6

The range of f

G is the co-domain
or target of f

S is the domain of f

Here you can see how the function f "maps" studentsinto grades. Notice the following:

1. Every element of the domain (a set of students) maps into an element in the co-domain (the
set of possible grades).

2. Itispossible for more than one element in the domain to map into the same element of the
co-domain.

3. Not every element in the co-domain has an element in the domain that mapsto it. That is,
not every element in the co-domain is the image of an element in the domain.

4. The set of co-domain elements that are images of domain elementsis called the range.




A mapping might fail to be afunction if it is not defined at every element of the domain, or if it
maps an element of the domain to two or more elements in the range:

This is NOT a function from S to G:

To be a function, every member of the
domain must map to some member of
the co-domain.

This is NOT a function from S to G:

To be a function, ho member of the
domain may map to more than one
member of the co-domain.




Aswe have seen, one way to define afunction is to specify its domain, co-domain, and the
correspondences between the two. Another way isto specify arule for how the function operates,
rather than listing out what mapsto what.. For example, using the common notations

N: the set of natural numbers{1, 2, 3, ...}
Z: the set of all integers{...,-2,-1,0,1, 2, ...}

We could define afunction f : N — N with therule f(a) = 2a. The specification of the domain and

co-domain are considered to be part of definition, so the functiong : Z — Z where g(a) = 2ais not
the same function as f, even though the rules are the same.

Note that in these definitions, the range of the functionsis not the same as the co-domain. For
example, the range of f is positive even integers, which is not the same as N. 'Y ou might wonder
why we often specify a set as the co-domain that includes elements that no member of the domain
mapsto. Thisisjust amatter of convenience. Wewritef : N — N to convey the information that
everything in the range of f isanatural number, without commenting (until we give the rule) on
whether every natural number is actually in the range.

Example 1

Let B bethe set of al bit strings, i.e., al finite strings of 0's and 1's (excluding the
empty string)
f, g, h, j arethe following functions from B to IN:

f(s) = the integer represented by the string s
g(s) = number of bitsins

h(s) = number of onesin s

j(s) =rightmost bit of s

If s= 110010 then f(s) =50, g(s) =6, h(s) =3, j(s) =0. Therangeof f, g, h, is N, but the
rangeof j is{0,1}. Here aretwo mappingsfrom B to N that are not functions:

k(s) = thefifth bit in s counting from the | eft
I(s)= 1lif sendswith 1l

2if sendswith O

4 if sendswith 00

Why do these mappings fail?



Which of the following are functions from N to IN wherer is an integer?
m(r) = the number of digitsin the decimal representation of r

n(r)= 0 ifr iseven
1if risodd

o(r) = the number whose decimal representation isr consecutive 1's

p(r)= 0if 2dividesr
1if 3dividesr
1if neither 2 nor 3 divider

Types of Functions

A function is said to be onto if itsrange is equal to itstarget (asin figures aand € below, but not b.
Also, functionsf, g, h above are onto; but j is not if the mapping isfrom B to N). Another way of
saying thisisif for every element y of the co-domain, thereis at least one element x in the domain
such that f(x) =y.

Two functions g and r are equal if they have the same domain D and qg(d) = r(d) for every d in D.
A function is one-to-one if it maps distinct elements of the domain to distinct elements of the range.
A formal definition of one-to-oneis: if X1 # Xo, then f(xq) = f(xo) (or, equivalently, the

contrapositive: if f(x,) = f(x,) then x;, = x;). In the diagram below, functions a and b are one-to-one.

A function is aone-to-one correspondenceif it is both one-to-one and onto. Function ain the
diagram below is an example.

R R R

Summarizing the diagram:

ais one-to-one and onto, and is thus a one-to-one correspondence
b is one-to-one but not onto

C is not one-to-one but is onto

disnot afunction



Other terms you may have seen: a one-to-one function isinjective; an onto function is surjective; a
function that is both (a one-to-one correspondence) is bijective. Function f in Example 1 is one-to-
one; gisnot (g(101) = g(111)); hisnot. Functionsf, g, and h are all onto.

For afunction f: X — Y, we can express these categories like this:

Surjective: Vy € Y (Ix € X (y =f(x))

Injective: VX1, X2 € X (X1 # X9 = f(Xq) #f(x2))

Bijective: Surjective and Injective

Another way to look at these definitions involves the notion of a pre-image. For afunction f:X —
Y, givenanelementy e Y, apre-image of y (under f) isan element x € X such that y =f(x). So

f isaninjection iff every element of Y has at most one pre-image (aand b)

f isasurjection iff every element of y has at least one pre-image (aand c)

f isabijection iff every element of y has precisely one pre-image (a)
Example 2

Definef : Z — Z with therule that f(x) = x2 for al x e Z. Isf(x) one-to-one?

We must show that for all integers, if f(x1) = f(X2) then x; = X».
But thisis not true when x; = -1 and x, = 1, so f(X) is hot one-to-one.

Composition of Functions

Consider two functions:. the successor function as applied to integers (i.e., g(x) = x + 1), and asgr
function (i.e., f(x) = x?). If we take the output of the successor function and useit asinput to the sqr
function, the two functions are operating together. They take as input an integer n, add oneto it and
then square n+1. We call thisacomposition of two functions.

Let gbeafunctiong: X — Y andf beafunctionf:Y'— ZwhereY isasubset of Y'. A new

function (denoted by f o g) isdefined by the following rule: For all x € X, (f o g)(x) = f(g(x)). This
is called the composition of f and g.




Hereisadiagram to illustrate:

10—

2 b

30 T

X Y Z X Z

g f fog

Notice in the successor-sgr example mentioned earlier that composition is not commutative.
Example 3
Let g be the function from the set { a,b,c} to itself such that g(a) = b; g(b) =cand g(c) = a

Let f be afunction from the set { a,b,c} to the set {1,2,3} such that f(a) = 3; f(b) = 2; f(c) = 1.
What is the composition of f and g? What is the composition of g and f?

(f o g) isdefined by (f - g)(a) = f(g(a)) = f(b) = 2; (f > g)(b) = f(g(b)) =f(c) = 1; (f > g)(c) =
f(g(c)) =f(a) = 3.

(g o f) is not defined because the co-domain of f is not a subset of the domain of g.

Example 4

f(x) =2x + 3; g(x) =3x + 2. What isthe composition of f and g? What is the composition
of gand f?

(feg)(X) = (f(o(x)) =f(3x+2) =2(3x+2) + 3=6x + 7

(g o f)(X) = (9(f(x)) = g(2x+3) = 3(2x+3) + 2=6x + 11

The Growth of Functions

Now that we have all the definitions out of the way, we should point out that our main concern is
often with certain functions, and how these functions behave when we increase the x in f(x). The
functions we are most interested in are as follows:



f(x) =1 (i.e., f isconstant)
f(x) = log x

f(x) = x

f(x) = x log x

f(x) = x2

f(x) =2X

f(x) =x!

These functions are listed in increasing order of growth rate. Recall that logarithms are defined as
follows: If b isapositive real number not equal to 1 and y is a positive real number, then the
logarithm to the base b of y (log, y) is the unique real number x such that b* =y. In other words,

log, y = the power to which b must be raised in order to obtain y.

The performance of algorithms can often be described in terms of one of these functions. For
example, we might be able to show that if nisthe size of the data set for a particular algorithm, then
as n becomes larger, the time taken by the algorithm is goes up in a manner that is proportional to
nlogn. Growth rates of n” and larger are not practical for large data sets. Y ou will study this topic
in detail in CS103B and in other CS theory classes.
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Historical Notes

The term "function" and the form (x, f(x)) is attributed to Leibniz who used it to refer to several of
his mathematical formulas, but the concept of afunction was first presented by René Descartes
(1596-1650) in his Geometry of 1637. In this book, he presents the concept of defining an equation
in terms of one variable (i.e., asafunction of...), and how to graph equations in the Cartesian plane.
The formal definition of afunction (as a mapping from domain to target) was first formulated for
sets of numbers by Lejeune Dirichlet (1805-1859) in 1837.



