CS103A  HO#27

Slides--More Quantifier Proofs

Tues., Oct.21
9:30 - 10:45 am
Location: Gates BO3
Stanford Online, but
not broadcast

CS103A

10/20/08

Review Session ’F Midterm Exam

Thurs., Oct. 23
7-9pm
Location: Gates BO1
Open book (LPL),
Open Notes, Crib Sheet

10/20/08

SCPD Students

We request that Bay Area SCPD students take the

midterm on campus Thursday night.

Please let us know if that will work for you or whether

you will need an alternate arrangement.

We also request that non-Bay Area students let us
know where you are so that we can be sure to get the

exam to you on time.

Universal Introduction

2

P@)
V xP(x) V Intro
Existential Elimination

AxP(x)

[a] P(@)

Q 3 Elim

General Conditional Proof

[a] Pa)

Q(a)
Vx(P(x) > Q(x)) V Intro
Reminder: the boxed constants

cannot occur outside the subproofs
where they are infroduced.

Universal Elimination

Existential Introduction

2. | Cube(a)

1. | vx Cube(x)

3. | 3x Cube(x)

Vv Elim 1
3 Intro 2

VxP(x) P(a)

P(a) V Intro éle(x) 3 Intro
1. | vxCube(x)
2. [@]v vx Cube(x)
3. Cube(a) v Elim 2
4. 3x Cube(x) JIntro 3
5. | V¥xCube(x) - 3x Cube(x) — Intro 2-4
6. | 3IxCube(x) — Elim1,5
1. | v¥x Cube(x)
2. | @Ev
3. | [Cube(a) v Elim 2
4. 3x Cube(x) JIntro 3
5. | Vy3x Cube(x) VY Intro 2-4
6. | IxCube(x) v Elim 5
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13.3
Vx Cube(x)
vx Small(x)
Vx(Cube(x) A Small(x))
13.3
1. Vx Cube(x)
2. vx Small(x)
3. Cube(a) vV Elim 1
4. Small(a) Vv Elim 2
5. Cube(a) A Small(a) A Intro 3,4
This won't work!
6.

Yx(Cube(x) A Small(x)

You have to cite
a subproof

1. | vxCube(x)
2. | @v
3. Cube(a) v Elim 2
4. 3x Cube(x) 3 Intro 3
5. | Vy 3Ix Cube(x) v Intro 2-4
6. | 3IxCube(x) v Elim 5
1. | vx Cube(x)
2. | Cube(a) v Elim 1
3. | 3Ix Cube(x) 3 Intro 2
13.3
1. Vx Cube(x)
2. Vx Small(x)
3. Cube(a) v Elim 1
4. Smalli(a) V Elim 2
5. Cube(a) A Small(a) A Intro 3,4
6. Vx(Cube(x) A Small(x)) V¥ Intro
13.3
1. vx Cube(x)
2. vx Small(x)
3. [a]v
4. Cube(a) Vv Elim 1
5. Small(a) Vv Elim 2
6. Cube(a) A Small(a) A Intro 4,5
7. Vx(Cube(x) A Small(x)) Vintro3-6

VX = Cube(x)

VX =(Cube(x) A Small(x))
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ONOOGMWN

VX = Cube(x)
ElN
Cube(a) A Small(a)
Ti
-(Cube(a) A Small(a)) = Intro 3-6
VX =(Cube(x) A Small(x)) ¥ Intro 2-7

1. Vx = Cube(x)

2. [a]v

3.

4.

5.

6.

7. -(Cube(a) A Small(a))

8. | Vx-(Cube(x) A Small(x)) vV Intro 2-7
1. VX = Cube(x)

2. [a]v

3. Cube(a) A Small(a)

4. Cube(a) A Elim 3
5. - Cube(a) Vv Elim1
6. 1 1 Intro 4,5
7. =(Cube(a) A Small(a)) - Intro 3-6
8. Vx =(Cube(x) A Small(x)) V Intro 2-7

=

oaswN

Alternate Approach to Previous Proof

VX = Cube(x)

[alv

- Cube(a) Vv Elim 1

VX ~(Cube(x) A Small(x))

Alternate Approach to Previous Proof

1. Vx = Cube(x)

2. [av

3. - Cube(a) Vv Elim 1

4., - Cube(a) v =Small(a) v Intro 2

5. =(Cube(a) A Small(a)) Taut Con 4
6. VX =(Cube(x) A Small(x)) ¥ Intro 2-5

3x (Cube(x) A Small(x))

3x Cube(x) A 3x Small(x)
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3Ix (Cube(x) A Small(x)) 1.| 3x (Cube(x) A Small(x))
[a]V Cube(a) A Small(a) 2. [a]V Cube(a) A Small(a)
3.
4.
5.
6.
S 7. 3x Cube(x) A 3x Small(x)
o~
Ix Cube(x) A Ix Small(x) 3 Elim 8.| 3Ix Cube(x) A Ix Small(x) 3 Elim 2-7

1.| 3x (Cube(x) A Small(x)) 1.| 3x (Cube(x) A Small(x))

2. [a]V Cube(a) A Small(a) 2. [a]v Cube(a) A Small(a)

3. Cube(a) A Elim 2 3. Cube(a) A Elim 2
4, 3Ix Cube(x) 3 Intro 3 4, 3x Cube(x) JIntro 3

5. 5. Small(a) A Elim 2
6. 6. Ix Small(x) 3 Intro 5

7. Ix Cube(x) A Ix Small(x) Alntro 4, 6 7. Ix Cube(x) A 3x Small(x) Alntro 4, 6
8.| 3Ix Cube(x) A Ix Small(x) 3 Elim 2-7 8.| 3Ix Cube(x) A Ix Small(x) 3 Elim 2-7

Jy (Tet(y) A Vx (Cube(x) — Smaller(x, y))) 1./ 3y (Tet(y) A Vx (Cube(x) — Smaller(x, y)))
B 2.7 [c]w Cube(c)

3.

4.

5.

6.

7.

8.

9.

[10. Jy (Tet(y) A Smaller(c, y))

Vx (Cube(x) — 3y (Tet(y) A Smaller(x, y))) i

[N

.| VX (Cube(x) — 3y (Tet(y) A Smaller(x, y))) V Intro 2-10
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1.|3y (Tet(y) A VX (Cube(x) — Smaller(x, y))) 1./ 3y (Tet(y) A Vx (Cube(x) — Smaller(x, y)))

2.7 [c]w Cube(c) 2.7 [c]w Cube(c)

3. [b]7 Tet(b) A ¥x (Cube(x) — Smaller(x, b)) 3. [b]7 Tet(b) A ¥x (Cube(x) — Smaller(x, b))

4. 4, VX (Cube(x) — Smaller(x, b)) A Elim 3

5. 5.

6. 6.

7. 7.

8. 8.

9. Jy (Tet(y) A Smaller(c, y)) 9. 3y (Tet(y) A Smaller(c, y))
[10. Jy (Tet(y) A Smaller(c, y)) 3 Elim 1, 3-9 [10. Jy (Tet(y) A Smaller(c, y)) 3 Elim 1, 3-9
[11.| VX (Cube(x) — 3y (Tet(y) A Smaller(x, y))) V Intro 2-10 [11.| VX (Cube(x) — 3y (Tet(y) A Smaller(x, y))) ¥ Intro 2-10

1.[3y (Tet(y) A VX (Cube(x) - Smaller(x, y))) 1.[3y (Tet(y) A VX (Cube(x) — Smaller(x, y)))
2.| | [c]w Cube(c) 2.| | [c]w Cube(c)
3. [b]7 Tet(b) A ¥x (Cube(x) — Smaller(x, b)) 3. [b]7 Tet(b) A ¥x (Cube(x) — Smaller(x, b))
4. VX (Cube(x) — Smaller(x, b)) A Elim 3 4. VX (Cube(x) — Smaller(x, b)) A Elim 3
5. Cube(c) —» Smaller(c, b) v Elim 4 5. Cube(c) —» Smaller(c, b) v Elim 4
6. 6. Smaller(c, b) —Elim 2,5
7. 7.
8. 8.
9. Jy (Tet(y) A Smaller(c, y)) 9. 3y (Tet(y) A Smaller(c, y))
[10. 3y (Tet(y) A Smaller(c, y)) 3 Elim 1, 3-9 0. 3y (Tet(y) A Smaller(c, y)) 3 Elim 1, 3-9
[11.| VX (Cube(x) — 3y (Tet(y) A Smaller(x, y))) V Intro 2-10 [11.| VX (Cube(x) — 3y (Tet(y) A Smaller(x, y))) ¥ Intro 2-10
1.|3y (Tet(y) A Vx (Cube(x) — Smaller(x, y)))
2_7 [E]v Cube(c) VX (Tet(x) —» Vy (Cube(y) — LeftOf(x, y)))
3. [B]7 Tet(b) A Vx (Cube(x) — Smaller(x, b))
4. vx (Cube(x) — Smaller(x, b)) A Elim 3
5. Cube(c) — Smaller(c, b) V Elim 4
6. Smaller(c, b) —Elim2,5
7. Tet(b) A Elim 3
8. Tet(b) A Smaller(c, b) Alntro 7, 6
9. 3y (Tet(y) A Smaller(c, y)) 3 Intro 8 vx vy ((Tet(x) A Cube(y) ) — LeftOf(x, y))
[10. 3y (Tet(y) A Smaller(c, y)) 3 Elim 1, 3-9
[11.| VX (Cube(x) — 3y (Tet(y) A Smaller(x, y))) ¥ Intro 2-10
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1. | Vx (Tet(x) - Vy (Cube(y) — LeftOf(x, y)))

2. [ab]wv Tet(a) A Cube(b)

3.

4.

5.

6. LeftOf(a, b)

7. | VX Vy ((Tet(x) A Cube(y) ) — LeftOf(x,y)) V Intro 2-6
1. | Vx (Tet(x) > Vy (Cube(y) — LeftOf(x, y)))

2. [ab]v Tet(a) A Cube(b)

3. Tet(a) — Vy (Cube(y) — LeftOf(a,y)) V Elim1
4. Vy (Cube(y) — LeftOf(a, y)) TautCon 2, 3
5.

6. LeftOf(a, b)

7. | Yx Vy ((Tet(x) A Cube(y) ) — LeftOf(x, y)) V Intro 2-6

1. | Vx (Tet(x) > Vy (Cube(y) — LeftOf(x, y)))

2. [ab]wv Tet(a) A Cube(b)

3. Tet(a) > Vy (Cube(y) —» LeftOf(a,y)) V EIm1

4.

5.

6. LeftOf(a, b)

7. | VX Vy ((Tet(x) A Cube(y) ) — LeftOf(x,y)) V Intro 2-6

1. | Vx (Tet(x) > Vy (Cube(y) — LeftOf(x, y)))

2. [ab]v Tet(a) A Cube(b)

3. Tet(a) — Vy (Cube(y) — LeftOf(a, y)) V Elim1

4. vy (Cube(y) — LeftOf(a, y)) TautCon 2, 3
5. Cube(b) — LeftOf(a, b) v Elim 4

6. LeftOf(a, b) TautCon 2, 6
7. | VX Vy ((Tet(x) A Cube(y) ) - LeftOf(x, y)) V Intro 2-6

3Ix P(x)
| 3xQ(x)

Ax 3y (P(X) A Q(Y))

Ix P(x)
| IXxQ(x)

[alV P(a)

Ix 3y (P(X) A QY))
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Ix P(x)

| IxQ(x)

[a]V P(a)
FV Q(b)

Ix 3y (P(X) A QY))

3Ix P(x)
| Q)

[alV P(a)

Blv Q)
P(a) A Q(b)

I3y (P(X) A Q(Y))

Alntro 3, 4

N

ONoG A~ W

3Ix P(x)

| 3xQ(x)

[V P(a)

BV Q(b)
P(a) A Q(b) Alntro 3, 4
3y (P(@) A Q(Y)) JIntro 5

Ix 3y (P(X) A QY))

3Ix P(x)
| IxQ(x)

[V P(a)

BIv Q)
P(a) A Q(b)

NP

3y (P(a) A Q(Y))
3y (P(@) A Q)

©ONo G~ W

9. | XY PEAQY)

Alntro 3, 4
3 Intro 5

3 Elim 2, 4-6

N

ONoGM W

Ix P(x)

| 3xQ(X)

[a]V P(a)
BIv Q)
P(a) A Q(b) Alntro 3, 4
3y (P(a) A Q(y)) 3 Intro 5
3y (P(a) A Q(Y)) 3 Elim 2, 4-6
Ix 3y (P(x) A Q(Y)) 3 Intro 7

Ix 3y (P(x) A Q(y)) JElim 1, 3-8

| _=Vx Cube(x)

3Ix =Cube(x)
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13.43 13.43
1. [ =Vx Cube(x) 1. [ =Vx Cube(x)
2. | =3x ~Cube(x) 2. | =3x =Cube(x)
3. 3. alv
4. 4.
5. 5.
6. 6.
7. 7. Cube(a)
8. Vx Cube(x) 8. Vx Cube(x) v Intro 3-7
9. L Lintrol, 8 9. 1 L Intro 1,8
10. | Ix ~Cube(x) = Intro 2-9 10. | 3Ix =Cube(x) = Intro 2-9
13.43 13.43
1. |_=Vx Cube(x) 1. |_oVx Cube(x)
2. | 23X ~Cube(x) 2. | 23X ~Cube(x)
3. alv 3. alv
4. -Cube(a) 4. -~Cube(a)
5. [’ 5. FX -Cube(x) 3 Intro 4
6. 1 L Intro 6. 1 LiIntro 2,5
7. Cube(a) - Intro 4-6 7. Cube(a) = Intro 4-6
8. Vx Cube(x) V Intro 3-7 8. Vx Cube(x) v Intro 3-7
9. L L Intro 1,8 9. 1 Lintrol, 8
10. | 3x ~Cube(x) - Intro 2-9 10. | 3x ~Cube(x) = Intro 2-9
13.43 13.43
=Vx Cube(x) | _=Vx Cube(x)
3Ix =Cube(x) v FO Con 3Ix =Cube(x) ¥ FO Con
=(Cube(a) A Tet(b)) | =(Cube(a) A Tet(b))
-Cube(a) v - Tet(b) v Taut Con -Cube(a) v =Tet(b) v Taut Con
| —(3x Cube(x) A Ix Tet(x))
—3x Cube(x) v -3x Tet(x)




