Handout #26 CS103A
October 20, 2008 Robert Plummer

Practice Midterm Solutions (the average on this midterm was 84.6)

1. Tautology, First-Order Validity, and Logical Truth (18 points)
(1) (3@x Cube(x) > Vx Cube(x)) v (Vx Cube(x) — Ix Cube(x))

(a) Tautology

(b) First-Order Valid, but not tautology

(c) Logica Truth, but not First-Order valid
(d) Not Logical Truth

(2) (—=3x LessThan(x,x)) A (Vx(x=x))

(a) Tautology
(b) First-Order Valid, but not tautology

(¢) Logical Truth, but not First-Order valid
(d) Not Logical Truth

(3) (Cube(c) —> Ix Cube(x)) A (Cube(d) <> Vx Cube(d))

(a) Tautology

(b)First-Order Valid, but not tautology
(c) Logica Truth, but not First-Order valid

(d) Not Logical Truth

(4) (Cube(c) A =Small(c)) A (—=Cube(c) v Small(c))

(@) Tautology
(b) Logical Truth, but not tautology
(c) Not Logical Truth, but tautologically possible

(d) Tautologically Impossible
(5) ~VxVy((Cube(x) A Tet(y)) — Larger(x,y)) <> 3xJy(Cube(x) A Tet(y) A —Larger(x,y))

(a) Tautology

(b)First-Order Valid, but not tautology
(c) Not First-Order Valid, but tautologically possible
(d) Tautologically Impossible

(6) Vx ((Vy P(x,y)) = Q(x)) < VxVy (P(x,y) > Q(x))

(a) Tautology

(b) First-Order Valid, but not tautology

(¢) Not First-Order valid, but tautologically possible
(d) Tautologically Impossible



2. Equivalences (20 points)

For each given sentence, circle the choice that is a First-Order Equivalence.

(1) Ix(Px) v QX))

(@ vx (P(x) A Q(x))

(b) =(Vx=P(x)) v =(Vx—=Q(x))
(€) =(VX=P(X)) A =(VX=Q(X))

(d) —(vx=P(x)) v (VX=Q(x))

() Vx(P(x) > Q(x))

(@) —3x —(=Q(x) =>P(x))

(b) —3x (=Q(x) > =P(x))

(¢) =3x = (—Q(x) = =P(x))
(d) —3x =(=Q(x) v =P(x))

() IXP(x)—> VyQ(y)

(a) Ix —P(x) v vy Q(y)

(b) 3x =P(x) A Vy Q(y)

(€) IX =P(x) > Vy Q(y)
(d) Vx =P(x) v Vy Q(y)

4 —=Vx 3y (A®y) A B(x,y))

(@ vx vy (A(y) > -B(x, y))

(b) 3x Vy (A(y) = —B(x, y))
(c) vx vy (A(y) > B(x, Y))

(d) vx 3y (A(y) > B(x,Y))



3. Conditionals (20 points)

Prove or disprove the following. If you prove it, write up a Fitch-style proof with all
stepsincluded. Number your steps and refer to those numbers in the reasons you give for
each step. If the argument is not valid, describe in detail where the argument fails.

Y ou may not use Taut Con in your proof except for the law of excluded middle. Note:
the fact that there is nothing above the Fitch bar indicates that there are no premises for

this proof.
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4. Translations (20 points)

Trandate each of the following sentences into first-order logic. The statements describe
events during a single Stanford football game. The domain of discourseisall Stanford
students (including team members). Y ou may only use the following predicates:

T(X) X is ateam member.

W(X,y) X watched aplay by y.

C(x,y) x sat closetoy [Note: Cissymmetric, i.e. C(X, y) <> C(y, X), and
reflexive, i.e. C(x,x) istrug]

F(x,y) x andy arefriends [Note: Fissymmetric, i.e. F(x, y) <> F(y, x), and

NOT reflexive, i.e. —F(x,x) istrue]
1) Nobody watched his own play.

v AWK, W)
-3x Wik, ®)

2) Only friends sat close to each other.
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Our view was that “each other” implied that we were talking about two people. Even
if you thought that it was not possible to satisfy this situation (because you sit close to

yourself and are not friends with yourself), you could still write down a sentence that
described it. We were very lenient on the grading of this one.

3) Some student who has no friends and is not on the team sat close to no one
else.
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4) Everybody who watched at least 3 plays by different players is a friend of
someone on the team.
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5. Formal Proofs with Quantifiers (22 points)

Give aFitch-style proof for the following. Number your steps and refer to those
numbersin the reasons you give for each step. You are allowed to use Taut Con freely
to justify proof steps where it would be accepted by the program Fitch. The comments at
the side show where the sentences came from, in case that helps.

B | 1. wriAlR) = J(Diy) o Clx, ¥
2. wriD(x) = Iy(Bly) » Clx, 1)
3. wuwy (T, ¥) & Ciy, 2)) = Cix,2))
4. [a]= Ala)
5. aa) — 3y(D0y) & Cla,y)) = v Elim: 1
6. 3y(D(y) » Cla,y)) = — Elim: 4,5
7. [b]= Db}~ Cla,b)
8. D(b) = Fy(Bly) & Clb,y ) ¥ % Elim: 2
8. Av¥(BiYy) & Cib,y)) = Taut Con: 7,8
10. [e]= B(c) » Cib,c)
11, (C(a,b) 4 C(b,c)) — C{a,c) = ¥ Elim: 3
12. Cla,c) = Taut Con: 7,10,11
13. Blc) a Cla,c) = Taut Con: 10,12
14, Ay (Biy) » Cia,y)) = 3 Intro: 13
15. 3y (Biw) a Cla,y)) = 3 Elim: 9,10-14
16. 3y (Bly) a Cla, v = 3 Elim: 6,7-15
17, Fx(Alx) = 3viBly) a Clx, v = % Intro: 4-16




