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Proofs with Quantifiers

Every child is right-handed or intelligent
No intelligent child eats liver
There is a child who eats liver and onions

There is a right-handed child who eats onions

Proofs with Quantifiers

If we know Vx S(x), and b is an object,
then we can assert S(b).

Tet(b)
Vx Large(x)

Large(b)

Proofs with Quantifiers

If we know Vx S(x), and b is an object,
then we can assert S(b).

Tet(b) Vx P(x)
Vx Large(x) .

Lar V Elim P(a) (where a refers
Large(b) to an object)

Universal Elimination
Universal Instantiation

Proofs with Quantifiers

If b is an object and we know S(b),
then we can assert Ix S(x).

Tet(b)

Ix Tet(x)

Proofs with Quantifiers

If b is an object and we know S(b),
then we can assert 3x S(x).

Tet(b) Pl

Ix Tet(x) 3 Intro éle(x)

Existential Introduction
Existential Generalization
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1. | Vx (Tet(x) » Green(x))

2. | Vx (6reen(x) — Smaller(x, a))

3. | Tet(t)

4.

5.

6.

7.

8.

9. | Ix(Green(x) A Smaller(x, a))

1. | Vx (Tet(x) — Green(x))

2. | Vx (6reen(x) — Smaller(x, a))

3. | Tet(t)

4, | Tet(t) > Green(t) V Elim 1

5. | Green(t) » Smaller(t, a) V Elim 2

6. | Green(t) —>Elim 3,4
7. | Smaller(t, a) —Elim 6,5
8. | Green(t) A Smaller(t, a) A Intro 6,7
9. | Ix(6reen(x) A Smaller(x, a)) 3 Intro 8

Proofs with Quantifiers

If we introduce b as the name of an arbitrary object
in the domain of discourse, and we prove S(b),

then we can assert Vx S(x). Boxed
0Xel

/ constant
B v

Suppose b is an object

Tet(b) S(b)
Vx Tet(x) Vx S(x)

10/17/08
1. | Vx (Tet(x) — Green(x))
2. | Vx (Green(x) — Smaller(x, a))
3. | Tet(t)
4. | Tet(t) > Green(t) V Elim 1
5. | Green(t) —» Smaller(t, a) V Elim 2
6.
7.
8.
9. | Ix(Green(x) A Smaller(x, a))
Proofs with Quantifiers
If we introduce b as the name of an arbitrary object
in the domain of discourse, and we prove S(b),
then we can assert Vx S(x).
Suppose b is an object
Tet(b)
vx Tet(x)
Proofs with Quantifiers
If we introduce b as the name of an arbitrary object
in the domain of discourse, and we prove S(b),
then we can assert Vx S(x).
Suppose b is an object 1554
: b cannot
occur outside
s . he sub
TeT(b) s(b) the subproof
Vx Tet(x) Vx S(x)
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Proofs with Quantifiers

If we infroduce b as the name of an arbitrary object

in the domain of discourse, and we prove S(b),
then we can assert Vx S(x).

LR

Noobsw

Vx (Tet(x) — Green(x))
Vx (Tet(x))

Vx Green(x)

Suppose b is an object 2
: b cannot
occur outside
N o the subproof
Tet(b) s(b)
Vx Tet(x) V Intro Vx 5(x)
Universal Introduction
Universal Generalization
1 | vx (Tet(x) > Green(x))
2. | ¥x (Tet(x))
3. | |k
4,
5.
6. Green(b) — Elim 5,4
7. | Vx Green(x) V Infro3-6

[N

Noobhw

Vx (Tet(x) —» Green(x))
Vx (Tet(x))

[bv
Tet(b) — Green(b)
Tet(b)
Green(b)

Vx Green(x)

Vv Elim 1
Vv Elim 2
— Elim 5,4
VvV Intro3-6

Universal Introduction

[a] [a] Pta)

Q) Q)
VXQ(X) V Intro V x(P(x) = Q(x))

General Conditional Proof

V Intro

VX (P(X) > QX))
vz (Q(2) - R(2))

VX(P(x) > R(X))
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Vx (P(X) > Q(x))
vz (Q(2) » R(2)

[alv P(a)

R(a)

VX(P(x) > R(X)) ¥ Intro

10/17/08

L | ¥x(P(X) > Q(X)

2. vz (Q(z) > R(2))

3. [alv P(a)

4, P(a) - Q(a) Vv Elim 1

5. Q(a) —Elm 3,4
6. Q(a) > R(a) Vv Elim 2

7. R(a) — Elim 5,6
8. VX(P(x) > R(x)) Vintro 3-7

Proofs with Quantifiers

Suppose we know that 3x S(x), that we introduce c as

the name of an object, and that we assume S(c). If we can
conclude a sentence Q not involving c, then we can conclude
that Q follows from the original premises.

3Ix S(x)

S(C)

Q

Proofs with Quantifiers

Suppose we know that 3x S(x), that we introduce c as

the name of an object, and that we assume S(c). If we can
conclude a sentence Q hot involving c, then we can conclude
that Q follows from the original premises.

Ix S(x) Vx(-Tet(x) v Cube(b))
S(c) Ix Tet(x)
Q 3 Elim Cube(b)

Existential Elimination
Existential Instantiation

Proofs with Quantifiers

Suppose we know that 3x S(x), that we introduce c as

the name of an object, and that we assume S(c). If we can
conclude a sentence Q not involving c, then we can conclude
that Q follows from the original premises.

Ix S(x) ;’X(_FTTe(T()x) v Cube(b))
X leT(X
() Tet(c)
Q ~Tet(c) v Cube(b)
Q 3 Elim Cube(b)

Existential Elimination
Existential Instantiation

Proofs with Quantifiers

Suppose we know that 3x S(x), that we introduce c as

the nhame of an object, and that we assume S(c). If we can
conclude a sentence Q not involving ¢, then we can conclude
that Q follows from the original premises.

Ix S(x) ;fX(;TTe(T()X) v Cube(b))
X 1eT(X
S() Tet(c)
Q ~Tet(c) v Cube(b)
Q i Cube(b)
3 Elim Cube(b)

Existential Elimination
Existential Instantiation
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Proofs with Quantifiers

Suppose we know that 3x S(x), that we introduce c as

the name of an object, and that we assume S(c). If we can
conclude a sentence Q not involving ¢, then we can conclude
that Q follows from the original premises.

Existential Elimination

3x S(x) E.|>.<";‘(><)
[a] P(a)

Vx (Cube(x) v Tet(x))
3x ~Cube(x)

3x Tet(x)

Ix S(x Vx(~-Tet(x) v Cube(b))
(S()C) dx Teﬂxi
= Tet(c)
Q [ =Tet(c) v Cube(b)
Q ) Cube(b)
3 Elim Cube(b)
Existential Elimination
Existential Instantiation
Existential Elimination
Ix 5(x) IxP(x)
s (@ P(a)
' . Does not
/ involve the
- . constant a
Q Forrree i,
Q = RO 3 Elim
Vx (Cube(x) v Tet(x))
Ix =Cube(x)
[@]¥ -Cube(a)
Ix Tet(x) 3 Intro
3Ix Tet(x) 3 Elim

~N

N

o g w

Vx (Cube(x) v Tet(x))
Ix =Cube(x)

[@]¥ -~Cube(a)
Cube(a) v Tet(a)
Tet(a)

Ix Tet(x)

3Ix Tet(x)

Vv Elim 1
Taut Con 3, 4
FIntro 5

JElm 2,3-6
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Proofs with Quantifiers

Every child is right-handed or intelligent
No intelligent child eats liver
There is a child who eats liver and onions

There is a right-handed child who eats onions

12.23

W N =

Vx (R(x) v I(x))  :All right-handed or intelligent
VX (I(x) > -L(x)) :No intelligent child eats liver
Ax (L(x) A O(x))  :Some child eats liver and onions

Ax (R(x) A O(x))

;Some right-handed child eats onions

12.23

12.23
1|Vx (R(X) v I(x))  :All right-handed or intelligent
2 |V¥x (I(x) = -L(x)) :No intelligent child eats liver
33x (L(x) A O(x))  :Some child eats liver and onions
4| | [avL(a) A O(a)

5
6
7
8
9
10
11
12
13 3Ax (R(x) A O(x)) 3 Intro
14 |3x (R(x) A O(x)) 3 Elim 4-13, 3

12.23
1|¥x (R(X) v I(x)) Al right-handed or intelligent
2 |V¥x (I(x) = ~L(x)) :No intelligent child eats liver
3|3x (LX) A O(x))  :Some child eats liver and onions
41 | [avL(a) A O(a)

51 [ L(a) A Elim 4
61| O(a) A Elim 4
71| I(a) = -L(a) Vv Elim 2
8| | L(a)— -I(a) Taut Con 7
9
10
11
12
13 3Ix (R(x) A O(x)) 3 Intro
14 13x (R(x) A O(x)) 3 Elim 4-13, 3

12.23
1|Vx (R(X) v I(x)) :All right-handed or intelligent
2 |¥x (I(x) = -L(x)) :No intelligent child eats liver
313x (L(x) A O(x))  :Some child eats liver and onions
4| | [avL(a) A O(a)
5| [ L(a) A Elim 4
61| O(a) A Elim 4
7
8
9

10

1

12

13 3Ax (R(x) A O(x)) 3 Intro

14 |3x (R(x) A O(x)) 3 Elim 4-13, 3

12.23
1|¥x (R(x) v I(x)) :All right-handed or intelligent
2 [Vx (I(x) > -L(x)) :No intelligent child eats liver
3 |3x (L(x) A O(x)) ;Some child eats liver and onions
4| | [@vL(a) A O(a)

51 [ L(a) A Elim 4
61| O(a) A Elim 4
71| I(a) = -L(a) Vv Elim 2
81| L(a) = -I(a) Taut Con 7
9| | -I(a) — Elim 5, 8
10
11
12
13 3Ax (R(x) A O(x)) 3 Intro
14 [3x (R(x) A O(x)) 3 Elim 4-13, 3
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W N =

Vx (R(x) v I(x)) :All right-handed or intelligent
Vx (I(x) = -L(x)) :No intelligent child eats liver

Ix (L(x) A O(x))  :Some child eats liver and onions
[avL(a) A O(a)
L(a) AElim 4
O(a) A Elim 4
I(a) > -L(a) V Elim 2
L(a) = -I(a) Taut Con 7
-I(a) — Elimb5, 8
R(a) v I(a) V Elim 1
3Ix (R(x) A O(x)) 3 Intro
Ax (R(x) A O(x)) 3 Elim 4-13, 3
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W N =

Vx (R(x) v I(x))  :All right-handed or intelligent
VX (I(x) > -L(x)) :No intelligent child eats liver

Ax (L(x) A O(x))  :Some child eats liver and onions
[avL(a) A O(a)
L(a) A Elim 4
O(a) A Elim 4
I(a) - -L(a) V Elim 2
L(a) - -I(a) Taut Con 7
-I(a) — Elim5, 8
R(a) v I(a) V Elim 1
R(a) Taut Con 9, 10
3Ix (R(x) A O(x)) 3 Intro

Ax (R(x) A O(x)) 3 Elim 4-13, 3

12.23

WN =

Vx (R(x) v I(x)) :All right-handed or intelligent
Vx (I(x) = -L(x)) :No intelligent child eats liver
3Ax (L(x) A O(x))  :Some child eats liver and onions
[ajvL(a) A O(a)
L(a) A Elim 4
O(a) A Elim 4
I(a) > -L(a) Vv Elim 2
L(a) = -I(a) Taut Con 7
-I(a) — Elim 5, 8
R(a) v I(a) V Elim 1
R(a) Taut Con 9, 10
R(a) A O(a) A Intro 6, 11
3Ix (R(x) A O(x)) 3 Intro
3x (R(x) A O(x)) 3 Elim 4-13, 3

12.23




