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Conditionals

Observation 1: The ? connective is pretty weak. Knowing that P ? Q is
true only eliminates one possible combination of P and Q.

Observation 2: If we know P ? Q is true and we also know P is false,
then we have no information about the truth of Q.

Observation 3: If we know P ? Q is true and we also know P is true,
then we are sure Q is true.
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— is called the material conditional, meaning that it is truth-functional
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The best rendering of P — Q in English is "if P, then Q"
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If the department gets an extra $40K, we'll buy a new copier.
Is this true:

$40K | New Copier || $40K —» New Copier

Antecedent Consequent
PIQIP > Q=P v Q
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If the moon is not made of cheese, then triangles have three sides.
If the moon is made of cheese, then triangles have three sides.

If the moon is made of cheese, then triangles are round.

If the moon is made of cheese, then the moon is not made of cheese.
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Ponly if Q is translated as P>Q

If Pis true, then Q must be true, because
P is true only if Q is true.

It will snow only if it is cold.
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Ponly if Q is translated as P>Q

If Pis true, then Q must be true, because
P is true only if Q is true.

It will snow only if it is cold.

Cold is a necessary condition for snow.

Snow — Cold

If it's not cold, it will not snow.

-Cold — - Snow

Ponly if Q is translated as P>Q

PifQ is translated as QP

Ponly if Q is translated as P->Q

PifQ is translated as Q->P

P if and only if Q
iff

is translated as Q-PIAP->Q)

P if and only if Q is translated as Q->P)AP->Q)
iff
Ponly if Q is translated as P->Q
Pif Q is translated as Q->P
P if and only if Q is translated as Q->P)AP->Q)
iff
PIQIP © Q) (Q>P)A(P>Q
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Biconditional

Biconditional

P < Q isequivalent to ( Q->P) A(P—>Q

PeQ < (Q>P) A(P=Q
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Useful Equivalences involving Conditionals

PoQ e ~PvQ
P5Q & ~Q—> AP

P>Q e ~(PA-Q

PvQ & P> Q

PoQ e P-o-QrQ->P)
PoQ e PAQV(-PA-Q)
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Rules of Inference

Rules of Inference
— Elim P->Q
P Modus ponens
Q We can prove Modus tollens
P->Q
-Q
p
Q — Elim
L 1 Intro
-P = Intro
Rules of Inference
— Elim P->Q
P Modus ponens
Q
(PAR)>Q
— Intro P P
Q
R->Q
P>Q

— Elim P>Q

P Modus ponens

Q

Rules of Inference

— Elim P>Q

P Modus ponens

Q
— Intro "P

Q
P->Q
Rules of Inference

— Elim P>Q

P Modus ponens

Q

PAR) > Q
— Infro P P
R
Q PAR A Intro
Q — Elim
P->Q R->Q > Intro
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If we have this proof: We could also do this:
P "P
Q Q

P->Q

and vice versa

So Q is a logical consequence of P iff P — Qs a logical truth

Rules of Inference
— Elim P->Q < Elim PoQ (rQeP)
P P
Q Q
— Intro P o Intro "P
Q
Q
’9
P->Q P
P Q
8.48

“Small{a) » (Medium(b) v Large(e))
*Mediumib) — FrontOfi{a, b)
_‘Large(c) = Tet(c)

“~Tatic) -» FrontOf{a, b)

“Small{a) » (Medium(b) v Large(e))

*Medium(b) — FrontOf(a, b)

“Large(c) = Tetic)

|* Medium{b) v Large(e) v v abim
:—Tetfc)

“FrontOf(a, b)
*-Tet{c) -» FrontOf(a, b) 4 ¥ = Intro

8.48
“Small{a) » (Medium(b) v Large(e))
*Mediumib) — FrontOfi{a, b)
“Large(c) -» Tet(c)
|*Medium(b) » Large(s) v v abim
T aTet(c)
" Mediumib)
}:‘ FrontOf(a, b) 4 % = Flim
“Large(c)
“Tetic) 4 % = Flim
| 4 ¥ Lintra
“FromOf(a, b) 4 p
“FrontQf{a, b)
“~Tatic) -» FrontOf{a, b) ¥ ¥~ intro

= _Cube(b) - Smali(b) 8.35
=Small(c) — (Smal(d) v Small{e))

*Small(d) ~= ~Small{c)

| Cube(b) — ~Small(e)

*Small(c) —~ Small{b)
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S(PaQ) +P
L]
LPAQ P
8.38.2
L]
*p . P v = Taut Con
P
SPAQ VP ¢ T miry
_p
*-(P Q)
n—(F‘AQ)vF‘ ¢ ¥ vintro
P Q P 4 ¥ Elim

TPAQ
ap # 7 a Flim
*(PaQ) »P ¢ 7 = Inlro
L]
T[.? v =P ¢ = Taut Con
P
SPAQ VP ¢ Ty miro
_p
faPaQ)vP
P Q P 4 v Elim
8.38.2
L]
T[.? v =P ¢ = Taut Con
P
SPAQ VP ¢ Ty miro
_p
TPAQ
up ¢ T Elm
e ¢ ¥ Lintro
P A Q) 4 ¥ - Intra
n—(F‘AQ)vF‘ ¢ ¥ wnlro
P Q P 4 v Elim
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|P>Q 8.29
Pv-P v/ Taut Con
p
"Q v — Elim
-PvQ v’ vintro
-P
I—-P vQ v’ vintro
-PvQ v v Elim
| -PvQ
p
-P
’>J_ v Llntro
Q v/ LElm
LQ
Q v/ v Elim
P->Q v/ = Intro
P->Q e (-PvQ) v’ < Intro
_p -Q 8.29
Pv-P v/ Taut Con
-PvQ
| -PvQ
P—->Q
P->Q« (-PvQ) v & Intro
|P>Q 8.29
Pv-P v/ Taut Con
p
TQ v — Elim
-PvQ v vintro
-P
r»—-P vQ v’ vintro
-PvQ v v Elm
| -PvQ
p
Q
P—->Q v/ — Intro
P->Q« (-PvQ) v < Intro

o) 8.29
I
-PvQ
| -PvQ
P—->Q
P->Q < (-PvQ) v & Intro
IP>Q 8.29
Pv-P v Taut Con
P
TQ v — Elim
“PvQ v’ vintro
-P
%ﬂP vQ v v Intro
-PvQ v vEIm
| -PvQ
P->Q v/ = Intro
P->Q« (-PvQ) v & Intro
|P>Q 8.29
Pv-P v Taut Con
P
TQ v — Elim
-PvQ v v ntro
-P
r»—'P vQ v v ntro
-PvQ v vElm
| -PvQ
P
-P
T»J_ v’ Llntro
Q v LElm
LQ
Q v v Elm
P->Q v — Intro
P->Q « (-PvQ) v < Intro




