Chapter 5

Linear Stochastic Models

5.1 Least Squares

Suppose that we observe some dependent variable (e.g. number of red blood cells) as a function of some
independent variable (e.g. dosage of a drug), based on n experiments. The empirical data consists of
(1,91), ... (Tn,yn), where x; is the value of the independent variable used for the i’th experiment, and y; is
the corresponding value of the dependent variable.

We wish to find a simple mathematical model that summarizes the relationship of the dependent variable
to the independent variable. The simplest such model is a linear model of the form

y(r) =ax +b

If n = 2 with z1 # 29, we can find a and b by solving a linear system of two equations in two unknowns. If
n > 2, the system is overdetermined, and we can apply the method of “least squares”.

Specifically, let 7 = (y1,...,yn)%, T = (21,...,2,)T, €= (1,1,...,1)T. A reasonable means of finding the
“best” values of a and b is to select a and b as to minimize some measure of distance between 3 and ax + bé.
One notion of distance that leads to a particularly nice system of determining equations for a and b is to
measure the distance beween 27, z5 € IR" via

HZ_i _Z_éHv

where
|@)? = wT Aw.

Here, A is a given n X n symmetric positive definite matrix. The minimizers a, b of the sum of squares
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Our choice of a quadratic form as our (squared) notion of distance is what leads to a linear system for the
minimizer. Other notions of distance would lead to more complex optimization problem. The case in which

A =1 is called “ordinary least squares”, whereas A # I is called “weighted least squares”.
This approach to fitting a linear model to observed data leaves open several questions:

satisfy the linear system

1. How should one choose the matrix A?

2. How can one assign “error bars” to our slope and intercept values a and b?
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3. Is there any way to objectively test the linear model against the even simpler model in which a = 0
(the “constant” model)?

A statistical formulation of this linear modeling problem will permit us to address these issues.

5.2 Linear Regression Models with Gaussian Residuals

We turn to the statistical view of how to build a linear model. We now view the dependent data values
as random variables. In particular, we assume that Y; is a rv corresponding to the measured response of
the dependent variable (e.g. blood pressure) as a function of the independent variable (e.g. drug dosage).
Specifically, the “linear regression” model assumes that

Y, =a"z; +b* + ¢

where a* and b* are the “true” shape and intercept values, and ¢; is a rv describing the “residual error” in
the linear model corresponding to observation Y;. The great majority of the literature on linear regression
presumes that &= (e1,...,6,)7 is a Gaussian random vector with mean 0 and covariance matrix o2C , where
o2 is unknown (and C is specified by the statistician and is therefore known). We follow the literature here,
and make the assumption that the residuals have this Gaussian structure.

This statistical model has three unknown parameters, namely a*, b* and o2. _The principle of maximum

likelihood asserts that a*, b* and o2 should be estimated as the maximizer (a, b, 2) of the likelihood.

1 Lo - T ~—1 /7 5
(2ma2)n/2| det C|1/2 eXp(—i(Y—ax-H)éj CTY — aZ +be)).

Here, Y = (Y1,...,Y,)T. (This likelihood presumes that C' has been specified as a positive definite matrix.
Any reasonable model for C' will have this property.)
The estimators satisfy

oty & o7\ (a\ (YT o'z
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and
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It is common to choose C' = I in the linear regression model. This corresponds to an assumption of iid
residual errors. However, one need not choose C' = I. For example, suppose that one assumes that the
variability of ¥; scales with the magnitude of z;. In this case, one would set C' = diag(x?,23,...,22). This
leads to a “weighted least squares” problem. Note that the statistical formulation helps suggest plausible
forms for C.

This statistical framework also permits us to develop “error bars” for our estimates of a* and b*. Let

SSE = sum of squares of estimated residuals = Z(E —ax; — 13)2 )
1
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It can be shown that when C' =1,

a—a*

e tn_s,
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where t,_2 is a so-called Student-t rv with n — 2 degrees of freedom (and is a “tabulated distribution”). It
follows that if one selects z so that P {—z <t,_5 <z} =1— 4, then

i /SSEé(n—2)7d+Z /SSE/S(n—Q)L
- SSE /1 z2 - SSE /1 z2
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are exact 100(1 — 6)% confidence interval for a* and b*, respectively?
We turn next to the issue of testing the linear model (a* # 0) versus the constant model (a* = 0) when
C = 1. Under the hypothesis that a* = 0,

%540

SSE/(n — 2)

D
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where Fi,_o is a rv having the F' distribution with 1 and n — 2 degrees of freedom. If we choose z so
that P {F} ,,—2 > z} = 7 (with y small), then it is rare that the statistic isec exceeds z when a* = 0. (A

n—2

a

%” < z, we view the data as being consistent with a* = 0 (i.e. the
n—2

common value of v is 0.05.) Hence, if

“constant” model), whereas if the statistic is larger than z, we reject the hypothesis that a* = 0.

5.3 Linear Regression Model with non-Gaussian Residuals

In some applications settings, one may prefer to avoid assuming that the residuals are Gaussian. Here, we
illustrate the use of the bootstrap in this context.
We assume that for 1 <1i < n,

Yi=a"2;+0" +¢;

where a* and b* are the“true” shape and intercept values, and €1, €3, ...,&, are iid rv's with E [¢;] = 0 and
var (g;) < oo. Because this is a model in which C is implicitly assumed to be the identity, we estimate a*
and b* as in ordinary least squares: -
>0 (@:Yi — 2Y)

> (@i — @)

b=Y —ax

&:

where Y = %Z? Y;. Under modest assumptions on the x;’s, it can be shown that

a——a

b L p*

1See Chapter 12 of Probability and Statistics for the Engineering, Computing, and Physical Sciences by E.R. Dougherty.
Prentice Hall (1990), for details.
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as n — o0o. This guarantees that when n is large, each of the estimated residuals
& =Y, —ax; — b

is close to its corresponding true residual.
To construct error bars in this setting, we apply the bootstrap. If we knew a*, b*, and the exact distribution of
the residuals, we could use Monte Carlo simulation to numerically compute the distribution of (for example)

a—a*

[SSE/(n—2)

(Of course, in the Gaussian setting with C' = I, this is known to be a ¢,,_s rv. In the non-Gaussian setting,
this rv has a complicated and unknown distribution.) Specifically, we could sample the distribution of the
€i’s n iid times, yielding €11,...,€1,. Set Yi; = a*x; + 0" + €14, for 1 < i < n, and compute the ordinary
least squares estimates a; and by corresponding to the data set (x1,Y11),. (xn,Yln) If we repeat the
process m mdependent times (for a total of mn samples from the dlstrlbutlon of the €;’s ), thereby yielding
as, bl, R . bn, we could estimate the required distribution via

m ~

1 a; —a*
72 ) <)
m S (Yej—adim—bi)?/(n—2)

Sza

Of course, we generally don’t have the ability to cheaply obtain mn such samples from the distribution of
the g;’s

The bootstrap philosophy replaces a* by a, b* by 13, and the distribution of the ¢;’s by the &; s. Sample the
€;’s n tid times (with replacement), thereby yielding €3,...,€7,, and compute the ordinary least squares
estimator, a% and b}, corresponding to the data set (z1,Y}),. .., (zn, Y7,), where Yy, = ax; + b+ e7;. We
now repeat this process m independent times, thereby yielding m bootstrap estimates al,bl, . m,b;‘n
The required distribution can be estimated via

ar —a

— > I( - ) <)
m i \/ S (Vi —ate;—b7)2 /(n—2)

Spx

The above estimated distribution is then used to construct a confidence interval for a* in the usual way.
A similar bootstrap method can be used to produce confidence intervals for b* (that are asymptotically valid
as m,n — o00) or to produce asymptotically valid hypothesis testing regions.

Remark 5.1: Suppose that we assume the ¢;’s have a covariance matrix that is known up to an (unknown)
factor o2, so that

Yi=a"z; +b" +ei,
where € = (e1,...,6,)7 is assumed to have a positive definite covariance matrix 02C, where C is known

and o2 is assumed unknown. In this case, we can use the fact that C is known to compute the Cholesky
factorization C' = LLT. Note that

LYW =o' L g+ v L e+ Lt

—

Hence, if we set Z= LY, W=L"'% ¢=L""'¢ and # = L~'&, we arrive at the model

@1

7 =a" 0+ b+ 7,

where 77 has mean zero and 21 as its covariance matrix. If we now additionally assume that the v;’s are iid,
the bootstrap can be applied to this transformed model (and hence to the original model with covariance
matrix o2C).
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5.4 Data Transformations

In many applied settings, one expects that a non-linear model might offer a better explanation of the data.
For example, one might postulate basic trends of the form:
y(x) = cexp(ax) (exponential trend)

or

y(z) = ca® (power law trend).

Simple data transformations reduce these models to a linear model. In the presence of an exponen-
tial trend, fit the linear regression model to (x1,logY7),..., (z,,logY},), while one fits a linear model to
(logz1,logY7),. .., (logxz,,logY,) in the presence of a power law trend.

5.5 Multiple Linear Regression

Of course, it is common in many applications to try to explain a dependent variable (e.g. blood pressure)
as a function of multiple explanatory variables (e.g. dosage of a drug, body weight). Here, we have an
IR%valued vector x; that represents the levels of the d explanatory variables associated with experimental
value i, and Y; is the corresponding value of the dependent variable. We assume that

Vi=a"Tw + 0" + ¢

for 1 < i < n, where a* € IR? and b* are the “true” parameters, and (61,...,e,)T is an n dimensional
Gaussian rv with mean 0 and covariance matrix 0?C with unknown o2 (but known C').
Here, the likelihood is given by

1
@ro?) 2 det 172 P

—%(? —za —b&)TC™N(Y — za — bé))

where ¥ = (Y1,...,Y,)T and z is the n x d matrix in which the i’th row is x;. The maximum likelihood

estimators @, b and 62, satisfy
fTo-'z FTC-18\ (a\ (iTCY
etz efete) \b) ~ \efcy
o 1o ~ _ PonT ~—1(}
6°=—(Y —za—0be)' C™ (Y —xa — bé)
n
All the ideas described in the context of (simple) linear regression models with d = 1 generalize in a

suitable way to the multiple linear regression context: confidence region procedures for a*, hypothesis testing,
bootstrap procedures for non-Gaussian residuals, etc.

5.6 The Correlation Model

Here, we adapt the linear regression model slightly, so that the x;’s are now modeled themselves as random
variables (so, in particular, the experimentalist does not control the x;’s at which measurements are gathered).
For example, we might collect n specimens of (say) a fish, and study the relationship between the (random)
weight X; of the ith fish, and the amount Y; of pollutant stored in the tissues of the fish (for 1 <i < n).
The precise statistical specification of this so-called “correlation” model assumes that

Y, =a*T X, +b* +¢;
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for some “true” a* € R? and b* € IR, where ((X;,e;) : 1 <i < n) is a set of n iid pairs with E [¢;] = 0,,
and var (g;) < co. (We permit X; € IR? to be vector valued, so as to permit Y; to depend on multiple
characteristics of each specimen.) Put X, =X, - E [X;], and Y=Y, - E [Y:], for 1 <4 < mn. Note that the
best affine predictor of Y; given X; must be a*TXi + b*, and hence

a* = (E [f(lf(ﬂ)—lE [)”(1171}
b =EYi] - E[X)]

(We assume here, and throughout, that the covariance matrix, E {f( X T }, is non-singular.)

We describe now the bootstrap procedure that would be used to deal with such a correlation model (in the
presence of non-Gaussian residual errors).

Exercise 5.1: Suppose that E [||X1]|?] < oo and E [¢}] < co. Put

where B L
X":Ezlzxi’
_ 1 <&
Yn:ﬁgYi.
Prove that
ap — a a.s.,
by —b  as.
as n — o0o.

According to Problem Exercise 5.1, a,, and b, are (for large sample sizes n) close to a* and b*. Suppose that

we sample (X771, Y1), ..., (X7, Y:h,), from the collection of observations (X1, Y1),...,(X,, Y,,), independently
(and with replacement). Put

1 J— X I —
a1:(EZ(X1¢_X1>T(X1i *ZYM X1 —X1))

3

b =Y, —a; X,
If we independently generate m such bootstrap samples from (Xi,Y7),...,(X,,Y,), we obtain m pairs

(ax,b%),...,(ax,,b%,),. If m, n are both large, the distribution of

N|=

3 H(G — X)X = X))
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can be approximated by

n
*

%ZH( (X5 = X)" (X5 = X)) 72 (a) — an) <)

i=1 j=1

S|

This bootstrap procedure can be used to construct confidence regions for a* and b* for the correlation model,

as well as hypothesis testing regions?.

5.7 Modeling Deterministic Dynamical Systems via Differential
Equations

Let y = (y(t) : t > 0) be a deterministic dynamical system described by a p*" order differential equation,
namely

y®) = flyt),y V@), ...y" V(1))

for some given function f : IRP +— IR. Of course, such a p'* order equation can always be reduced to a first
order equation by introducing a suitable state variable, namely

z(t) = (y(t),y V1), ...y * D (0)T.
Then we have @(t) = g(x(t)), where g : IRP — IRP is given by

g(x1, ...y zp) = (T2, ..., Tp, f21, ...,xp_l))T.

An especially important case is that of a p** order linear differential equation of the form

p

yP) = Zﬁjy(p—j) +e (5.1)

j=1
in which case we have
y(t) 0 1 0 .. 0 y(t)
d y D (t) 0 0 1 .0 y M (t)
: 0 0 0 L1 :
yP=1(t) Bp Bp-1 Bp—2 - A y®=1(t)

5.8 Linear Difference Equation of p'* Order
Definition 5.1: Given a sequence (y,, : n > 0), define the p'"* difference by

Alyn = Yn+1 — YUn
for k =1 and for £ > 1,
Ak:yn _ Ak_lynJrl o Ak—lyn
Then the discrete-time analog to (5.1) is

p
APy, =Y "B AP Ty, +c (5.3)

Jj=1

2See Chapter 4 of The Bootstrap and Edgeworth Expansion by Peter Hall, Springer-Verlag (1992) for details.
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5.9 Stochastic Linear Difference Equations of p'* Order

The stochastic analog to a constant sequence z, = c is an iid sequence (V,, : n > 0). Hence, the natural
stochastic analog to (5.3) is a stochastic sequence (Y;, : n > 0) satisfying

p
APY, = Z BiAPTIY, + V. (5.4)
=1
Now observe that
k i _
a4 =3 () .
j=1

As a consequence, we may write (5.4) in the form

p
Yo=Y a;Yn j+Vy (5.5)

j=1

for n > p (for suitably chosen a;’s).

Note that Y, is expressed as a linear combination of the p previous values of the Y-sequence, namely Y,,_1,
., Yo_p. In other words, Y,, is “regressed” on the p previous values of the same Y-sequence, and hence it

is “autoregressed”.

Definition 5.2:

A sequence Y = (Y, : n > 0) satisfying (5.5) with (V;, : n > 0) iid is called a p'* order autoregressive
sequence.

The autoregressive sequence is said to be Gaussian is the V,,’s are Gaussian.

Any p'" order (scalar) autoregression can be expressed as a first order (vector) autoregression, by following
the same idea as that leading to (5.2). Put

and note that

Xn+1 = FXn + Zn+1 (5 6)
where
0 1 0 0
0 0 1 0
F= .
0 0 0 1
ap Ap—1 Ap—2 a1

Zn+1 = (05 07 "'707 Vn-‘rl)T

5.10 Stability Properties of the Autoregressive Sequences
If V,, = ¢ in (5.5), the deterministic sequence governed by (5.5) remain bounded if and only if the spectral

radius of F' (i.e. the maximum of the moduli of the eigenvalues of F') is less than 1. This turns out to be
the right condition to guarantee “stability” of an autoregressive sequence.
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Exercise 5.2:
Let X = (X, : n > 0) satisfy (5.6) for n > 0 with E||Z,|| < oo and (Z, : n > 0) iid.

1. Show that X, = F"Xo+ Y./~ FIZ,_;.

2. Prove that X, 2 F"Xo + Y70 FVZ;.

3. Prove that if the spectral radius of F' is less than one, then X,, = X, as n — oo, where

(o)
> Fz;.
j=0

4. If the Z,’s are Gaussian with covariance C, show that X, is Gaussian with mean (I — F)"!EZ; and
covariance matrix A satisfying

19

Xoo

A=FAFT +C.

5. Prove that A can be computed via the recursion

App1 = FALFT +C
for n > 0, subject to Ag = 0.

Requiring the eigenvalues of F' to have moduli less than one is equivalent to requiring that the p roots
21, ..., Zp of the degree p polynomial

P
2P — Zajzp*j (5.7)
j=1

all have modulus less than one.

5.11 Stationary Version of a Stable Autoregressive Sequence
Suppose that the p roots of (5.7) are all less than one in modulus, and E||Z;]| < oo. If we then initialize X

at time —r at 0, then

k+r—1
Xe= ) FZiy
j=0

where (Z,, : n > 0) is a sequence of iid copies of the random variable Z;. To indicate the dependence of X},
on r, we write it as Xy _,. Observe that as r — oo,

Xi,—r — X, a.s.

for each k € Z, where

Xi=Y FiZ,; 2 Xu
§=0
Note that X* = (X} : k € Z) satisfies the recursion

X1 = FXp 4 Zia

2 (

and is stationary in the sense that (X , k€ Z)= (X} : k€ Z)
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Definition 5.3:
The sequence X* is said to be the stationary version of X.

We interpret a stationary process as representing a system that was initialized at time —oco and is in stochastic
equilibrium at every finite t.

5.12 Prediction for Autoregressive Sequences

Suppose that we wish to compute the best mean square predictor of X,,{,, given the past “history” X;,j < n.
If E||Z1||* < oo, this is just

EXpim|Xj:j<n].
This, of course, is equal to

m—1
F"X,+ Y FIEZ. (5.8)

=0

Hence, we can use this formula to predict Y;, 4., based on (Y, Yi—1, ..., Ypi1)T (equal to XT).

5.13 Parameter Estimation for (Gaussian Autoregressive Sequences

In order to use an autoregressive model (in a real-world setting), we must first estimate the parameters from
observed data. If we assume that the V,’s are iid Gaussian with (unknown) mean p* and (unknown) variance
o*2, then the p! order autoregressive model contains p+2 unknown parameters, namely af, ... , ap, p* and
0*?. (Here af, ... , a}, are the “true” autoregressive coefficients). Here, the “partial likelihood” (referred to
as partial because it is a likelihood that conditions on Yy, ... , Y,—1 and does not take full advantage of the
information that may be present in this initialization) based on observing (Y; : 0 < j < n + p) is given by

. 1 n—1
(27T0'2) 2 exp <_W (}/i'f‘P — CL1Y;‘+p_1 — . ap}/i — /,L)2 .
i=0
The maximum likelihood estimators ay, ... , a,, ft and o2 solve the linear system
-1 -1 -1 . -1
21?:0 Yiip—l Z;L:O Yz'1+p71Yz'+p72 Z?:ol Yi+p*1 ai Z?:ol Yi-&-pYi-irp—l
n— n— n— N n—
>ico Yitp—1Yitp—2 i Yo o i Yitp—2 ag Y ico YiepYitp—o2
71 PRy 71 e e .;.1 A' = _1-
Z?:o 1Yi+p71Yi Z?:o 1Yi+pf2yi Z?:o Y a}’ Z?:o 1Yi+pYi
n— n— e
> iz Yitp—1 >ico Yitp—2 n H >ico Yitp
(5.9)
with
- 1 n—1 ) R .
o4 = E Z(Y;+p — all/;H,p,l — . — G,pY;' - /14)
i=0

As in the settings of conventional regression models, exact confidence regions and hypothesis testing have
been developed in this Gaussian setting. Details can be found in the enormous literature on so-called “time
series” models.
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5.14 Parameter Estimation for Autoregressive Sequences with non-
Gaussian Residuals

We now turn to the issue of how to deal with an autoregressive sequence Y = (Y,, : n > 0) for which

Yn = aTYn—l —+ ...+ (Z;;Yn_p + /'L* +Een
where (g, : n > 0) is a iid (possibly non-Gaussian) sequence with E [eg] = 0 and var (gg) < 0.
We first deal with the prediction problem in the presence of known parameters aj, ... , a;, p* and a known
distribution for the ;’s. Conditional on (X : j <n), X4, has conditional mean

m—1
F"Xn+ Y FIEZ;
§=0
see (5.8) above. If the Z,,’s are Gaussian, the conditional distribution of X, 4, is

m—1
N(F" X, + Y FIEZy, Ay) (5.10)
j=0
where A, = FA,, 1\FT + E(Z, — EZ,)(Z, — EZ;)T with Ag = 0. This conditional distribution can be used
to make predictions such as

P(Yoim > 2|Y;:0< 75 <n) (5.11)
If the Z,,’s are non-Gaussian, computing (5.11) is non-trivial and must generally be implemented via Monte-
Carlo. In particular, to compute the conditional distribution of X, ,, (conditional on X;, j < n), we
generate mr independent copies of Z1, call them Z 1, ..., Z, ,, and use the Monte-Carlo estimator (based on
r independent simulations of the history of X over [n,n + m])

T m—1
1 m ;
- ;HF X + ZO FiZij €°)
= i=

to compute

P(Xner S |X]a] S ’17,)

We now turn to the question of parameter estimation in the setting of non-Gaussian residuals. Note that

<EnaYn7i> =0
for ¢ > 1, so that

Y, —aiYp—1—...— a;Yn_p — 1Y, i) =0

for 7 > 1. In other words, the “true” parameters aj, ... , a;, and p* satisfy the linear system

GS{EYnflyan‘ + ...+ a;EYn,pYnii + M*EYn,z = EYnYnfi
for i > 1. A square linear system of p 4+ 1 equations is obtained by taking the first p 4+ 1 such equations (i.e.
1<i<p+1).
Given observations (Y; : 0 < j < n+p), we can estimate EY;_,Y;_; via Y;_;Y;_;, suggesting that we consider
the linear system

1 p+n 1 p+n 1 pAn 1 p+n
ar— Z )/l—l}/}—i+~-~+apﬁ Z Yl—le—iJr,uﬁ Z Y= - Z YV, (5.12)
l=p+1 l=p+1 l=p+1 l=p+1

for 1 <i <p+ 1. (Note the similarity of (5.12) to (5.9). (What explains the similarity?)
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Exercise 5.3:
Suppose that the roots of (5.7) are all less than one in modulus, and assume that Ee] < co. Prove that

&ii»a;‘,lgigpandthatﬂL,u* as n — oo.

To produce confidence regions for aj, ... , a; and u*, we can apply the bootstrap idea. For p <i <n+p, let

=Y —a1Ys 1 — ... —apYip— 1

be the it" estimated residual. To create a bootstrap sample of the autoregressive sequence, sample E1ps e s

€] y4p 7+ 1 independent times from the set of estimated residuals {€,, ...,,4,}. For p <4 < n+p, compute
Yii=aYl; + . +apY7, , +i+er,

subject to Y7*; =Y for 0 < j <p.
From the bootstrapped autoregressive sequence (Yf: ;:0<i<n+ p), solve the linear system corresponding

to (5.12) for aj y, ... , aj ,,, fi*. If we repeat this bootstrap procedure m independent times, then
1 m
ZNI(&F — b e -
m Z (az,j a’] € )
i=1

will (for large m and n) be close to

P(djfa;E')

from which a large-sample confidence interval for aj can be obtained. In a similar way, we can obtain a
large-sample bootstrap confidence interval for p*.

Exercise 5.4:
Extend the bootstrap procedure to produce prediction regions for Y, .., based on observing Y;, 0 < j < n,
that take into account parameter uncertainty in estimating aj, ... , a, and p* from the observed data.
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