


Chapter 5

Linear Regression and Least Squares

Linear mathematics is widely used as a basic modeling tool throughout the mathematical sciences. It will
therefore come as not surprise that the most basic statistical model used to study the relationship between
a dependent variable and a set of independent variables is a linear model, specifically the “linear regression
model”. In this chapter, we will introduce the basic regression model, establish its close relationship to the
theory of least squares, and describe a number of modeling extensions to the basic regression model. These
different modeling extensions should serve as a powerful illustration of the fact that when one statistically
analyzes a given data set, one is indeed involved in a modeling exercise. Changing the modeling assumptions
can have a profound impact on the statistical conclusions that one reaches from a particular data set.

5.1 The Method of Least Squares

The method of least squares is generally credited to Carl Friedrich Gauss, who developed the basic idea in
1795 at the age of eighteen, but who did not publish the method until 1809. In 1801, Gauss used his least
squares method to help relocate the asteroid Cered after it emerged from the glare of the sun, based on 40
days of earlier tracking data.

Least squares arises in the analysis of a data set {(z;,y;) : 1 < ¢ < n} for which one believes that the
dependent variable y can be explained as a linear function of the independent variable z. We wish to use
the data set to “fit” a linear model to the relationship between y and x. When the number of data points
is great than or equal to 3, such an empirical data set will rarely fit exactly on a straight line.

In view of this lack of exact fit, one can choose to fit the slope a and intercept b associated with the linear

model so as to minimize a suitable chosen error criterion. One natural error criterion involves selecting a
and b so as to solve the optimization problem

] C_qxs —bIP
r{llgl;wZ ax; —b| (5.1)

s

for p > 1. The minimizing & and b then satisfy the first-order optimality conditions
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Gauss observed that when p = 2, the above equations simplify to a pair of simultaneous linear equations in

a and b . . . .
Zz'n=1 x? Zi=1 Z; ay _ Ziﬁl T;Y; .
Dic1 T n b Dic1 Vi
When the z-values z1, o, - ,x, are distinct, the above linear system has a unique solution

1\ -
LY Y — Tnlin
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nzz‘:ﬂ% Tn

where 9, = (y1 + - +yn)/n and T, = (z1 + -+ + z,) /7.

&:

Choosing p = 2 in (5.1) (and hence selecting a and b so as to minimize the sum of squared errors) leads to
even greater computational simplification when the number of explanatory variables is large. In particular,
consider the data set {(%;,%;) : 1 < i < n} in which #; € R? (written a column vector) and y; is the
real-valued dependent variable. The method of least squares suggests choosing @ € R? (written as a column
vector) and b € R so as to minimize

> (yi— & a—b)? (5.3)

over @ and b. Note that is we set 2! = (Z7,1) and a” = (a”,b), we can remove the intercept term b from
(5.3), yielding

n

Z(yi —aja)’.

=1

This can be re-written using matrix-vector notation as

(y — Xa)" (y — Xa), (5.4)
where y = (y1,-+- ,yn)? and
T
Ty
x-|™
2T

The minimizing d of the quadratic form (5.4) then satisfies the linear system
XTXxa=XTy,
so that if X7 X is non-singular, we arrive at the least squares solution
a=(XTX)"1XTy.

The fact that the least squares formulation leads to a linear system for the minimizing @ makes this method
exceptionally appealing from a computational viewpoint, and largely explains the method’s popularity. In
the next section we shall see that there is very natural statistical model that leads to the estimator a that
coincides with that produced by least squares. This statistical interpretation of the least squares estimator
offers significant additional benefits relative to the least squares development provided above. In particular,
a statistical formulation of the problem of fitting a linear model to observed data allows one to:

1. Develop ”error bars” (i.e. confidence intervals) that describe the amount of sampling uncertainty that
is present in the estimator a;

2. Test hypothesis (such as whether a simplified model involving fewer explanatory variables adequately
explains the observed data);

78



3. Extrapolate the model to permit predictions outside the observed range of the data, with ”error bars”
(i.e. prediction intervals) that indicate the associated uncertainty;

4. Develop improved least squares estimates, in which the improvements are suggested by appropriately
refining the underlying statistical assumptions (e.g. ”weighted least squares” arising as a consequence
of a model in which the variance is non-constant across the observations).

5.2 The Basic Linear Regression Model

We start by describing the most basic linear model considered by statisticians, in which there is a single
explanatory variable. Consider, for example, a clinical trial in which a drug treatment has been administered
at dosage levels x1,x9,--- ,x, with corresponding treatment responses Yi,Ys,---,Y,,. We postulate the
following linear model for the data:

Y =a'z; +b" + e,

for some constant a* and b*, where the "residual errors” e, €, - , €, are iid N (0, 02) rv’s.
) ) ) ) b *

Estimating the parameters a*, b* and o2 via maximum likelihood is straightforward for this model; the

likelihood function is N

Ly (a,b,0?) =Hl\/21—exp (= (Y; — az; — b)?/(207)),

?

so that the log-likelihood is
Ln(a,b 02) - 10g(27r0 - — En —ar; — b)2
e 2 20 — ! '

The MLE’s are then given by
_ % Z?:l IZY; - ann
n — 1 —
w2 T — TR
where Y,, = (Y] +---+ Yy)/n. Note that the estimators for a* and b* are exactly identical to those derived
earlier from Gauss’ least squares argument; see (5.2). So, this statistical model recovers the least squares

estimators obtained in Section 5.1. However, because we have imposed additional statistical structure on
the residual errors, we can exploit this structure to answer various questions about the underlying model.

1 n
7 > A = - 72
, b, =Y, — a,T,, an = E Yi — Gni — bn)”,

1. Confidence intervals for a* and b*: Let

n

R 1 &
Yvi*Ani*bn2 d 52, == 2z
( Gnx ) and 8, n;x

Then

A% Dy, and @) By

V037 /5% on(l+127/53,)

where t,,_5 is a Student-t rv with n— 2 degrees of freedom (and is a so-called “tabulated distribution”).
It follows that

Vn

. 62 &
an — 24| —=5—»an + 24| —5
nsz, ns2,
and

52 e n 62 o e
bu = 20/ (1 + 32 /52,), b+ 20 T (1 + 73/52,)

are ezxact 100(1 — §)% confidence intervals for a* and b*, respectively, provided z is selected so that
P{-2<t, o<z}=1-4.
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2. Hypothesis testing: Suppose that we wish to see whether the data set {(z;,Y;) : 1 < i < n} can be
adequately explained by the simple model in which a* = 0. In other words, we wish to test:

HO at = 0
versus
H1 caf 7é 0.
Noting that
Y Wi-Y)P=> (Yi-Y)P+ ) (V- Y,
i=1 i=1 i=1

we expect that if a* # 0, then Y 7" | (Y; — Y;)? will be small compared to Z:‘:l(ffz —Y,)% So we expect
Z:L:1 (Y/z — Yn)Q
on
will tend to be large when a* # 0 and small when a* = 0. More precisely, it turns out that when
a* =0,

Z?:l(yri B Yn)2 D F
6'2 - 1,%—27

where F ,_o has an F distribution with 1 and n — 2 degrees of freedom (and is a “tabulated distribu-
tion”). It follows that if we set z so that P {F} ,_2 > 2} = « and reject Hy if

n Vv \2
RS A
0-77,

then the Type 1 error is « (i.e. the probability of incorrectly rejecting Hy when Hy is true is «).

3. Prediction intervals: Suppose that we wish to extrapolate the model to an z-value at which no obser-
vations have yet been taken. Let Y|z be the value of the dependent variable at x. Note that

Y|z 2otz 4+ b +N (O,af) ,

so that the interval
[a*x +b" — 0" z,a"z + b" + 0¥7]

contains Y|z with probability 1 — §, provided that z is selected so that P {—z <N (0,1) < z} =1-9.

The above interval presumes knowledge of a*, b* and 2. Since the parameters must be estimated from
the existing data, the corresponding “prediction interval” must incorporate the parameter uncertainty.
Suppose we select z so that P {—z <t,_2 <2} =1—§. Then,

I+ (z —Tn/53,)%)

(1+ (0 = 20/32,))

an+8na—HZ\/1+ ,&n+l§n+&n2\/1+

is the desired interval.
Exercise 5.1: Prove that d,,, b, and 62 are unbiased estimators for a*, b* and o2 (when n > 2).

Exercise 5.2: Suppose that the “design points” (x; : 7 > 1) are chosen so that there exists ¢ for which

: S R : RN
—00 < 1rl1fmi < hmlnngin {z; <c} < hmsupﬁ Z%I {z; >c} < stl}pmi < 00.

n— o0
i=1 i=1

Prove that
N p *
a, — a

as n — OQ.
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Exercise 5.3: The coefficient of determination is defined by

(Z?:l ;Y — nfnyn)Z
(Ximy @i — na}) (Z?:1 V- nYr?) .

R? =

Show that R? can be rewritten as A
R2 o Zi:l(}/i - &nxz - bn)2

- "y2 _y2

Zz:l % nry

and that R? € [0,1]. (Note that when R? is close to 1, this suggests that most of the variation in the
dependant variables can be explained by the regression.)

5.3 Weighted Least Squares

In many settings, the assumption the residual error has a common variance across all z-values is unrealistic.
(The assumption of common variance is called “homoscedacity” by statisticians.) Suppose that we instead
postulate that the error at x follows a Gaussian distribution with mean zero and variance o2 = §(x), where
§(-) is a known positive function and o2 is an unknown parameter. For example, if we assume (as is reason-
able in many contexts) that the error scales in proportion to # (and Y|z), then §(x) = z2.

In the presence of such a model,
Y, =a"z; +b" + ¢,

where there ¢;’s are independent and ¢; is N (O7 ) (wz)af) The likelihood is again straightforward to compute:
n 1
L,(a,b,0%) = ———exp (=(Y; —az; — b))%/ (20%5(x,))) .
( ) H o730 p (—( )?/(20%8(x:)))

The MLE estimator a,, and l;n for a* and b* now are minimizers of

and hence minimize a “weighted least squares” problem. The estimators a,, and bn “down-weight” the less
reliable observations (for which the variance 026(z;) is large), as makes sense intuitively. Note that the
statistical interpretation of the “weights” 1/4(x;) provide guidance to the modeler in appropriately selecting
the weights.

In this setting, a,, and by, satisfy the linear system

(B i) () - Cen ity

and are given by

POIINLEL
i=1 5(xy;)

n . 5(1 5 - ann "
A 1= xT; 7 A —
Qp = - and b, =Y, — 4,T,,
n )
i=1 6(x;) =
n 17 - Jj%
i=1 3(27)
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Furthermore, the ML estimator for o2 is

n

Z(K - ELnl‘i - én)2/6($z)

i=1

1
n
Exercise 5.4: Prove that a,, and lA)n are unbiased estimators for a* and b*.

Exercise 5.5: Suppose that the design (x; : ¢ > 1) satisfies the assumption of Exercise 5.2 and, in addition

0 < liminf d§(x;) < limsup d(x,) < co.

n—00 n— o0

Prove that

ap — a

as 1 — OQ.

5.4 Applying Linear Regression in the Presence of Nonlinearity

Suppose that we observe a biological population over time that is subject to Malthusian growth. We then
expect that the population y, as a function of time ¢, approximately satisfies,
y(t) ~ cre L.
It follows that
logy(t) = a*t 4 b*,

where b* = log ¢*. In other words, logy(t) can be approximately explained as a linear function of ¢.

This suggests that if {(Y(¢;),t;) : 1 <i < n} is the corresponding data set, a natural statistical model is to
hypothesize that
logY(t;) =a™t; +b* + ¢ (5.5)

where there ¢;’s are iid and follow a N (0,03) distribution. One the applies the linear regression ideas of
Section 5.2 to {(logY'(¢;),t;) : 1 <4 < mn}.

Of course, the final inferences to be drawn will typically concern Y'(+), not the transformed logY(:). For
example, we are likely to be more interested in a prediction interval for Y (¢) than for log Y (¢). However, if
[Ly, Ry] is a 100(1 — )% prediction interval for log Y (¢) (as obtained through the methods of Section 5.2),
then [exp(Ly),exp(R,)] is the approximate prediction interval for Y'(t).

It should further be noted that the model (5.5) is equivalent to requiring that
Y (t;) = Zic*e® b (5.6)

for 1 < i < n where the Z;’s are iid log-normal 1v’s with parameters 0 and o2. Thus, the model (5.6),
when expressed in terms of the Y'(¢;)’s, assumes multiplicative noise and log-normal errors. If one insists on
assuming an additive error model for the data set {(Y (¢;),t;) : 1 <i < n} one is led to the statistical model
in which

Y(t;) =c'e i + e,

where the €;’s are iid N (0, af) rv’s. In this setting, the ML estimators a,, and é, for a* and ¢* are minimizers
of

n
min 2;<Y<tz-> — cetti)?,
Z
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so that a, and ¢é, solve a nonlinear least-squares optimization problem (and the corresponding statistical
model is an example of a non-linear regression problem).

We conclude this section with a brief discussion of the case in which the dependent variable y is believed to
approximately follow a power law relationship as a function of the independent variable z, so that

* _.a

yrcx

In this case,
logy ~ a* logx + b*,

where b* = log c¢*. In other words, logy can be approximately explained by a linear function of log z. Given
a data set {(Y;,x;) : 1 <i < n}, the associated “transformed linear regression model” is

logY; =a"logx; +b* + ¢,
where the ¢;’s are iid N (0, af) rv’s. This, of course, is equivalent to the multiplicative noise model for which
Y; = Zic*ad (5.7)

for i > 1, where the Z;’s are iid log-normal rv’s with parameters 0 and 2. As in the setting of exponential
growth, a assumption of additive error directly on the Y;’s (rather than the logY;’s) leads to a non-linear
least squares problem, rather than a (linear) least squares problem.

Exercise 5.6:
1. Show that E [Z;] > 1 in (5.6) and (5.7).

2. Does this concern you? Explain your answer.

Exercise 5.7: Find a data set corresponding to the magnitude of the global human population recorded
over time since 1850. Predict the global population in 2050 using both the model (5.5) and the model (5.6).

5.5 The Bootstrap for Regression Problems

We now consider a variant of the linear regression model in which we relax the assumption that the residual
errors follow a Gaussian distribution. Specifically, we consider a data set {(Y;,z;) : 1 < i < n} for which the
design points (x; : ¢ > 1) are viewed as deterministic (as in the previous models considered in this chapter)
and for which

Y;=a"z; +b" + ¢, (5.8)

where the ¢;’s are iid rv’s with E [¢;] = 0 and 02 = var(e;) < oo. To estimate a* and b*, we consider
estimators a,, and b,, that are linear in the Y;’s, so that

3
3

We want the estimators a,, and IA)n to be unbiased, so that
E[dn] =a* and E [bn] -
But,

n n
E [a,] = a” Zw,—xi + b* Zwi,
i=1 i=1
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so that unbiasedness of a, requires that

a*(iwixi —1)+0d* iwi =0
i=1 i=1

for all a* and b*. This implies that the w;’s must satisfy

iwixi =1 and iwl =0 (5.9)
i=1 i=1

The best linear unbiased estimator (BLUE) for a* corresponds to the choice (w}, w3, -+, w?) that minimizes
the mean square error

n 2
E (Z w;Y; — a*)
i=1

Observe that if the w;’s satisfy (5.9), then

n 2 n
E (Z w;Y; — a*) = var (Z in,)

=1 =1

*

Hence, (wf, w3, -+ ,w}) is the minimizer of

n
min E w?
Wi, Wn
1=1
n
s.t. E w;x; = 1
i=1
n
i=1

If A; and Ay are the Lagrange multipliers corresponding to the equality constraints (5.9), then (w3, -+, w?)
must satisfy

2’LU:< — /\13%' — )\2 =0 (510)
for 1 <i <n. Summing (5.10) over ¢ and using the second equality in (5.9) yields
ALY w4 Aon =0, (5.11)
i=1

Similarly, multiplying through (5.10) by z; and summing over ¢ leads to

MDD al AN Y wi=2. (5.12)
=1 1=1

Assuming that ;- | @7 — nz2 (with Z, = n~!(z1 +--- +z,)) is non-zero, the unique solution of (5.11) and
(5.12) is
2 2%y,
= and M=—————.
lioy T — nIy ’ Yoy ¥ — nIy
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From (5.10) we conclude that the BLUE a,, for a* is
S Y — ¥,
i T —nz}
which coincides with the least squares estimator for a* obtained in Section 5.1. Note that the BLUE theory

just presented is an alternative statistical justification for the method of least squares that requires no nor-
mality assumption.

an

Given the non-Gaussian residual error model hypothesized in this section, the confidence interval procedures
of Section 5.2 are no longer valid. However, the bootstrap can be applied here to produce asymptotically
valid confidence interval procedures for a* and b*. As usual, the idea is to generate bootstrap samples from
a linear regression model that is as similar as possible to the original model (5.8). Note that under mild
assumptions on the design points (z; : ¢ > 1) and residual error distribution, a,, — o* and by, — b* asn — o0;

see Exercise Exercise 5.9. It follows that the estimated residuals €; 2 Y, —apx; — l;n L €; for 1 <i <n, and
TN D
F,(z) = EZ;I{Q <z}=F(zx)=P{e < z}.
Thus, if €, , €, is an iid sample of size n from Fj,, the regression model
Y; = anx + by + &
should behave similarly to (5.8). In particular, note that E [¢;] = 0. This suggests the following bootstrap

procedure for computing an approximate 100(1 — 6)% confidence interval for a*; an analogous procedure
produces confidence intervals for b*.

Confidence Interval Bootstrap Procedure for a*

1. Generate a bootstrap sample (¢ : 1 < i < n) of iid observations from F,.
2. Set V; :&nxi—i—?)n—i—éf for1 <i<n.
3. Compute the least squares estimator @ for the slope, based on the data set {(Yi,z;):1 <i <n}.

4. Repeat the first three steps m iid times, thereby generating aj,,,--- ,a,

' mnt

5. Find z; and z9 such that

| >

1 m
—» I{aj, —an, > ~
23 G 6, )
and
L 5
E;I{am —an <z} = 2
and output [@, — 22,4, — 21] as an 100(1 — 6)% confidence interval for a*.

Exercise 5.8: Find the BLUE for b*, assuming the model (5.8).

Exercise 5.9: Suppose that the design (x; : ¢ > 1) satisfies the assumptions of Exercise 5.5 and that the
) ) ~ p % 7 P *
¢;’s are bounded rv’s. Prove that a,, — a* and b,, — b* as n — oo.

Exercise 5.10: Explain how you would use the bootstrap to test the hypothesis Hy : a* = 0 versus
Hy:a"#0.

Exercise 5.11: Explain how you would use the bootstrap to construct a prediction interval for Y|z,
assuming the model (5.8).
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5.6 Regression Models with Randomness in the Independent Vari-
able

In our above discussion of linear regression we have modeled the design points (x; : i > 1) as deterministic,
reflecting the fact that in a typical experiment environment, the experimenter can carefully choose the z-
values at which to collect observations.

But in other settings in which linear regression ideas are used, one may be interested in studying linear
relationships between two quantities in which one has no experimental control over either variable. For
examples, suppose that one wishes to study the possibility of a linear relationship between the number of
hours of exercise and income. The data is gathered by randomly polling individuals and collecting both pieces
of information from them. In this context, an appropriate model is a set of pairs {(X;,Y;) : 1 < i < n},
where n is the number of individuals polled. Suppose that we assume that the (X;,Y;)’s are iid and bivariate
Gaussian with

Y; =a*"X; +b" + ¢, (5.13)

where ¢; is a normal rv, independent of X;, with E[¢;] = 0 and var (¢;) = 02. The model is an obvious

generalization of the simple linear model of Section 5.2, with the principal modification being that the -
values are no longer modeled as deterministic, but are now themselves rv’s. In this setting, note that the
likelihood of the sample depends not only on a, b and o2 but also on the mean px and var (Ug() of the rv

Xil
ex _ (}/z — CLXi — b)2
P 202

(Xi —Mx)2> 1
a” b70.27 70- e p (
X %) H \/27T(TX 20% V2ro?

n

1 1 (Xi —ux)? = (Y; —aX; —b)?
T @2m)n (0%0?)% exp( Z 20§(X _Z 202 )

L,(

=1 =1

The MLE’s for a*, b*, and o2 are then given by:

1 R,
=y 1 XY, =X, N - .
RE RO T A
PTLXP - X2

Ap =

Q)

Z - I;n)27

i=1

3\>—‘

where X, —n 1 (X, + -+ X,,) and Y,, = n~ (Y1 +--- +Y,,). In other words, the MLE’s for a*, b* and

o2 coincide with those derived earlier, and merely involve directly substituting the X;’s in the place of the x;’s

We can further study a non-parametric version of (5.13). Specifically, suppose that (X1,Y7), -+, (X,,Ys) is
an iid sample from a population (X,Y), in which

Yi=a"X; +b" + €, (514)
where ¢; is uncorrelated with X; and E [¢], = 0 and var (¢;) = 2. Note that
a* =cov(X;,Y;) /var(X;) and b =E[Y;]—-a"E[X,]. (5.15)

In this context, Y; = a*X; + b* is the best linear predictor of Y;, based on X;. Hence, the estimator of a*
and b* from the sample {(X;,Y;) : 1 < i < n} is precisely what is required in this setting to determine the
coeflicients corresponding to the best linear predictor.

Given the expressions (5.15) for a* and b*, estimators based on use of the sample covariances and variances
seem particularly natural:

% Z?:l XZY; - ann 2 > ~
n = T Zn ~ % and b, =Y, —a,X,.
n Zui=121 T “Anp
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To produce an approximate 100(1 — 6)% confidence interval for a*. we can utilize a version of the bootstrap
appropriate to this setting (which recognizes that the iid structure in (5.14) comes from the (X;,Y;)’s, rather
than the ¢;’s (as in the bootstrap of Section 5.5)); an analogous procedure produces confidence intervals for b*.

Confidence Interval Bootstrap for a*

1. Generate a bootstrap sample {(X*,Y;*) : 1 < i < n} by sampling each of the observations (X;,Y;)
(1 <4 < n) with probability n=! n iid times.

2. Compute
1 n * V% 1 n * 1 n *
= EZz:1X¢Yi — EZi:1Xi 'EZi:1Yi
n 1 2 1 2 ’
a2l X - (R 2N X))
3. Repeat the first two steps m iid times, thereby generating a3, -+ ,a%,, (i.e. m iid copies of a¥).

4. Find z; and 2y such that
Lo e §
EZ;I{CLML —ap > 22} 3
and
I, o 5
- Z;I{am —ap <21} = 2
and output [d, — 22, d, — 21] as an approximate 100(1 — §)% confidence interval for a*.

Exercise 5.12: Suppose that we collect n iid samples {(X;,Y;) : 1 <i < n}, and wish to use this data set
to construct a linear predictor for Y, 1 based on the observation X, ;.

1. What would you use as your predictor }A’HH?

2. What would your estimate of the mean squared prediction error be? (Justify your estimator on the
basis of it behavior as n — 00.)

3. Suppose that we strengthen the assumption in (5.14) to require that ¢; is independent of X;. Show
that Y; = a* X; + b* is the best non-linear predictor.

4. (continuation of above) Provide a bootstrap algorithm for computing an approximate 100(1 — §)%
prediction interval for Y;, 41, based on X,,+1 ( and the previously observed (X;,Y;)’s).

Exercise 5.13: As “error in variables” linear regression model presumes that
ni=a"§+0b", 1<i<n,

where (11,£1),++ , (Mn, &n) are assumed iid (but unobserved). The observed quantities (X1,Y7), -, (Xp, Ya)
are related to the (n;,&;)’s via

Yi=ni+e and X;=§+0;,

where €; and §; are viewed as “observation errors”. It is assumed that E [¢;] = 0 = E [d;] and that (e;, d;)’s
are iid and independent of the (n;,&;)’s. Discuss the problem of parameter estimation for this model when
the (1;,&:)’s and (¢;, 6;)’s are Gaussian.
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5.7 Multiple Linear Regressions

As discussed in Section 5.1, many applications require regression the dependent variable Y on a collection
of explanatory variables x. This leads naturally to the consideration of the statistical model

Vi=zla*"+e, 1<i<n (5.16)

where the ¢;’s are iid normal rv’s with mean zero and variance o2 and the z;’s are vector-valued. In this
setting, the likelihood is given by

n

1
11 —
i—1 V2mo? exp (—7@ 2753 a) )

Ly(z,0%) =

so that the MLE a,, for a* is the minimizer of

min Z(Y’ —2zTa)? = min(Y — Xa)T(Y — Xa)
a i1 a

where
Y = (Yla : 7Yn)T
and
af
x=|%
ay,

It follows that if the design points (z; : i > 1) are selected so that X7 X is non-singular then
an = (XTX)"'xTy (5.17)

so that a,, coincides with the least squares estimate of Section 5.1. As for the simple linear regression model,
we can use the Gaussian structure of the model to construct ezact confidence regions for a* and o2, predic-
tion intervals and hypothesis testing.

The estimator (5.17) can also be statistically justified in the presence of the more general model
Y;=a2la* +¢, 1<i<n, (5.18)
in which the ¢;’s are iid with E [¢;] = 0 and var (¢;) = 02 < oo. The model (5.18) can be re-written as
Y = Xa* +¢,

where € = (e1,--- ,€,)T has a covariance matrix equal to o2 times the identity matrix. A linear estimator
for a* is one that can be expressed as BY for some (deterministic) choice of B. Unbiasedness of the linear
estimator for all choices of a* requires that

BX =1 (5.19)

(Note that B and X are not square matrices, so (5.19) does not assert that B = X ~1.) It turns out that
setting
B=(XxTx)1xT

is the choice that minimizes )
E|[(ATBY - \Ta")’|

over all (deterministic) vectors A, so that (5.17) is the BLUE for the model (5.18). Construction of ap-
proximate confidence regions for a* for the non-Gaussian formulation (5.18) can be implemented via the
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bootstrap, as discussed in Section 5.5 for the simple regression model.

A useful generalization of the model (5.18) is to postulate that
Y = Xa* +¢, (5.20)

where € = (e1,- -+, €,)7 has a covariance matrix of the form 02C, where C' is a known covariance matrix and
(as usual) 02 is an unknown statistical parameter. Note that the model (5.20) includes, as a special class,
that of “weighted least squares” (in which case C is take to be a diagonal matrix). The model (5.20) can be
easily reduced to the model (5.18). Assume that C' is positive definite, write C as C' = LLT (so that L is a
lower Cholesky factor of C'). Pre-multiplying both sides of (5.20) by L~! yield

Y = Xa* +é,

where Y = L7'Y, X = L7'X and ¢ = L~ 'e. Since the covariance matrix of ¢ is precisely of the form
required by the model (5.18), it follows that

o = (XTX)1XTY
is the BLUE for a*. But this is identical to
a, = (XTCc1x)'xTCc 1y,

yielding a complete solution to the problem of computing the BLUE for the more general model (5.20).

Exercise 5.14: Prove that setting B = (X7 X)71 X7 yields the BLUE for the model (5.18).

Exercise 5.15: The best mean-square predictor for Y, based on X, is E [Y|X]. Suppose that E [Y2] < o0
and X is bounded. Assume that one observes n iid observations (X1,Y7), -+, (X,,Y;) from the distribution
of (X,Y), and finds the solution aj, - - , G, of the least squares problem

n P
min Y, — a; X7)2.
When n and p are large, what can be said about the connection of the least squares problem to the best

mean-square predictor?

Exercise 5.16:

1. Prove that

is an unbiased estimator for o2 for the model (5.16), where d is the dimension of a*.

2. What is an unbiased estimator for o2 for the model (5.20)?

5.8 Bayesian Linear Regression
Suppose that we have taken measurements Y7, --- ,Y,, at design points z1, -, z,, € R%, and model the data as
Y, =xla+e, (5.21)

where the ¢;’s are iid N (0,02) rv’s. In many settings, we may have prior information on a and / or o?

that we wish to incorporate into the model. Such prior information may, for example, come from previously
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conducted similar observational studies.

We start with the simplest Bayesian formulation, in which o2 is assumed to be a known quantity, and a
prior is imposed only on the regression coefficients a. Specifically, we impose a conjugate prior on a so that
a is Gaussian with mean @ and positive definite covariance matrix A, so that the prior density is given by

B 1 ox _(a—&)TA_l(a—d)
P() = oA p( )

2
Note that (5.21) asserts that the density of the observations Y = (Y1,---,Y,)7, given q, is
1 (Y — Xa)T (Y — Xa)
Y1, ,Yala) = —— — .
f@,--- Yala) (2wo2)n P ( 202

Hence, the posterior density of a, given Y is proportional to

exp (_ (Y - Xa)T(Y — Xa) (a—a)TA Y (a— a)) .

5.22
202 2 ( )

Let U be a square root of A~!, so that A=' = UTU. Then, the exponent of (5.22) can be re-written as

% ((Y _ X">T, (U — Ua)T> (g;?@) — %(Z —Wa)'(Z — Wa) (5.23)

7= (32/;’) and W = (Xlé").

The minimizer of the least squares problem (5.23) is then

where

-1
a=WTw)"'w'z = (12XTX+A1) (12XTY+A1&>.
g g

Furthermore, we can write the quadratic for (5.23) as

%(a —a)"WTW (a — a),

(5.24)

1 1
—5 (Z—Wa)+W(a— )" ((Z —Wa)+W(a—a) = 52~ wa)T(Z —Wa) +
by using the fact that W7 Wa = WT Z. It follows that the posterior density of a is proportional to
1
exp (—2(a —a)TWTw(a — d)) ,

so that the posterior must be the Gaussian density

1 1 T XTX . .
(27)% | det(XT X /a2 + A—1)|-1 eXp(_z(“_Q) (Uz +A )(a )). (5.25)

In other words, the posterior distribution for a is normal with mean & and covariance matrix given by
(XTX/o? + A~H)~L.

We can now use the posterior distribution to easily compute a credible set for a (i.e. the Bayesian analog to
a confidence region), and to produce predictive intervals. For the latter, note that if we are asked to predict
the value of Y|z for a given z, then (5.21) asserts that conditional on a

Y|z ZN (z"a,0?).
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Given the observations Y7, -+, Y, a has the posterior distribution (5.25). Hence, the conditional prediction
distribution of Y|z, given Y7,---,Y,, is normal with mean

e (XTX /o> + AH 1 (XTY/o? + A 1a)

and variance
e XTX/o? + A~ e + 02

This Bayesian formulation is connected to the idea of Tikhonov regularization. When the mean of the prior
a is zero, then
a=(XTX/o* + A" HXTY /0. (5.26)

Furthermore, & is the minimizer of the least squares problem
1 _
min E(Y —Xa)"(Y — Xa) +a" A a. (5.27)

In view of (5.27), we may therefore view & either as a particular Bayes estimator or as a solution to a least
squares problem in which an additional quadratic form a”A~'a is added to the objective function, so as to
penalize solutions a with a large A~! norm. The estimator a given by (5.26) is sometimes call the ridge
regression estimator.

We conclude this section with a brief discussion of the posterior distribution on a and ¢? when both a and o2
are given their conjugate priors. We postulate that the prior on ¢ is given by an inverse gamma distribution,

so that the prior density on o2 is

N 6(10.7204726—:%
P(U ) = T

for 3> 0 and o > 2. The mean E [0?] for this prior is 3(c — 1) ! and the variance is 8%(a — 1) "% (a —2) 1.
Conditional on o2, the prior on a is then given by

1 a—~)A‘1(a—d)>
2
plalo?®) = exp | —
(alo”) (2wa?)d| det A| ( 202
(so that a is conditionally Gaussian with mean @ and covariance o?A). In this case, the joint posterior
density on a and o2, conditional on Y = (Y7,---,Y,,)7, is proportional to
g2o=2=dng (0 Ly oy - Xa) - e (a—a)TA  (a—a) ).
o2 202 202

In view of (5.24), the joint posterior density on a and o2 factorizes in to the product of an inverse gamma
density and a Gaussian density, namely

202 exp(—f3/0?) 1 . (_ (a—a)"(XTX +A ) (a— a))
T(a) Vo) det(XTX + A1 7 202
where o R
and
A gt D
a=oa+ 5

This posterior distribution can now be utilized as in the previous setting in which only a prior on a was
specified.
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5.9 L' Regression and the Lasso

Much of our preceding discussion can of linear regression has presumed that the residual errors are Gaussian
distributed. But a quite different theory arises when one makes alternative parametric assumptions about
the error distribution. In particular, suppose that we assume that

Y, = xiTa* +e, 1<i<n, (5.28)
where €1, , €, is seqence of iid rv’s having Laplace distribution with common density
1 .
fla) = SAme Nl
2
for A* > 0. The unknown parameters in the model are ¢* and \*.

For the model (Exercise 5.17), the likelihood function is

Lufa ) =TT (5 ) 7

i=1
— 9 nyng=AYL, |Yi—zfal

The MLE estimator a, for a* is then the minimizer of the optimization problem
n
. T
m;nz |Y; — x; al, (5.29)
i=1

and the MLE for \* is

5\ o n
! ZZ‘L=1 Y; — 2l anl’
Since a., is obtained by minimizing the sum of the absolute values of the regression errors, a,, is often called
the L! regression estimator for a*. Note that (5.29) can be formulated as a linear program, namely

min B Z(w;rw;)

+ + oy
AWy e Wy Wy e W i=1

subject to

—wngé—xiTagw;r, 1<i:<n

wi‘ra e aw: >0

wy, o, w, >0
and hence (5.29) can typically be solved efficiently. One important advantage of L! regression solutions to
the L? regression) based on minimizing a sum of squares) discussed earlier is when the number of explanatory
variables is large (i.e. the dimension of the x;’s is large), L' regression will often put non-zero coefficients
on only some of the components of the z-vector (so that many components of a,, will be zero). On the other

hand, L? regression almost always generates an estimator for a* that is non-zero in all components, leading
to a “non-sparse” representation of the data.

The so-called “Lasso” regression estimator similarly attempts to build a regression model that is reasonably
sparse. It estimates a* via the minimization of the problem

: 1 (v, _ T )2
ngnZz =1"(Y; —z; a) (5.30)
d
s.t. Z la;| < s, (5.31)
j=1
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where a = (a1, -+ ,aq)”. The closely related Lagrangian version of this problem is to select the minimizer
of the unconstrained problem

n d
min Y (Y —afa)® +7) laj| (5.32)
i=1 j=1

as an estimator for a*. Exercise Exercise 5.18 establishes that (5.32) arises when considering the regression
model (5.21) with a Laplace prior on the a;’s.

Exercise 5.17: Discuss how you would construct a confidence region for a* for the model (Exercise 5.17).

Exercise 5.18: Suppose that conditional on a, the Y;’s are governed by the model (5.21). Assume that the
prior on the coefficients a1, - ,aq takes the form

d
plar, - ,aq) = H
i=1

Prove that if you choose to estimate a via the posterior mode, we are led to a problem of the form (5.32).

e Al

DO | >

Exercise 5.19: Discuss how you would construct a predictive interval for Y|z, in the presence of the model
described in Exercise 5.29.

5.10 Logistic Regression

Suppose that we are asked to develop a marketing strategy, based on data (Y1,z1), -+, (Yy, ), in which
Y; is 1 or 0 depending on whether or not the ¢’th individual in a marketing study bought the product,
and x; represents a vector describing various socio-economic attributes of the individual. In creating such
a strategy, it may be useful to build a statistical model to help correlate the marketing outcome with the
available socio-economic predictors. Because the Y;’s are binary rv’s, standard regression methods are no
longer applicable. Logistic regression is a statistical tool that is intended to deal with such settings.

The model that underlies logistic regression is to presume that for 1 <i <n
em?a*
T lgee

for some a*. As usual, we assume that the Y;’s are independent. The resulting likelihood function is then

P(Y; = 1)

1+eia

()"
n e
Lu(a) =[] ~—2
i=1
so that the MLE a,, is the maximizer of
maxz (x?aYi —log(1 + efriTa)) .
i=1

This non-linear optimization problem is then solved numerically to compute a,,.
Exercise 5.20: Discuss how you would use the bootstrap to construct confidence intervals for coefficients

of a*.
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