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Lecture 15: Approximation Algorithms III

Maximum Cut Revisited

Recall the MAX-CUT problem which asks to partition the vertices of a graph in a way that
maximizes the number of edges in between the two sets. Here, we consider a generalized
version of the problem. Given graph G(V, E), we define edge weights w;; = wj; such that
w;; > 0 whenever (i,7) € E and w;; = 0 otherwise. Given a set S C V, the cut value
obtained by partitioning the vertices into S and its complement S is given by

cut(9,S) = Z wij -

i€S, j€S

Note that we can characterize the solution to max-cut with the following quadratic integer
program QIP in variables y; € {—1, 1}.
maximize Z wijﬂ
i<j 2

subject to vy, € {-1,1} VieV

Variables y; indicate whether vertex ¢ is in S or in the complement, and the QIP sums
the weights of only those edges which cross the cut (S,5). Since integer programs are NP-
complete we can try to relax the constraints and obtain a continuous optimization problem.
Consider the quadratic program QP obtained by replacing each integer variable g; with an
n = |V| dimensional vector v; lying on a unit sphere.

. 1— vl
maximize E Wi ——5—
i<j
Z'TUZ‘ =1 VieV

v; € R" VieV

subject to v

A physical interpretation for the above program is a mass spring system where the vertices
are point masses embedded on an n dimensional unit sphere and the edges are springs. In
physics, a spring is typically obeys Hook’s law which states that under a displacement vector
x, the spring will exert a force in the opposite opposite direction given by F' = —kx where k is
a called a spring constant. Since this force depends only upon displacements we can calculate
the potential energy of a spring (work done to compress it) as U = — [ Fdx = $k||z|]3.
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If the each vector v; describes the coordinates of vertex ¢ on the n dimensional sphere, then
the spring (edge) between vertices ¢ and j in this configuration is contracted to a length
||v; — vi]|2. To achieve an optimal configuration we need to minimize its potential energy,
which is equivalent to maximizing the contracted length of each spring squared.

|lv; — UZHS = (v; — Uz’)T(Uj —v;)=2(1—- UZ-TU]-)

This is also the quantity being maximized in the quadratic program QP. Furthermore, the
edge weights w;; are proportional to the spring constants with higher values corresponding
to the stiffer springs.

In the optimal configuration, the stiffest springs push their endpoints further apart. Thus
edges with high weights will be crossing from one half of the sphere to the other. Note that
a cutting plane through the origin partitions the vertices into two disjoint sets and the edges
that are part of the cut will intersect this plane. Using this intuition we can now state an
approximation algorithm for MAX-CUT.

Algorithm 1 Randomized MAX-CUT via Quadratic Programming
Solve the quadratic program QP for variables v; € R".

Sample N(0,1) i.i.d. random variables 71,79, ..., 7.
Normalize r = (ry, 7, ...,7,) such that r7r = 1.
S—{ieV|rTv, >0}

return (S, 5)

In the algorithm, r is the normal of the cutting plane and r’v > 0 defines the set of points
v on one side of this plane. To ensure that all cutting planes selected at random are equally
likely, we verify that r is chosen uniformly at random from the surface of the sphere.

Given a point on the sphere = (21,29, ..., z,), the likelyhood that r = z, computed as

1 —x? s

H Jon eXP(T) = (271')_% eXp(T) = (2%)_% exp(%)

is constant. Hence r is uniformly distributed on the surface of the sphere.

While we still need to know how to solve the quadratic program efficiently, for now we focus
on how good an approximation Algorithm 1 is to MAX-CUT.

Claim 1 Algorithm 1 is a 0.878 approximation to MAX-CUT.

Proof: Let 6;; be the angle between the solution vectors v; and v;. The cutting plane cuts
an interval of 27 at 2 points. The probability that one of them lands in an interval of length
0;; is 6;;/m. Thus, the probability that the cutting plane intersects edge (i, 7) is 6, /7.



CME 305: Discrete Mathematics and Algorithms - Lecture 15 3

If W is the cut value obtained from the algorithm, we can compute its expected value as,

0,

1<j

We want to use this to bound the value of the value of the optimal solution Wopr. Let
Wgp be the value of the solution to the quadratic program. Since a solution to the integer
program is optimal and the relaxed solution will always be at least as large, we have that
Waop = Wopr.

Now, noting that v] v; = cos(6;;) we have,
0;; 1 — cos(0;;)
E(W) = PP b A
(W) ij 71— cos(6;))

1 — cos(6;;) 20;;
= Zwi]’ 5 J . J

1<J

1<j

20 1—v'v
> 3 —7“]
= 02hen (1 — cos(0)) ; YT
> 0.878 Woyp
> 0.878 Wopr

We finally address the problem of solving the quadratic program by exploiting the underlying
structure and formulating a more tractable problem. In this case we can write our QP as a
semidefinite program SDP for which efficient polynomial time approximation algorithms are
available.

A symmetric positive semidefinite matrix is one that satisfies A = AT and for all vectors x
we have 27 Az > 0. We write A = 0 for a matrix with this property. A symmetric positive
semidefinite matrix can be decomposed as A = BT B using the Cholesky factorization.

Let the matrix B have columns v;, our QP variables. The matrix A = BT B is then symmetric
positive semidefinite and our QP can be written as a semidefinite program SDP.

o 1— Ay
maximize g Wy

subject to A >0

After solving for variables A;; we can use the Cholesky decomposition to obtain the v;’s.
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Maximum Satisfiability

In the MAX-SAT problem, we are trying to find a logical assignment to a weighted Boolean
formula that maximizes the total weight of clauses satisfied.

Recall that a clause ¢ € C' is any number of true or false literals joined by OR (disjunction)
operators. A Boolean formula, in conjunctive normal form (CNF), is a collection of clauses
joined by AN D (conjunction) operators. For example,

f= (@1 VZ2) N3V T1) N1y
is a formula on 3 clauses and 4 literals.

Let n be the number of litetals x1,z9,...,x,. Let ¢. indicate the “importance” of clause
¢ and size(c) be the number of literals in the clause. Finally, W, is the random variable
indicating whether c is satisfied. Then

W=> W,

ceC

EW) = Z i.P(c is satisfied)

ceC

Algorithm 2 Simple randomized algorithm for MAX-SAT
Set every variable to T or F' with probability 1/2 independently at random.

Observation 1 Algorithm 2,

1
E(WC) = (1 - 23ize(c)>

Surprisingly, using linearity of expectation we can show that this simple randomized assign-
ment gives a good approxmiation.

Lemma 1 Algorithm 2 is a 2-approximation.

Proof:

EW) =) (1—%) e

Vv
|

Vv
|
O
“U
~
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Alternatively, we can formulate MAX-SAT as an integer program:

maxg 1.2, S.t.
Zc

ceC

Ve, Z?ﬁ‘F Z(l—yi)zzc

Ti€+tc T, €E—¢

Vi, Yiy, Ze € {O, 1}

We then relax this to a linear program by replacing the last constraints with

We can then use randomized rounding to get approximation algorithm 3.

Algorithm 3 Randomized LP rounding for MAX-SAT
Solve the linear program.

Let (y*, z*) be the optimum solution of the LP
Set x; to T" with probability y; independently.

Ouput x1,...,2,.

Lemma 2 The probability that algorithm 3 satisfies clause c is at least Bz}, where k is the

k
)

1
>1-=
(&

size of clause ¢ and

Proof: WLOG, assume ¢ = (1 Va3 V...V ).

P(c is satisfied) =1 — H (1—y)

1€c

> g (Z(lk— yf)>k
o (o-3)
mz(1—(1—%)k),
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where the last step is due to the concavity of (1 — %)k and the definition of concavity. [ ]

Notice that algorithm 3 performs better on shorter clauses, while algorithm 2 performs better
on longer clauses. Let aj be the probability that a clause is satisfied under alg. 2 and 3
the probability for alg. 3. Then

kK 1 2 3
ar 1/2 3/4 /8
Be 1 3/4 1-8/27

So the average of cy, and [y, is always at least 3/4. This means that we can combine our two
algorithms in a simple fashion to get a 3/4 approximation (algorithm 4).

Algorithm 4 Hybrid randomized 3/4-approximation algorithm for MAX-SAT
Toss a fair coin.
if HEADS then
run algorithm 2

else
run algorithm 3
end if




