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he stud of enetic re ulator net or shas recei ed a ma-
or impetus from the recent de elopment of e perimental techniques al-
lo in the measurement of patterns of ene e pression in a massi el
parallel a his e perimental pro ress calls for the de elopment of
appropriate computer tools for the modelin and simulation of ene re -
ulation processes e present a method for the h rid modelin and
simulation of enetic re ulator net or s, ased on a class of piece ise-
linear () di erential equations that has een ell-studied in mathe-
matical iolo istin uishin characteristics of the method are that it
ma es qualitati e predictions of the eha ior of re ulator s stems and
that it deals ith discontinuities in the ri ht-hand side of the di erential
equations he simulation method has een implemented in a a in the
computer tool enetic Net or Anal er ( NA) he method and the
tool ha e een used to anal ese eral net or sof iolo ical interest, in-
cludin the net or underl in the initiation of sporulation in

The sud o has recei ed a ma or im e us rom
he recen de elo men o e erimen al echni ues allowing he measuremen
O a erns o gene e ression in a massi el arallel wa This e erimen al
rogress calls or hede elo men o a ro ria ecom u er ools or he modeling



and simula ion o gene regula ion rocesses arie o a roaches or he
modeling and simula ion o gene ic regula or ne works has een ro osed in
he as hree decades , , |,
ar icularl in eres ing a roach owards he com u a ional anal sis o

gene ic regula or ne works, well-ada ed os a e-o- he-ar measuremen ech-
ni ues in genomics, is ased on a class o di eren ial e ua-
ions originall ro osed Glassand au man The s a e aria les in
he PL models corres ond o he concen ra ions o ro eins encoded genes
in he ne work, while he di eren ial e ua ionsre resen he in erac ions arising
rom he regula or in uence o some ro einson he s n hesis and degrada ion
o o hers The regula or in erac ions are modeled  means o s e unc ions,
which gi es rise o he iecewise-linear s ruc ure o hes s em More recisel ,
heuseo s e wuncionsdi ides he hases acein oh errec angular regions, in
each o which hes s em e ol esaccording oase o linear, uncou led di eren-
ial e ua ions n he oundaries e ween hese regions, he s s em descri ion
swi ches rom one se o linear, uncou led e ua ions o ano her

The dual, con inuous and discre e, na ure o he PL models o gene ic regula-
or ne works has a rac ed hein eres o researchersinh rids s ems |,
n his a er, we resen a modeling and simula ion me hod ha e ends
hea o eworkin wores ecs irs, he PL models eing used are ,
in he sense ha numerical alues or arame ers and ini ial condi ions, which
are usuall no a aila le,need no e s ecified ns ead, he models are su le-
men ed uali a i e cons rain sin he orm o alge raic ine uali ies Second,
he me hod is a le o deal wi h discon inui ies in he righ -hand side o he di -
eren ial e ua ions, resul ing rom he use 0 s e unc ions The discon inui ies
gi erise o non- ri ial ma hema ical ro lems ha are sol ed hrough he use
o a ili o generaliza ion o he PL models , n a ormal le el, he
PL models are rela ed o a class o as nchronous logical models ro osed
Thomas and colleagues

The wuali ai e simula ion me hod is su or ed he u licl -a aila le
com u er ool , which has een used o an-
al ze se eral gene ic regula or ne works o iological in eres e will illus ra e
heuseo G summarizing he resul s o ained in he modeling and simu-
la ion o helarge and com le ne work underl ing he ini ia ion 0o s orula ion
in

The d namics o gene ic regula or ne works can e modeled a class o
iecewise-linear di eren ial e ua ions o he ollowing general orm ,

where 1 isa ecor o cellular ro ein concen ra ions, and
1 , diag 1 The ra e o change o each concen ra ion
, is defined as he di erence 0 hera e o s n hesis and herae

o degrada ion 0o he roein



The unc ion is defined as

where is a ra e arame er, a ,
and a ossil em se o indices 0o regula ion unc ions regula ion unc-
ion is he ari hme ic e ui alen o a oolean unc ion e ressing he logic

o gene regula ion The unc ion e resses he regula ion o ro ein
degrada ion  is defined analogousl o ,e ce ha wedemand ha is
sricl osiie n addiion,in order o ormall dis inguish degrada ion ra es
rom s n hesis ra es, we will deno e he ormer ins ead o

ig giesane am le o a sim le gene ic regula or ne work Genes

and , ranscri ed rom se ara e romo ers, encode roeins and ,each o
which con rols he e ression o 0 h genes More s ecificall , ro eins and

re ress gene as well as gene a di eren concen ra ions e ression o he
genes is achie ed inding o he ro eins oregula or sieso erla ingwih
he romo ers

The ne work in ig can e descri ed means o he ollowing air o
s a ee ua ions

Gene ise resseda arae ,i heconcenraiono roein is elow
is hreshold 2 and he concenraiono roein  elowis hreshold !, ha
is, i 2 1 ecall ha isase uncione alua ing
o ,i ,and o i Pro ein is s on aneousl degraded a a
ra e ro or ional oisown concen ra ion isaraecons an Thesae

e ua ion o gene isin er re ed analogousl
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, , and is a arame er deno ing a ma imum
concen ra ion or he ro ein

n general, a ro ein encoded a gene is in ol ed in di eren in erac-
ions a di eren hreshold concen ra ions, which a er ordering are deno ed
! The -dimensional h er lanes , , di ide
in o regions ha are called More recisel , a domain is defined
1 , where e er , , is defined one o he

e ua ions elow

or a domain , here are some , , , such ha
, hen is called a domain The o a
swi ching domainisanum er e ween and ,e ual o henum ero swi ching
aria les domain ha isno aswi ching domain is called a domain
n ig a he wo-dimensional hases ace o or hee am le ne work

is shown s roeins and each ha e wo hresholds, he hases ace o

is ariioned in o regula or and  swi ching domains ore am le, !

2 ! ! is a regula or domain, whereas

4 2 ! 2 isa firs -order swi ching domain
hen e alua ing hes e uncione ressionsin in a regula or domain,
and reduce osumso ra econs an s More recisel ,in aregula or domain

, reduces o some , and 0 some
and collec he s n hesis and
degrada ion ra es 0 he ro ein in di eren domains o nside , hesae

e ua ions hus sim li o linear, uncou led di eren ial e ua ions

where 1 and diag or e er regula or
domain , we define he unc ion nal sis o shows ha
all solu ion ra ec ories in ~ mono onicall end owards a ,
a s a lee uili rium gi en , wih 1 y
The arge e uili rium le el o he ro ein concen ra ion gi es an
indica ion o he s reng h o gene e ression in Call he
0 , hen all ra ec ories will remain
in no, he willlea e a some oin
n hee am le, we ha e , or roein ,and
, or ro ein n regula or domain ! in ig a, he

ra ec ories end owards he arge e uili rium ! Since

1 1 , he raecoriess ar ingin  will lea e his domain a some



oin i eren regula or domains generall ha edi eren arge e uili ria or
ins ance, in regula or domain 3, he arge e uili riumis gi en
The glo al solu ion o could e o ained iecing oge her he local
solu ions in regula or domains, in such a wa as o guaran ee con inui o
he glo al solu ion across he hreshold h er lanes , This works fine
as long as ra ec ories arri ing a a hreshold h er lane can e con inued in
ano her regula or domain, , ra ec ories arri ing a he swi ching domain
2 rom he regula or domain ! ig a Howe er, when he ra ec ories
on o hsideso a hreshold h er lanee ol e owards his lane, asin he case
o raec ories arri ing rom 3and ®a 4 ma hema ical er le i ies arise

There is no indica ion on how he local solu ionsin 2 and °can e con inued
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(a) ()
/
— (c)
(a) hase space o for the e ample net or in i (", ) ()
denote the tar et equili ria of the re ulator domains !, , In addition, the
ure sho s the discontinuities at the s itchin domains  and ( )-(c) etermi-

nation of the tar et equili riumsets ( )and ( )

The rou les a he hreshold h er lanes are caused discon inui ies in
he righ -hand side o ,due o heuseo se wuncions norder odeal wih
hese discon inui ies, we will use a me hod originall ro osed ili o



This me hod, recen1 a lied Gouzé and Sari oPLs semso he orm

,consis so e ending as s em o di eren ial e ua ions wi h discon inuous
righ -hand sidesin oas s em o di eren ial inclusions sing his generaliza ion,
i can eshown ha ,in hecaseo aswi ching domain , he ra ec ories ei her
ra erse  ins an aneousl or end owards a arge e uili rium se s
a summar o he anal sisin , , consider a swi ching domain o order ,
con ained in he -dimensional h er lane  Moreo er, le e he se
o regula or domains ha ha e in heir oundar Then

Tha is, is he smalles closed con e se o he arge e uili ria o regu-
la or domains ha ing in heir oundar ,in ersec ed wi h heh er lane
con aining , he solu ions arri ing a will cross he swi ching
domain ins an aneousl n he o her hand, i , hen heree is solu-
ions remaining in  or some in er al o ime, sliding along owards a arge
e uili rium in , hen some ra ec ories ma ne er lea e
no, he willlea e a some oin
Consider he e am les in ig -c¢ The arge e uili rium se
o he swi ching domain ? is defined, ollowing he in ersec ion o
- ! 3 and he hreshold h er lane 1 The smalles closed
con e se consis s o he linear segmen connec ing he oin s
and ecause L 3 and he hreshold lane Ldo
no in ersec in he figure, 2 and all solu ions ins an aneousl cross
2 Thisisdi eren in hecaseo * Here, he arge e uili rium se 4 s
gi en he in ersec ion o 3 5 | he linear segmen connec ing
he oin s and , and he hreshold h er lane 2 Conse-

uenl, 4 e uals 2 and all solu ions arri inga * rom 3or °
4

slide along he hreshold lane owards 2 ecause 4 isincluded in %,

2 jsane uili rium o hes s em Closer anal sisre eals ha i iss a le

2

Mos o he ime, recise numerical alues or he hreshold and ra e arame ers
in are no a aila le ns ead, we will s eci uali a i e cons rain s on he
arame er alues, as e lained in These cons rain s, ha ing he orm o
alge raic ine uali ies, can usuall e in erred rom iological da a
The firs e o cons rain siso ained ordering he hreshold concen-
ra ions o he ro ein encoded gene , ielding he

The hreshold ine uali ies de ermine he ar i ioning o in o regula or and

swi ching domains

n he case 0 roein , here are wo hreshold concen ra ions and
ssuming he firs o e lower han he second, we 0 ain he hreshold

1



1 2

ine uali ies The ordering o he hresholds o ro ein

gi erise o o2

Second, he ossi le arge e uili rium le els o indi eren regula-
or domains can eordered wi hres ec o he hreshold concen ra ions
The resul ing define he s reng h o gene e ression in
he domainina uali ai ewa ,on hescaleo ordered hreshold concen ra ions
More recisel , or e er , , and ,wes eci oneo he

ollowing airs o ine uali ies

The e uili rium ine uali ies cons rain he rela i e osi ion o and i s arge
e uili rium se
The e uili rium ine uali ies or in hee am leare n
he a sence o roein , while roein hasno e reachedis highes le el,
gene ise ressed a arae The corres onding arge e uili rium alue
o mus ea o e hesecond hreshold 2,0 herwise he concen ra ion
o he roein would no e a le o reach or main ain a le el a which he
o ser ed nega i e au oregula ion o gene occurs n a similar wa , we se 2
or
PL model o a gene ic regula or ne work consis s 0 s ae
e ua ions and numerical arame er alues na PL model,
on he o her hand, he s a e e ua ions are su lemen ed hreshold and e ui-
li rium ine uali ies er uaniaiePL model can e uni uel a sraced
inoa ualiaiePL model

2

Le , defined on some ime-in er al , easoluiono a uaniaie PL
model descri ing a gene ic regula or ne work ur hermore, a some ime- oin
, , uali a i e descri ion o a consiss o he
domain , su lemen ed he relai e osi ion o and e call his
he o hessem n he solu ion ra erses a se uence
o domains in hene er en ers a new domain, he s s em
makes a ransi ion oanew ualiaiesae These uenceo wualiaiesaes
corres onding o he se uence o domains is called he o
hes s em on he ime-in er al er soluiono a uaniaiePL model can
euni uel a sracedinoa wualiaie eha ior

Gi en a wuali ai e PL model and ini ial condi ions in a domain , he
aim o is o de ermine he ossi le wualiai e eha iors
o0 hes sem More recisel , deno ing he se o solu ions o}



all uvaniai e PL models corres onding o he wuali ai e model, such ha
, heaimo wuali ai esimulaionis ofind hese o ualiaie
eha iors a s rac ing rom some
n a simula ion algori hm is descri ed ha genera es a se o wuali a-
i e eha iors recursi el de ermining wuali ai es a esand ransi ions rom
ualiaiesaes,saringa he ualiaies aeassocia edwih he ini ial do-
main ns ead o er orming e ensi e numerical calcula ions, he simula or
reaches i s goal hrough s m olic com u aion, e loiing he arame er in-
e uali ies - The simula ion resul s in a , a direc ed gra h
o ualiaiesaesand ransiions e ween ualiaiesaes The ransiion
gra h con ains or These ma
corres ond o e uili rium oin s or limi ¢ cles reached solu ionsin , and
hence indica e unc ional modes o he regula or s s em

\©
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(a) ransition raph resultin from a simulation of the e ample s stem startin
in the domain ' wualitati e states associated ith re ulator domains and s itch-
in domains are indicated un lled and lled dots, respecti el ualitati e states
associated ith domains containin an equili rium point are circled () etailed
description of the qualitati e eha ior !

ig a shows he ransiion gra h or a uali ai e simulaiono hee -

am les s em, s ar ing in he regula or domain !, where oh and lie
elow heir firs hreshold s can e seen, he simula ion resul s in fi e ual-
iaie eha iors leading o di eren wualiaie e uili rium saes n 16,

associa ed wi h he swi ching domain ®in ig a, roein 1is resen a a

high concen ra ion 2  whereas ro ein is resen a a low concen ra-
ion Lon * associaed wih % roein is resen a a low
concen ra ion ! and roein a a high concen ra ion 2 n

,associaed wih |, roein and roein are resen a in ermedia e
concen ra ions L and 1 The ualiaiee uili iumsaes *
and  '%corres ond os a lee uili riao hes s em, whereas corres onds

oan uns a lee uili rium



se uenceo wualiaiesaesin he ransi iongra hre resen sa redic ed
ualiai e eha ioro hes sem ig gi es a de ailed descri ion o one
uali ai e eha ior, ! 2 3 4 shows or each ualiaiesace
he corres onding domain, indica ing he hreshold ounds or he concen-
ra ion aria les n !, or ins ance, lies e ween and !, while lies
eween and ' n he ins an aneous sae 2, e uals !

has een demons ra ed ha he ransi ion gra h genera ed he simu-
la ion algori hm co ers all wuali ai e eha iors a s rac ing rom some
Tha is, wha e er he e ac numerical alues or he arame ers e,i hese
alues are consis en wi h he hreshold and e uili rium ine uali ies s ecified in
he wuali ai e PL model, he uali ai esha eo hesolu ionisdescri ed a
se uence o s a esin he ransiion gra h
The wuali ai e simula ion me hod has een im lemen ed in Ja a in he
rogram G is a aila le or non- rofi
academic research ur osesa The core
o hes sem is ormed he simula or, which genera es a ransi ion gra h
rom a uali ai e PL model and ini ial condi ions The in u o he simula or
is o ained reading and arsing e files s ecified he user  gra hical
user in er ace G, named ,assis s heuserins eci ing he model
o a gene ic regula or ne work as well as in in er re ing he simula ion resul s
ig  shows a screen ca ureo G or hee am le ne work

odelin and simulation of the enetic re ulator net or of i means
of NA he indo on the left sho s the proteins and interactions of the sporulation
net or , the indo in the middle part of the state transition raph resultin from
simulation of the net or under initial conditions inducin sporulation, and the indo
on the ri ht the temporal sequence of qualitati e states in one selected path in the state
transition raph
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e enes, proteins, and re ulator interactions ma in up the net or in-

ol ed in sporulation In order to impro e the le i ilit of the wure, the

control of transcription  the si ma factors and has een represented implicitl ,
annotatin the promoter ith the correspondin si ma factor

nder condi ions o nu rien de ri a ion, he Gram osii esoil ac erium

cana andon ege a i egrow hand orm adorman ,en ironmen all -

resis an s ore insead , , , uring ege a i e grow h, he cell di ides
s mme ricall and genera es woiden ical cells wurings orula ion,on he o her
hand, cell di ision is as mme ric and resul s in wo di eren cell es he
smaller cell he de elo sin o he s ore, whereas he larger cell he
hel s o de osi a resis an coa around he s ore and hen dis-

in egra es The decision o0 a andon ege a i e grow h and ini ia e s orula ion
in ol es aradical change in he gene ic rogram, he a erno genee ression,
o he cell The swi ch o gene ic rogramme is con rolled a com le gene ic
regula or ne work in egra ing arious en ironmen al, cell-c cle, and me a olic
signals ue o he ease 0 gene ic mani ula ion o ,i has een os-
si le oideni and charac erize a large num er o he genes, ro eins, and



in erac ions making u  his ne work Curren 1 , more han genes are known
o ein ol ed

The wuali a i esimula ion me hod ased on PL models will e illus ra ed
anal zing he gene ic regula or ne work underl ing heini ia ion o s orula ion

in gra hical re resen a ion o he regula or ne work con rolling
he ini ia ion o s orula ion is shown in ig , dis la ing ke genes and heir
romo ers, ro eins encoded he genes, and he regula or ac ion o he ro-

eins eerences 0 hee erimen alli era ure ha ing een used o com ile he
ne work are gi en in

o
~
e

ra ment of the state transition raph produced for e etati e ro th condi-
tions, hen the sporulation si nal is present

The ne work is cen ered around a , which in egra es a arie o
en ironmen al, cell-c cle, and me a olic signals nder condi ions a ro ria e
or s orula ion, he hos horela ransersa hos hae o heS o regula-
or, a rocess modula ed kinases and hos ha ases The hos horela has
een sim lified in his a er ignoring in ermedia e s e s in he ranser o
hos hae oS o Howe er, his sim lifica ion does no a ec he essen ial
unc iono he hos horela modula ing he hos hae u asa unciono he
com e ing ac ion o kinases and hos ha ases here in and S o nder
condi ions conduci e os orula ion, such asnu rien de ri a ion or high o ula-
ion densi , he concen ra iono hos hor laedS o So P ma reach



a hreshold alue a o e whichi aci aes arious genes ha commi he ac-
erium o s orula ion The choice e ween ege ai e grow h and s orula ion
in res onse o ad erse en ironmen al condi ions is he ou come o com e ing
osii eand negai e eed ack loo s, con rolling he accumula iono S o P
7
o wi hs anding he enormous amoun o work de o ed o he elucida ion o
he ne work o in erac ions underl ing he s orula ion rocess, er li le uan-
iaiedaaonkine ic arame ers and molecular concen ra ions are a aila le
The aim 0 he e am leis oshow ha G isa le ore roduce he o ser ed
uali ai e eha ior o wild- e and mu an ac eria rom a model ha is a
s n hesis 0 a aila le da a in he li era ure To his end, he gra hical re re-
sen a ion o he ne work has een ransla ed in o a PL model su lemen ed
uali a i e cons rain s on he arame ers The resul ing model consis s 0 nine

sae aria lesand woin u aria les The arame ers are cons rained
arame er ine uali ies, he choice o which is largel de ermined iological
da a
G has een used o simula e he res onse o a wild- e cell

o nu rien de le ion and high o ula ion densi S ar ing rom ini ial condi-
ions re resen ing ege a i e grow h, hes semis er ur ed a s orula ion
signal ha causes in o0 au o hos hor la e Simula ion o he ne work akes
less han a ew seconds o com le e on a PC MHz, M o M , and
gi es rise o a ransi ion gra h o ualiaiesaes Man o heses aes
are associa ed wi h swi ching domains ha hes s em ra ersesins an aneousl
Since he iological rele ance o he la er s a es is limi ed, he can e elimi-
na ed rom he ransi ion gra h This leads o a reduced ransi ion gra h wi h

ualiai esaes, ar o which is shown in ig

The ransi ion gra h ai hull re resen s he wo ossi le res onses o nu-

rien de le ion ha areo ser ed or ei her he ac erium con inues
ege ai e grow h or i en ers s orula ion ical wualiaie eha ior or
s orula ion as well as or ege a i e grow h are shown in ig  The ini ia ion
o s orula ion is de ermined osiie eed ack loo s ac ing hrough S o
and in , and a negai e eed ack loo in ol ing S o hen heraeo
accumula ion o he kinase in ou aces hera eo accumula iono he hos-
ha ase S o , weo ser e ransien e ression o , a heno e
ig a he kine ics 0 hese rocesses are in ersed, isne eraci aed
and we o ser ea heno e ig ele ion or o ere ressiono genes

in hene worko ig ma disa lea eed ackcircui ,leading os ecific changes
in heo ser eds orulaion heno e Theresul so he simula ion o a dozen
e am les 0o s orula ion mu an s are discussed in

e ha e resen ed a me hod or he modeling and simula ion o gene ic regula-
or ne works Theme hodis asedonaclasso iecewise-linear PL di eren ial
e ua ions ha has een well-s udied in ma hema ical iolog The PL models
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(a) emporale olution of selected protein concentrations in a t pical qualitati e
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eha ior correspondin to the phenot pe



consiueah rid descri ion o gene ic regula or ne works, in he sense ha
he dis inguish modes in which he s s em e ol es con inuousl and discre e
ransi ions e ween hese modes n he erminolog o Mos erman and iswas
, he ransi ions areo oneo wo es ore am le,
occur when, u on reaching a swi ching domain , he domain is ra ersed
ins an aneousl n he o her hand,
occur when he s s em remains in oraniner al o ime

H rid-s s em ormaliza ions o gene ic regula or ne works ha e een ro-
osed lur and Ghosh and Tomlin The me hod resen edin his
a ere ends hesea roachesin wores ecs irs,i roidesa ualiai e
anal sis o he eha ior o he ne works, generalized o higher-order s s ems
Second, i deals wi h discon inui ies in he righ -hand side o he di eren ial
e ua ions in a ma hema icall ro er and rac icall use ul manner, em-
lo inga ili o generaliza ion o he PL models n order o handle discon-
inui ies en ailed = mode ransi ions, h rid-s s em simula ion me hods ased
on ili o soluions ha e een de elo ed These me hods are sui a le or
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would e ossi le o generalize he modeling ramework so as o gi e a de-
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