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Figure 1: The Steam Boiler

Problem 3: Steam Boiler (Steam Boiler System, Figure 1)

The steam boiler consists of a tank containing water and a heating element that causes the
water to boil and escape as steam. The water is replenished by two pumps which at time ¢
pump water into the boiler at rates u;(t) and us(¢) respectively. At every time ¢, pump 7 can
either be on (u;(t) = P;) or off (u;(t) = 0). There is a delay T; between the time pump i is
ordered to switck on and the time ¢; switches to P;. There is no delay when the pumps are
switched off. We will use three hybrid automata to describe this system, one for the boiler,
( B = (Qs, X8, Va, Yg, Inilg, fg, hg, Invg, Ep, Gp, Rp), and one for each of the pumps,
~ P =(Qi, X3, Vi, Y;, Inity, f;, by, Iny;, E;, Gy, Ri). ‘

The boiler automaton is defined by:
¢ Qp = {98}, Qp = {BOILING};
* Xg={w,r}, Xp =R%
’OU cany e ( = {uy,u3,d}, Vg = [0, Py] x [0, Pa] x [~Dx, Ds), where Py, Py, Dy, Dy > 0;
h \Afﬂ, Yp = {y, 12}, Yz =R%;
¢ Init= {BOILING} x [0, W] x [0, R], where W, R > 0

. forie-f
f(BOILING,w,T,uy, 3, d) = [ A ] = [ e ]

li
—
5 8
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h(BOILING,w,7) = [ z‘ ]
2

s Ino{BOILING) = Xz x Vg == Domu
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Notice that since £ =@, G and R are trivial and need not be explicitly defined.
The auntomaton for pump i is defined by:

* Q: = {g:}, Q: = {OFF, GOING_ON, ON};
R,
o X;={T}}, X; =R; reos

Ll ‘/i = {CI}J Vl' = {0:1}1
Y; = {uw}, Y; = [0, PJ;

Init = {OFF} x {0},

o v J 1 ifg=GOING.ONV ¢; = ON
fle Tiye) = { 0 if g = OFF

o J O ifg=OFFVg=GOING.ON

X; x {¢; = 0} if ¢; = OFF
“Dom:=Invfg) = { {T,<T:} x{e:=1} ifg= GOING.ON
X,‘X{Cg=1} ifq,—= ON

E = {(OFF, GOING_ON), (GOING.ON, OFF), (GOING-ON, ON), (ON, OFF)}

X x {c; =1} if e = (OFF, GOING_ON)
9()4/[0([) Gle) = X; % {¢; = 0} if e = (GOING_ON, OFF)
") (. >T:} x{c:=1} ife=(GOING.ON, ON)

X; x {c; = 0} if ¢ = (ON, OFF)

({0} ife=(OFF GOING.ON)
readk: o oy ] {0} ife=(GOING.ON, OFF)
(©T6) =9 (£} ife=(GOING.ON, ON)

{0} if e=(ON, OFF)
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The controller synthesis for this model can be found in [4j. The

- continuous dynamics of the boiling process are summarized by the differential equations:
|~ W = pr+pp—r
F = d
The dynamics of pump i are summarized by the open hybrid automaton of Figure 2. Notice that p; is both
an output variable of the pump and an input variable of the boiling process. For a formal definition of the
model {with slight differences in the notation) pleaserefer-to-Leeture-8.
The composite automaton has 4 continuous, real valued state variables:
T= (w,r,T;,Tg) € R
SoLuTioN FQQM Figure 1: The Steam Boiler
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Figure 2: The pump hybrid automaton

9 discrete states:
q € {(OFF, OFF),(OFF, GOING_ON), ... ,{ON, ON)}
2 discrete input variables:
{ur,u2) € {0,1} x {0,1} =U
and one continuous ipput variable: .
de[-D1,D;]=D

As the notation suggests, uy and u» will play the role of controls and d will play the role of the disturbance.
The additional requirement that r € [0, R| can be encoded by a state dependent input constraint:

Ux[0,D) ifr<o0
¢{g,z) =4 UxD ifr € (0,R)
Ux[-D,@ ifr>R
Proposition 3 IfInit C Q x Rx [0, R] x R?, then for all x = (1,9, T,u1,u,,d) and for allt € 7, 7(t} € [0, R].

Our goal is to design a controller that keeps the water level in a given range, [M), M;], with 0 < M) < M,).
This requirement can easily be encoded by a safety property (Q U X, 0F) with

F=Q x [M;, M) x R?
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We will try to achieve this goal by treating the situation as a game between (u1,u2) and d over the cost
function J. Recall that this involves solving the equation:

J* (g0, z0) = m;zx m}n (x-(fyv- (u e, (X)) ’

Fortunately, for this example, the equation simplifies considerably.

First, notice that the steam boiler system is deterministic, in the sense that for each initial state and each
input sequence consistent with ¢ the automaton accepts a unique execution. In this case, we can represent
an execution more compactly by ((go, Zo), (21, 42), d) with the interpretation that (uy,u) and d represent the
entire sequence for these variables. Moreover, if the memoryless controller we pick is single valued, this implies
we need not worry about the innermost minimization.

Next notice that J can be encoded by means of two real valued cost functions: J

Nz uy,u0,d) = mf w(t) and Jof2® u1,u2,d) = —s‘;gw(t) (3
!_

Clearly:
J=1a (h>M)A(h 2 -M)

The problem of finding a solution to the game over the discrete cost function (known as gualitative game or
game of kind) reduces to finding solutions to two real valued games (known as quentilaiive games or games
of degree). Even though there is no obvious beneﬁt to doing this, it allows us to use tools from continuous
optimal control to address the problem.

Start with the game over J;. Guess a possible solution:

iflr<R

wlen) =lhorall (g2, and cloa)={ 0" {TSF o

Notice that both players resort to a feedback strategy (a trivial one).
Lemma 1 (u},u3,d") is globelly a seddle solution for the game between (uy,uz) and d over Jy.

Proof: See [4]. |

A saddle solution is a solution to equation (1) for which the order in which the players make their decisions
turns out to be unimportant. In other words, a solution for which for all (g, z):

Ji(g,z) = max minJi{(g,2), (w1, u2),d) = min max Jy((g, ), {1, %2),d)
(“1-1‘2) d d (uliu'A‘)

Or, in other words, a solution for which for all (g,z), u1,22 and d:

Jl((Q! :B), (ul H “2))‘{.) < Jl ((qs J.’), (u;i n;)l d‘) < Jl ((Ql 3)1 (uivu;)i d)
The last definition is vsually somewhat easier to to work with. It is in fact used to prove the lemma.
The saddle cost:

J;(Q,I) = Jl((Q:I)! (u;,u;),d’)

Can be computed in closed form. This allows us then to compute the set of states for which there exists a
control that for all actions of the disturbance prevents draining. This set turns out to be of the form:

Wi ={(g,2) : J(g,2) 2 M1} = {(g,7) : w2i(r,1,T2)}
Two level sets of this function are shown in Figure 3.

The expression for J* also allows us to compute the least restrictive controller that renders the set Wy
invariant. It turns out to be unique:




20,
) SIS
g0

Figure 3: Lower limit on w to avoid draining

Lemma 2 The feedback controller g} given by:

u € {0,1} end u; € {0,1} if fw > B(r,0,0)] V [w < w(r,T},T2)]
uy = 1 end up € {0,1} if ¥(r,0,0} > w > w(r,T1,0)

uy € {0,1} and u; =1 if ¥(r,0,0) > w > w(r,0,T>)
mp=londur=1ifw:= tﬁ(T,Tl,Tz)

is the unique, least restrictive, non-blocking, feédback controller that renders W}* inveriant.

Proof: See [4]. =

Note that the first term applies to states in the interior of the safe set (w > 1(r,0,0)) as well as all the states
outside the safe set (w < (r,T},T3)). The expression for & (see [4]) suggests that 1 is monotone in Ty and
T;. Therefore, the condition on the last case is enabled if and only if all other conditions fail. The two middle
conditions may overlap, however. Therefore there is some nondeterminism in the choice of safe controls (some
states may be safe with either one or the other pump on, but not neither).
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5/5/05 10:07 AM C:\Documengi and Settings\Steve\My Documents\School

...\testrun.m

l of 1

nlear;

% Simulation Parameters
y0o = [0 -1};
t_max = 25;

% Call solver
[T,Y] = ode45('pendulum’, [0 t _max], y0);

% Recalculate control inputs
for i=1:length(T)

[u(i), g(i)] = controller(¥{i,:}}:
end -

tPlot

figure(l);clf;

subplot (3,1,1};
plot(T,¥(:,1),T,¥(:,2), "'r:")
title({ 'Pendulum Trajectory'}
legend('\theta', '\theta {dot}')

subpleot(3,1,2};
plot(T,u)
title('Control Inputs') !

ubplot(3,1,3);
plot(T,q)
title{'Discrete Mode')
xlabel{'Time’ )

... \pendulum.m

1l of 1

3/5/65 10:07 AM C:\Documents and Settings\Steve\My Documents\School

function [dydt} = plant(T,Y)

O
|

= 0.01;
k = 10;

% System Models, using both coordinate systems
fu, gl = controller(Y):

thetad (1) Y{2);:

thetad(2) - c*Y(2) ~ k*sin(Y(1}}- u;

% Derivative ocutput for ode23 solver
dydt = thetad’;



5/5/05 10:07 AM C:\Documents and Settings\Steve\My Documents\Scho...\controller.m

1l ofl

- function [u_out,q_ocut]l = controller({Y)

% This model has three modes: Pumping, Spinning and Balancing, with the only difference

$ between the three being the control input.

$System Constants

c = 0.01;
k = 10;

umax = 4;
cll = 0.4;
¢l2 = 0.3;
c2 = 0.5;
3 = 0.5;

%$Input states

theta = Y:
phi{l} = ¥{1) - pi;
phi(2) = Y{2);

%Controller selection
phimax = 0.4;
phidmax = 0.3;

balance = phi(l}~2/phimax~2 + phi{2)"2/phidmax"2;
= 1/2*theta(2)"2-k*{l+cos{theta(l)));

if balance <=1
% Balance Control
u
q=1:

elseif s < 0
$Pumping Contrel
u = —-{c+c3)*theta(2):
qg=2;

else
$Spinning Control
u = c2*theta(2);
q = 3;

end

if abs({u}) > umax
u = umax * sign(u);

end
u_out = u;
g out = g7

(cll+k)*sin{phi(1)) + cl12*phi(2):
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Regularization is a standard technique for dealing with dlﬁerent:al equations whose sdlutions
are not well defined. We propose a similar approach to extend Zeno executions beyond the
Zeno time, primarily for the purpose of simulation. The formal treatment of how to regularize
general Zeno hybrid automata is the topic of current research. Here we limit ourselves to
specific fegularizations of the water tank and bouncing ball automata introduced above. All
regularizations are motivé.f.ed by physical considerations of the underlying systems. For the
water tank automaton, it is interesting to notice that different regularizations suggest different
extensions of the executions. For the bouncing ball automaton, all extensions considered here
are consistent with one another and physical intuition. The regularizations are only presented

graphically in this section; see [10] for formal definitions.

Consider a non-blocking and deterministic hybrid automaton H and assume that for every
{90, zo} € Init the execution y € Hiz, 20y 1 Zeno. Regularization of H involves constructing
a family of deterministic, non-blocking, and non-Zeno automata H,, parameterized by a real
valued parameter, € > 0, and a continuous map, ¢ : Q. xX. — QxX, relating the state of each
H, to the state of H. Given an execution x. = (7, g, %), we use ¢(x.) as a shorthand notation
for the collection (7, ¢, z) with r = 7., and (q(t), :.-:(t)) = qS(qe(t), a:!(t)) for all t € 7. Note that
in general ¢(x.) will not be an execution of H. However, the construction of the family H.
should be such that H, tends to H as ¢ tends to 0, in the sense that if (g,,,z,,) € Init,, then
#(gep, Ze,) € Init, and if y, is the execution of H, with initial condition (Geg» Zeg ), then P(x.)
converges to x € Hg, ) over all compact subintervals of [r9, 7o, ), Where the convergence is

taken in the Skorohod metric [4].3 |

3 Formally, we need to eliminate all “inert” transitions from 7, that is, replace all [r;, 7{}{7is1, 7{,4]

for which qS(q(('ri’),z(('rx-’)) = ¢(q((r;+1),a:t(r;+1)) by a single interval [r;, th_l_l].



Water Tank Automaton

We first study temporal and spatial regularizations of the water tank automaton. Throughout,

we assume that max{v),v,} < w < vy + vz, so that WT is Zeno.

Physically, temporal regularization represents a situation where there is a delay, € > 0, hetween
the time the inflow is commanded to switch from one tank to the other and the time the switch
actually takes place. The temporal regularization of the water tank automaton, WT;T, is shown
in Figure 3. It is easy to show that WTE' accepts a unique non-Zeno execution for each initial
state. Overloading the notation somewhat, we can express the relation between the states
of WIT and the states of WT through the map q5(q,-, (z4, 1:2,3:3)) = qS(q;, (21,22, :::3)) =
(q,-,(x;,xg)), fori=1,2Hwesetry=r,=1,v =2, 1 =3, and w = 4, and assume that
initially 7;(0) = z,(0) = 2 and ¢(0) = ¢, then 7, = 2. Figure 4 shows simulation results for
WTT; z, and z, are plotted as functions of time for two values of €, 0.1 and 0.01. Note that as
¢ decreases, the execution of WTT converges over the interval (7o, 7o,) = (0,2) to the execution

of WT, in the sense discussed above. For t > T,,, the continuous part of the execution of WTT
tends to (a:](t),xg(t)) = (1,1 —-{t— Tm)).

The spatial regularization of the water tank automaton corresponds to a situation where the

measurement of z) and z, is based on floats, which have to move a certain distance ¢ to register

a change. It can be implemented by introducing a minimum deviation in the continuous state

variables between the discrete transitions. The regularized automaton, WT5, is presented in
Figure 5. Again one can show that Wflf accepts a unique non-Zeno execution for each initial
state. We can relate the state of WTf to the state of WT through cﬁ(q;,(ml,zg,xg, :1:4)) =
(q.-,(a:,,:cg)), for i = 1,2. Figure 6 shows simulation results for WT° with € = 0.1 and 0.01
and the parameters given above. As for the temporal regularization, the execution of W1T°
converges to the execution of WT over the interval (7g, 7oo ). For > Teo, hOWever, the execution
converges to z3(t) = x;(t) = —(t — 75,)/2 + 1, which is different from the limit in the case of

temporal regularization.

Bouncing Ball Automaton

Next, we consider temporal and dynamic regularizations of the bouncing ball automaton.

Throughout we assume ¢ > 1 so that BB is Zeno.

10



Fig. 3. Temporal regularization of the water tank automaton.

Time delay = 0.1
3 u - r

[4] 0.5 1 15 2 2.5 3
Time

Fig. 4. Simulation of the temporally regularized water tank automaton.
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Fig. 5. Spatial regularization of the water tank autom
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Fig. 6. Simulation of the spatially regularized water tank automatc



