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Abstract

We study a multi-unit auction with multiple agents, each of whom has a private valuation
and budget. The truthful mechanisms of such an auction are characterized, in the sensethat,
under standard assumptions, we prove that it is impossible to design a non-trivial truthful
auction which allocates all items, while we provide the design of an asymptotically revenue-
maximizing truthful mechanism which may allocate only some of the items. Our asymptotic
parameter is a budget dominance parameter which measuresthe size of the budget of a single
agent relativ e to the maximum revenue. We discussthe relevanceof these results for the design
of online ad auctions.

1 In tro duction

Budget constraints are a central feature of many real auctions. In the context of e-commerce,there
is a great deal of interest in multi-item auctions of relatively low-value goods, such as the auction of
online ads for search terms and content pageson MSN, Google,Yahoo, etc., to bidders with budget
constraints. Indeed, it is widely believed that advertising will be the principal businessmodel
for online activit y, and that budget-constrained auctions will be the primary means of realizing
that revenue stream. Auctions with budget constraints have been consideredpreviously in the
context of privatization of high-value public goods, such as FCC auctions of telecommunications
bands [1, 2, 7, 8]. However, the theoretical framework of budget-constrainedauctions is currently
substantially lesswell-developed than that of unconstrainedauctions { which is unsatisfactory both
from a theoretical viewpoint, and from a practical viewpoint, wherethe absenceof an an appropriate
framework leadsto lossesin revenue and e±ciency. It is therefore of tremendousinterest to design
an incentiv e-compatible allocation (i.e., truthful) mechanism for budget-constrainedauctions, and
indeed, to determine the circumstancesunder which such a mechanism even exists.

In this paper, we consider the problem of a multi-unit auction with multiple bidders, each of
whom has private valuation and budget. We prove both an impossibility result and a constructive,
positive result. Throughout the paper, we assumethe very natural conditions of enforcement of
supply limits, individual rationalit y, and incentiv e compatibilit y (see Section 2 for de¯nitions of
theseterms).

Existenceof an incentiv e-compatible mechanism for budget-constrainedbidders is a technically
non-trivial problem. Weassumethat each bidder hasa ¯xed private valuation and budget, such that
if this budget is exceeded,then the bidder's total utilit y becomesunboundedbelow. We sometimes
call this a \hard" budget constraint to distinguish it from \°exible" budget constraints considered
by other authors [8], wherethe constraints can be exceededunder certain circumstances.Somewhat
surprisingly, the well-known VCG mechanism is not truthful in the casewith hard budgets { either
with private hard budgets or in the a priori easiercasewith public hard budgets. This is an easy
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consequenceof the fact that the utilities are not quasi-linear, and will be demonstrated explicitly
in Section 2.

Section 4 contains the proof of our impossibility result. We show that, under the assumption
that the auction sellsall items, then in the two-item, two-bidder case,the only incentiv e-compatible
mechanism is the trivial bundling mechanism. In other words, there is no truthful mechanism
that sells the items to distinct buyers. Our proof follows from a tedious, but straightforward
analysis of the constraint equations. We note that, while the condition of selling all items seems
quite restrictiv e, it turns out that in this case, it is implied by the often assumedcondition of
\indep endenceof irrelevant alternativ es" (see[?]).

Section 5 contains the proof of our principal result. There we relax the condition of selling
all items, and construct an incentiv e-compatiblemechanism which asymptotically achievesrevenue
maximization. We intro duce the budgetdominance parameter, de¯ned to be the maximum budget
of any single bidder divided by the optimal, omniscient revenue. As in the work of Goldberg
et. al. [4, 5], we de¯ne the competitiv e ratio to be the ratio of the optimal revenue to the revenue
of our mechanism. We then intro duce an incentiv e-compatible mechanism for the generalm-item,
n-bidder auction, and prove that, asthe budget dominanceparameter tends to zero, the competitiv e
ratio tends to one.

Our mechanism is inspired by lovely work of Goldberg et. al. [4, 5], but is di®erent in several
signi¯cant respects. First, our problem is a two-parameter problem, sinceeach bidder speci¯es both
a private valuation and a private budget. Second,our utilit y function is not quasi-linear. To our
knowledge,there are no previously known incentiv e-compatible revenue-maximizing mechanismsin
either of these cases.Finally, in the problem consideredby [4, 5] at most one item was allocated
to each agent, whereasour setting has no such restriction. Due to these di®erences,our proof
is substantially more complicated than that of [4, 5], requiring delicate martingale arguments to
achieve the necessaryindependence.

Let us also contrast our work with the some of previous work in the economicscommunit y
which addressedBayesian budget constraints [1, 2, 7, 8]. Che and Gale [1, 2] studied the single-
item, single bidder case.Motiv ated by the goal of modelling e±cient redistribution of public goods
to the private sector, Maskin [8] studied the single-item, multiple bidder casewith °exible budget
constraints. The work closest to our context is that of La®ont and Robert [7], who treated a
problem similar in some respects to the one studied here, but appropriate for a di®erent set of
applications. They too considereda two-parameter, non-quasi-linear,budget constrained problem.
But they treated only single-item auctions with common public budgets. Moreover, whereasthey
examined the Bayesianproblem, we considerdominant strategy. While their proposedmechanism,
namely an all-pay auction, makes sensein the Bayesiancontext, it would not be appropriate as a
dominant strategy, nor would it provide a reasonablemechanism in the caseof online ad auctions.

2 Setting

We considera setting in which an auctioneer has several indivisible units of a single good which he
would like to auction o®to n interestedagents. Each agent i hasa private utilit y u i 2 < + per unit of
the good and a private budget constraint bi 2 < + . Wedenotethe vectors(u1; : : : ; ui ¡ 1; ui +1 ; : : : ; un )
and (b1; : : : ; bi ¡ 1; bi +1 ; : : : ; bn ) by u¡ i and b¡ i , respectively. The budget constraint is a hard con-
straint, i.e., the agent cannot spend more than her budget under any circumstances.In other words,
the total utilit y ui (j ; p) that agent i derivesfrom an allocation of j units at a total price of p is:

ui (j ; p) =
½

j ui ¡ p if p · bi ;
¡1 if p > bi :

The value ¡1 in the above de¯nition meansthat this agent prefers receiving no item and paying
nothing to any lottery with a non-zerorisk of going over the budget.
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An auction mechanism solicits a two-parameter bid from each agent. The ¯rst parameter is
interpreted as that agent's announced utilit y per unit and the secondparameter is that agent's
announcedbudget. The mechanism then outputs an allocation and payment for each agent. We
considermechanismsthat satisfy the following properties:

² observesupply limits { The mechanism never allocatesmore units than are available.

² individual rationality { An agent's utilit y from participating in the mechanism is non-negative.

² incentive compatibility or truthfulness { An agent's total utilit y is maximized by announcing
his true utilit y and budget to the auction regardlessof the strategiesof the other agents.

Theseproperties can be generalizedfor randomizedmechanismsby replacing utility by expected
utility . We call an auction mechanism satisfying the above properties a truthful mechanism. Notice
that individual rationalit y and the de¯nition of utilit y functions imply that a truthful mechanism
never chargesan agent an amount more than her budget.

One important distinction of the above setting comparedto other modelsusually studied in the
auction theory is that in our setting, the agents' utilit y functions are not quasi-linear. A quasi-linear
utilit y function is a utilit y function of the form u(x) ¡ p, whereu(x) is a function that only depends
on the allocation and not on the payments, and p is the amount charged to the agent. The utilit y
function ui (j ; p) de¯ned above cannot be written in this form. This makes much of the results in
the auction theory inapplicable to our setting. In particular, the classicalVickrey-Clarke-Groves
(VCG) mechanisms [9, 3, 6] are not incentiv e compatible in our setting. This fact is illustrated in
the following example.

Example 1 A natural mechanism for auctioning m units of a good to budget-constrainedbuyers
is to apply the VCG mechanism assuming that the utilit y of agent i for j units of the good is
min(bi ; j ui ). A common mistake is to assumethat since this mechanism is basedon VCG, it is
truthful. The following example shows that this is not the case: assumewe have two units of
the good to sell to two agents, and the bids of these agents are given by (u1; b1) = (10; 10) and
(u2; b2) = (1; 10). The above mechanism assumesthat the utilit y of the ¯rst agent for one unit of
the good is 10, and therefore allocatesone unit to each agent to maximize the total utilit y (which
is 10+ 1). The payment charged to the agents by this mechanism is 1 and 0. Therefore, the utilit y
of the ¯rst agent is 9. However, if the ¯rst agent announcesthe bid (5; 10), then the mechanism
will allocate both items to this agent at a total price of 2. Thus, the ¯rst agent would achieve a
utilit y of 18 by bidding untruthfully . This exampleshows that the above VCG-basedmechanism is
not truthful even if the agents are not allowed to lie about their budget.

It is easyto observe that in our setting, no truthful mechanism can always produce an e±cient
allocation, i.e., an allocation that maximizes the social welfare, even when there is only one good.
The reasonfor this is that an e±cient mechanism should always allocate the good to the bidder with
the highest ui , even if such a bidder hasa zerobudget and therefore cannot be chargedany positive
amount. Therefore, any agent can bid a high utilit y and zero budget to get the item for free. This
simple impossibility result shows that we cannot require e±ciency from a truthful mechanism.

3 Characterization

In this section, we give a simple price-basedcharacterization of truthful auctions. It essentially
claims that any truthful auction determines the allocation and price for agent i by comparing his
bid to thresholds computed from the other agents' bids. The unconstrained budgets version of this
proposition is a well-known folklore theorem.
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Prop osition 3.1 For any truthful auction selling m units of a good to n agents, there exist mn
functions p1

i ; : : : ; pm
i : < 2(n ¡ 1)

+ ! < + [ f1g such that agent i receives j units at price pj
i (u¡ i ; b¡ i )

where j maximizes j ui ¡ pj
i (u¡ i ; b¡ i ) subject to pj

i (u¡ i ; b¡ i ) · bi .

Pro of. For any (u¡ i ; b¡ i ) 2 < 2(n ¡ 1)
+ and j 2 f 1; : : : ; mg, we de¯ne pj

i (u¡ i ; b¡ i ) as the minimum,
over the choice of (ui ; bi ) such that the auction allocates at least j items to i if agents bid (u; b),
of the price that the mechanism charges to i at these bids. Let j ¤ be an index that maximizes
j ¤ui ¡ pj ¤

i (u¡ i ; b¡ i ) subject to pj ¤

i (u¡ i ; b¡ i ) · bi . If when agents bid (u; b), the mechanism allocates
j units to i at price p, then we must have j ui ¡ p = j ¤ui ¡ pj ¤

i (u¡ i ; b¡ i ), since otherwise agent i
would have an incentiv e to bid untruthfully to get j ¤ items at price pj ¤

i (u¡ i ; b¡ i ). ¤

By considering all casesfor the relationship between the pj
i 's, the auction can be expressedas

a conciseset of inequalities. This is done for the caseof two units of good and two buyers in the
following corollary. We will usethis corollary in the next section to prove that truthful mechanisms
satisfying certain properties do not exist.

Corollary 3.1 For any deterministic truthful auction selling 2 units of a good to 2 agents, there
exist threshold functions pj

i : < 2
+ ! < + [ f1g , 1 · i; j · 2, such that for i = 1; 2, the agent i

receives

² 2 units at a total price of p2
i (u3¡ i ; b3¡ i ) if bi ¸ p2

i (u3¡ i ; b3¡ i ) and ui > p2
i (u3¡ i ; b3¡ i ) ¡

min(p1
i (u3¡ i ; b3¡ i ); p2

i (u3¡ i ; b3¡ i )=2) (or if the latter inequality holds with equality, the mech-
anism can choose to allocate 2 units to i );

² else1 unit at price p1
i (u3¡ i ; b3¡ i ) if bi ¸ p1

i (u3¡ i ; b3¡ i ) and ui > p1
i (u3¡ i ; b3¡ i ) (or if the latter

inequality holds with equality, the mechanism can choose to allocate 1 units to i );

² else0 units.

Conversely, for any set of threshold function pj
i : < 2

+ ! < + [ f1g , 1 · i; j · 2, the mechanism
de¯ned above satis¯es incentive compatibility and individual rationality.

Pro of. We prove the statement for i = 1 (i = 2 is analogous). Consider the threshold functions
given by Proposition 3.1. Fix any bid (u2; b2) of the secondagent. Supposethe true utilit y and
budget of the ¯rst agent is u1 and b1, respectively. For simplicit y, weusethe notation p1

1 := p1
1(u2; b2)

and p2
1 := p2

1(u2; b2). Notice that by the de¯nition of p1
1 and p2

1 in the proof of Proposition 3.1,
p1

1 · p2
1. The ¯rst agent's utilit y for an allocation of 0 units is 0, 1 unit is u1 ¡ p1

1 assumingb1 ¸ p1
1,

and 2 units is 2u1 ¡ p2
1 assumingb1 ¸ p2

1. The ¯rst agent receives two units if and only if shehas
enough budget to pay for it (i.e., b1 ¸ p2

1), and her utilit y for receiving two items (2u1 ¡ p2
1) is

greater than or equal to her utilit y for receiving one item (u1 ¡ p1
1) and zero item (zero). This can

be written as u1 ¸ p2
1 ¡ p1

1 and u1 ¸ p2
1=2, or equivalently , u1 ¸ p2

1 ¡ min(p1
1; p2

1=2). Otherwise,
if the ¯rst agent does not receive two items, then she receives one item if and only if she has the
budget (i.e., b1 ¸ p1

1), and her utilit y for one item (u1 ¡ p1
1) is greater than or equal to her utilit y

for zero items, or equivalently , u1 ¸ p1
1. If these conditions do not hold, then the agent receives

zero units. The conversefollows easily from the de¯nition of the mechanism. ¤

4 An Imp ossibilit y Result

In this section, we show that there is no truthful mechanism satisfying three properties which we
de¯ne in this section, even if there are only two buyers and two units of the good. This result
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automatically generalizesto auctions with more buyers, by consideringthe situation where all but
two of the buyers bid zero.

The ¯rst property is the following. This is similar to a property with the samenamede¯ned by
Moulin [?] in the context of group-strategyproof mechanismsfor cost sharing problems.

² consumer sovereignty { For any agent i and any vector of bids (u¡ i ; b¡ i ) for other agents,
there is a bid (ui ; bi ) such that if agents bid according to (u; b), then agent i receivesall units
of the item.

Intuitiv ely, consumersovereignty requires that each agent must be able to win all items if she
bids high enough. This precludes trivial mechanisms that for example sell at most one item to
each bidder. In terms of the characterization in Proposition 3.1 and Corollary 3.1, this property is
equivalent to saying that the threshold functions pj

i are all ¯nite.
The secondproperty, which we call the independence of irr elevant alternatives (I IA), is a much

weaker versionof a property of the samenamein Lavi et al. [?]. This property is de¯ned as follows.

² independence of irr elevant alternatives (IIA) { For any agent i and a bid vector (u; b), if i
receivesno item at (u; b), then the allocation when every agent bids according to (u; b) is the
sameas the allocation when agent i bids (0; 0) and others bid according to (u¡ i ; b¡ i ).

Intuitiv ely, the above property states that if an agent who doesnot win the auction leaves, the
allocation to other agents should not change(Their payment, however, might change). As we will
seein the proof of Theorem 1, in the caseof two buyers and two items, I IA is equivalent to the
property that if bids of both agents are large enough(both the utilit y and the budget), then both
units are allocated.

As we will seeat the end of this section, there are truthful mechanismsnot satisfying the I IA.
In fact, the following exampleshows that even with I IA, there are mechanismsthat are truthful.

Example 2 Bundling mechanism: Consider the mechanism that always bundles the two units, i.e.,
it allocates both items to the agent i such that min(2ui ; bi ) > min(2u3¡ i ; b3¡ i ), and chargesher
min(2u3¡ i ; b3¡ i ). It is easyto seethat this mechanism is truthful and satis¯es the I IA.

However, we conjecture that the bundling mechanism is essentially the only truthful mechanism
satisfying the above properties. In other words, we would like to show that there is no truthful
mechanism satisfying the above properties and the following.

² non-bundling { there is a bid vector (u; b) such that the mechanism allocatesone unit of the
good to each buyer.

Unfortunately, we do not know how to prove this conjecture. However, we can prove this
statement under the following stronger condition.

² strong non-bundling { for any bid (u1; b1) of the ¯rst agent, there is a bid (u2; b2) for the
secondagent such that if both agents bid according to (u; b), the mechanism allocates one
unit of the good to each buyer.

The following theorem is the main result of this section.

Theorem 1 There is no truthful auction for two buyers and two units of a good that satis¯es
consumer sovereignty, IIA, and strong non-bundling.

Pro of. The proof of Theorem 1 examinesfunctional relations imposedby our assumptionson
the threshold functions of any truthful auction. We obtain the impossibility result by showing that
this set of functional relations has no solution.
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The fact that our auction observessupply limits implies that whenever the threshold functions
are such that the ¯rst (second) agent gets two items, then the second(¯rst) agent must get zero
items. The consumersovereignty and I IA assumptionsimply that these two situations are in fact
equivalent in certain regionsof the bid space,i.e. the mechanism always allocatesall the units when
the bids are large enough.

By consumersovereignty, for each agent i = 1; 2, there is a bid (u¤
i ; b¤

i ) such that if i bids (u¤
i ; b¤

i )
and the other agent bids (0; 0), then agent i wins both items. Furthermore, by Corollary 3.1, for
every u0

i ¸ u¤
i and b0

i ¸ b¤
i , if i bids (u0

i ; b0
i ) and the other agent bids (0; 0), then i wins both units.

Let C = maxf u¤
1; b¤

1; u¤
2; b¤

2g.

Claim 1 For any set of bids (u1; b1) and (u2; b2) such that u1; b1; u2; b2 ¸ C, the mechanism
allocates both items when agentsbid according to (u; b).

Pro of. Assume, for contradiction, that for one such bid vector the mechanism allocatesat most
oneunit of the good to the ¯rst agent and zerounits to the secondagent. Now, by I IA, if the second
agent bids (0; 0), the ¯rst agent must still receive at most one item. This, however, contradicts the
de¯nition of C. ¤

Immediate from Corollary 3.1 is the fact that the allocations and payments given bid (®i ; ¯ i )
holding bid (®3¡ i ; ¯ 3¡ i ) ¯xed is constant for all ®i ¸ 2¯ i and for all ®i ¸ ¯ i . We will use this
observation to make statements about the properties of the threshold functions asoneof the inputs
becomesirrelevant (i.e. su±ciently large). Let

r j
i (x) = pj

i (x; 2x);

sj
i (x) = pj

i (x; x)

for i; j = 1; 2. By Corollary 3.1, all of the above functions are non-decreasingfunctions. Therefore,
they can be discontinuousin at most a countable number of points. Let T denotethe set of numbers
more than C at which all of the above functions are continuous. Notice that this set is dense.

Claim 1 together with our characterization, Corollary 3.1, immediately imply the following
functional relations:

Lemma 4.1 For all A; B 2 T,

B < r 1
3¡ i (A) ) A ¸ (s2

i ¡ min(s1
i ; s2

i =2))(B ) (1)

Pro of. Supposeagent i bids (A; 2A) and agent (3 ¡ i ) bids (B ; B ) and B < r 1
3¡ i (A). Then agent

(3¡ i ) receiveszerounits, soagent i must receive two units. As agent i 's budget is essentially uncon-
strained, this implies that his utilit y is at least the utilit y threshold, or A ¸ (s2

i ¡ min(s1
i ; s2

i =2))(B ).
¤

Similarly, we can prove the following equations:

8 A; B 2 T; B < r 1
3¡ i (A) ( A > (s2

i ¡ min(s1
i ; s2

i =2))(B ); (2)

8 A; B 2 T; B ¸ r 2
3¡ i (A) ) A · min(s1

i ; s2
i =2)(B ); (3)

8 A; B 2 T; B ¸ r 2
3¡ i (A) ( A < min(s1

i ; s2
i =2)(B ); (4)

8 A; B 2 T; B > (r 2
3¡ i ¡ min(r 1

3¡ i ; r 2
3¡ 1=2))(A) ) A · min(r 1

i ; r 2
i =2)(B ); (5)

8 A; B 2 T; B ¸ (r 2
3¡ i ¡ min(r 1

3¡ i ; r 2
3¡ 1=2))(A) ( A < min(r 1

i ; r 2
i =2)(B ); (6)

8 A; B 2 T; B ¸ s2
3¡ i (A) ( ) A < s1

i (B ): (7)

From thesefunctional relations, we can derive the following inequalities.
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Lemma 4.2 For all A 2 T,

(r 2
2 ¡ min(r 1

2 ; r 2
2=2))(A) ¸ (s2

2 ¡ min(s1
2; s2

2=2))(A): (8)

Pro of. Choose B 2 T, B > (r 2
2 ¡ min(r 1

2 ; r 2
2=2))(A). Then relation 5 (with i = 1) implies

A · min(r 1
1 ; r 2

1=2)(B ) · r 1
1(B ). Take ² > 0 and note that relation 1 (with i = 2) implies B >

(s2
2 ¡ min(s1

2; s2
2=2))(A ¡ ²). Taking the limit as ² goesto zeroand using the continuit y of s1

2 and s2
2

at A, we have that B > (r 2
2 ¡ min(r 1

2 ; r 2
2=2))(A) implies B ¸ (s2

2 ¡ min(s1
2; s2

2=2))(A). The lemma
follows. ¤

Similarly, we can prove:

8 A 2 T; min(r 1
2 ; r 2

2=2)(A) ¸ min(s1
2; s2

2=2)(A): (9)

Our non-bundling assumption implies that for all Z 2 T the interval (r 1
2(Z ); r 2

2(Z )) is non-empty.
Select t 2 (r 1

2(Z ); r 2
2(Z )) and observe that the contrapositive of relations 2 (with i = 1) implies

Z · (s2
1 ¡ min(s1

1; s2
1=2))( t). Let ² > 0 and not that t 2 (r 1

2(Z ¡ ²); r 2
2(Z ¡ ²)) for small enough ²

by continuit y. Thus the contrapositive of relation 4 with i = 1 implies Z ¡ ² > min(s1
1; s2

1=2)(t).
Combining the two inequalities, we get (s2

1 ¡ min(s1
1; s2

1=2))( t) > min(s1
1; s2

1=2)(t) and so

8 Z 2 T; 8 t 2 (r 1
2(Z ); r 2

2(Z )) ; s1
1(t) · s2

1(t)=2: (10)

This fact together with relations 4 and 7 with i = 1 imply that

8 Z 2 T; 8 t 2 (r 1
2(Z ); r 2

2(Z )) ; t ¸ r 2
2(Z ) ( ) t ¸ s2

2(Z ): (11)

Fix Z 2 T and consider t = r 2
2(Z ) ¡ ² for a small ² > 0. If ² is small enough, t 2 (r 1

2(Z ); r 2
2(Z ))

and so s2
2(Z ) ¸ t. Taking the limit as ² ! 0, this implies that r 2

2(Z ) · s2
2(Z ). On the other hand,

summing Equations 8 and 9 implies that r 2
2(Z ) ¸ s2

2(Z ). Therefore, r 2
2(Z ) = s2

2(Z ). Therefore,
inequalities 8 and 9 must both attain equality at Z . Ranging over choice of Z 2 T, we seethat
inequalities 8 and 9 must attain equality everywhere in T. Our contradiction arises from the
observation that in fact for someZ 2 T, inequality 9 is strict. By consumersovereignty, prices are
always nonzero, and so C < (r 2

1 ¡ min(r 1
1 ; r 2

1=2))(A) < r 2
1(A) for someA 2 T. Select such an A

and Z 2 (( r 2
1 ¡ min(r 1

1 ; r 2
1=2))(A); r 2

1(A)) \ T . Notice that sinceT is a denseset, this intersection is
nonempty. Note that relation 4 with i = 2 implies that A ¸ min(s1

2; s2
2=2)(Z ). Therefore, for any

small ² > 0, A + ² > min(s1
2; s2

2=2)(Z ). Similarly, note that relation 5 with i = 2 implies A + ² ·
min(r 1

2 ; r 2
2=2)(Z ). But this meansthat, for this particular Z , min(r 1

2 ; r 2
2=2)(Z ) > min(s1

2; s2
2=2)(Z ),

yielding our contradiction. ¤

5 An asymptotically optimal auction

As we saw in the previous sections, there appears to be no reasonablemechanism for allocating
all the goods truthfully . In this section, we consider mechanisms that may allocate only someof
the goods, and among them, seekthe one that maximizes the expected revenue. We do this by
designinga mechanism that has revenue comparableto the best omniscient posted-priceauction.

The method that we use for design and analysis of our auction is inspired by the work of
Goldberg et. al. [4, 5]. As in [4, 5], we take the competitive ratio to be the expected revenue of
our mechanism over the revenue of the optimum posted-price auction, and attempt to design an
auction which minimizes this ratio. However, our designanalysisdi®ersfrom that of [4, 5] in some
important aspects. Unlike [4, 5] and subsequent results [], in our setting the mechanism may need
to allocate more than one good to every agent. Moreover, the agents can lie about both their bid
and their budget, which intro ducessigni¯cant complications.
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An important parameter for the budget-constrainedproblem is what we call the budgetdomi-
nance parameter. For each agent, we de¯ne her budget parameter as the ratio of her budget to the
revenue of the optimum posted-price auction. The budget dominanceparameter is the maximum
of the budget parameter of all the agents. The algorithm we designwill have the property that the
competitiv e ratio tends to 1 as the budget dominanceparameter tends to 0.

5.1 The Algorithm

As before, let n be the number of agents and m be the number of indivisible goods. Each agent i
submits her utilit y value for one item ui and her maximum budget bi .

Note, although our goods are indivisible, we can assumethat fractional allocations are possible
by using the proper randomization: whenever the algorithm asks us to allocate a fraction c of a
good to an agent, we instead allocate a full good to her with probabilit y c.

Algorithm

² Partition the agents randomly into two sets A and B by independently putting each agent
into either set uniformly at random with probabilit y 1

2 .

² From the set of utilit y valuesui of agents i 2 A, choosepA to be the price which maximizes
the revenue of selling at most m=2 items in A. In other words, if the ui 's are sorted in a
decreasingorder, for

i 0 = min
i

i ¡ 1X

j =1

bj ¸
ui m

2
;

de¯ne pA = ui 0 ¡ 1. Compute pB analogously.

² Consider the agents in A in a random order. In every step, if the utilit y of agent i satis¯es
ui ¸ pB , allocate bi

pB
goods to i . Continue this processuntil all m

2 goods have beenallocated,
or until all the agents in A have beenprocessed.Apply the sameprocedureto the set B using
the threshold value pA .

In the rest of this section, we will analyzethe above algorithm, and prove that it is truthful and
that its competitiv e ratio tends to 1 as the budget dominanceparameter tends to zero.

5.2 Analysis of the algorithm

In this section, we assumewithout loss of generality that our goods are divisible. Indeed, as
explained above, this assumption can be easily removed by a few additional coin °ips.

First, we give a simple proof of the truthfulness of the algorithm.

Lemma 5.1 The above algorithm is truthful, i.e., for every agent reporting the correct utility and
budgetvalues, the algorithm is a dominant strategy.

Pro of. Consider an agent i in A. First we argue that agent i doesnot have any incentiv e to
misreport her utilit y value. We know that agent i receives a good only if ui ¸ pB , and that she
pays pB for a good if she receives it. The two key observations are that (1) the threshold pB is
determined independently of all uj and bj , including j = i ; and (2) when the supply of goods in A
is inadequateto meet the demandsof all agents in A whoseutilities exceedpB , then the allocation
of goods to those agents is done in an arbitrary order, again independently of all u j and bj .

Finally, by reporting a budget below bi , agent i would potentially decreaseher allocation and
hence her total utilit y, whereasby reporting a budget above bi , she has non-zero probabilit y of
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decreasingher total utilit y to negative in¯nit y. In either case,shehas no incentiv e to misreport. ¤

The rest of this section is an analysis of the revenue achieved by our algorithm. For notational
convenience,without lossof generality, we assumethat u1 > u2 > ¢¢¢> un .

For any price p, we denote by r S (p;k) the revenue of allocating at most k goods to a set S of
agents at price p:

rS (p;k) = min(kp;
X

j 2 S
u j ¸ p

bj ):

We will use the notation r (p;k) in the casewhere we are allocating the goods to the whole set
A [ B . Finally, we also de¯ne r (p) = r (p;1 ) =

P
u i ¸ p bi .

Given the utilit y and budget valuesof the agents, one can ¯nd the optimum price p¤ at which
r (p;m) is maximized, and allocate the goods at this price. We call this mechanism the optimum
posted-priceauction OPT = r (p¤; m). In our argument, we will use the following properties of an
optimum posted-priceauction for allocating at most k goods, for any k.

1. There exists an agent i such that selling the goods at price p = ui results in the optimum
revenue.

2. For any k, if p is the optimum price for allocating at most k goods, then r (p;k) · r (p) =
r (p) + bmax where bmax = maxi bi . In particular,

OPT · r (p¤) · OPT + bmax :

Let ² denote the ratio of the maximum budget of all agents, bmax , to the value of the optimum
solution OPT. In somesense,² is a budgetdominance parameter since it captures the extent to
which the budget of a singleagent dominates the market in the optimum solution. As we will show,
the probabilit y of successof our algorithm is asymptotically controlled by ².

Lemma 5.2 Let ± > 0. Then the probability that
¯
¯
¯rA (ul ) ¡ r B (ul )

¯
¯
¯ < ±OPT for all l with ul · p¤

is at least 1 ¡ 2e¡ ±2 =(4² ) .

Pro of. Let k be such that uk = p¤. De¯ne ®i to be a random variable indicating whether
agent i is in A, with ®i = 1 when i 2 A and ®i = ¡ 1 when i 2 B . Let Si =

P
j · i ®j bj . Then

jrA (ul ) ¡ r B (ul )j = jSl j. Thus we need to bound the probabilit y that the random variable Si

deviatesby more than ±OPT from its expectation 0.
Let ¿(±) = min i fj Si j ¸ ±OPTg. We de¯ne the following martingale:

~Si =
½

Si if i · ¿(±)
S¿(±) otherwise

Then we have

1 ¡ Pr
¡
jrA (ui ) ¡ r B (ui )j < ±OPT; 8i · k

¢
= 1 ¡ Pr

¡
jSi j < ±OPT; 8i · k

¢

= Pr
¡
9 i · k : jSi j ¸ ±OPT

¢

= Pr
¡
¿(±) · k

¢

= Pr
¡
j ~Si j ¸ ±OPT

¢

Now since ~Si is a martingale, by the Azuma-Hoe®dinginequality we have:

Pr( j ~Sk j ¸ ±OPT) · 2exp(
¡ ±2OPT2

2
P

i · k b2
i

):
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Bounding the sum
P

i · k b2
i by bmax r (p¤) · ²OPTr (p¤) and using that r (p¤) · OPT(1+ ²) · 2OPT,

we obtain the lemma.
¤

From now on, we will say that an event happens with high probabilit y if its probabilit y is at
least 1 ¡ 2e¡ ±2 =(4² ) .

Corollary 5.1 With high probability, r A (p¤; m
2 ) ¸ 1¡ ±

2 OPT.

Pro of. Let us ¯rst note that OPT = r (p¤; m) = minf p¤m; r (p¤)g, implying that mp¤ ¸ OPT
and r (p¤) ¸ OPT. With the help of Lemma 5.2, we concludethat with high probabilit y, r A (p¤) ¸
1¡ ±

2 r (p¤) ¸ 1¡ ±
2 OPT. Inserting the de¯nition of r A (p¤; m

2 ) and using m
2 p¤ ¸ OPT we get the

lemma. ¤

Corollary 5.2 With high probability, we have that

rB (uk ) ¸ minf r A (uk ) ¡ ±OPT;
1 ¡ ±

2
OPTg for all k:

Pro of.
By Lemma 5.2, we have that with high probabilit y,

rB (uk ) ¸ r A (uk ) ¡ ±OPT for all k with uk · p¤: (12)

Recalling that r A (p¤) + r B (p¤) = r (p¤) ¸ OPT, we concludethat with high probabilit y, both (12)
and

rB (p¤) ¸
1 ¡ ±

2
OPT

hold simultaneously. By monotonicity, this implies the statement of the lemma. Indeed, either
uk · p¤ so that r B (uk ) ¸ r A (uk ) ¡ ±OPT, or uk ¸ p¤ and r B (uk ) ¸ r B (p¤) ¸ 1¡ ±

2 OPT, which
givesthe lemma. ¤

Theorem 2 The mechanism described in the previous section is truthful. Furthermore, for all
0 < ± < 1, the algorithm has revenueat least (1 ¡ ±)OPT with probability 1 ¡ O(e¡ c±2 =² ) with
c = 1=36 and ² = bmax =OPT.

Pro of.
For all p, we have r A (p; m

2 ) · r A (pA ; m
2 ), so in particular r A (pA ; m

2 ) ¸ r A (p¤; m
2 ). Combined

with the last corollary, we conclude that with high probabilit y, r A (pA ; m
2 ) ¸ 1¡ ±

2 OPT; which in
turn implies that

pA
m
2

¸
1 ¡ ±

2
OPT

and r A (pA ) ¸ 1¡ ±
2 OPT. Combined with Corollary 5.2, the last inequality gives

rB (pA ) ¸
1 ¡ 3±

2
OPT;

again with high probabilit y. Inserting the de¯nition of r B (pA ; m
2 ), we therefore have that with high

probabilit y,

rB (pA ;
m
2

) ¸
1 ¡ 3±

2
OPT:
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Exchanging the rolesof A and B , weget the sameresult for r A (pB ; m
2 ). Sincer B (pA ; m

2 )+ r A (pB ; m
2 )

is the revenue of the algorithm, this establishesthe theorem.
¤
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