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Abstract

We study a multi-unit auction with multiple agerts, eacd of whom has a private valuation
and budget. The truthful medhanisms of such an auction are characterized, in the sensethat,
under standard assumptions, we prove that it is impossible to design a non-trivial truthful
auction which allocates all items, while we provide the design of an asymptotically revenue-
maximizing truthful medhanism which may allocate only some of the items. Our asymptotic
parameter is a budget dominance parameter which measuresthe size of the budget of a single
agert relativ e to the maximum revenue. We discussthe relevance of theseresults for the design
of online ad auctions.

1 Intro duction

Budget constraints are a certral feature of many real auctions. In the context of e-commercethere
is a great deal of interest in multi-item auctions of relativ ely low-value goods, such asthe auction of
online adsfor seard terms and content pageson MSN, Google, Yahoo, etc., to bidders with budget
constraints. Indeed, it is widely believed that advertising will be the principal businessmodel
for online activity, and that budget-constrained auctions will be the primary means of realizing
that reverue stream. Auctions with budget constraints have been consideredpreviously in the
context of privatization of high-value public goods, such as FCC auctions of telecommnunications
bands|[1, 2, 7, 8. Howewer, the theoretical framework of budget-constrained auctions is currently
substartially lesswell-developed than that of unconstrained auctions{ which is unsatisfactory both
from atheoretical viewpoint, and from a practical viewpoint, wherethe absenceof an an appropriate
framework leadsto lossesin revenue and exciency. It is therefore of tremendousinterest to design
an incentive-compatible allocation (i.e., truthful) mecdanism for budget-constrained auctions, and
indeed, to determine the circumstancesunder which such a mecanism even exists.

In this paper, we considerthe problem of a multi-unit auction with multiple bidders, ead of
whom has private valuation and budget. We prove both an impossibility result and a constructive,
positive result. Throughout the paper, we assumethe very natural conditions of enforcemen of
supply limits, individual rationality, and incentive compatibility (see Section 2 for de nitions of
theseterms).

Existence of an incertiv e-compatible medanism for budget-constrainedbidders is a technically
non-trivial problem. We assumethat ead bidder hasa xed private valuation and budget, suc that
if this budget is exceededthen the bidder's total utilit y becomesunboundedbelov. We sometimes
call this a \hard" budget constraint to distinguish it from \°exible" budget constraints considered
by other authors [8], wherethe constraints can be exceededunder certain circumstances. Somewhat
surprisingly, the well-known VCG mechanism is not truthful in the casewith hard budgets{ either
with private hard budgets or in the a priori easiercasewith public hard budgets. This is an easy
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consequencef the fact that the utilities are not quasi-linear, and will be demonstrated explicitly
in Section 2.

Section 4 contains the proof of our impossibility result. We shaw that, under the assumption
that the auction sellsall items, then in the two-item, two-bidder case,the only incentive-compatible
medanism is the trivial bundling mecanism. In other words, there is no truthful mecanism
that sells the items to distinct buyers. Our proof follows from a tedious, but straightforward
analysis of the constraint equations. We note that, while the condition of selling all items seems
quite restrictive, it turns out that in this case,it is implied by the often assumedcondition of
\indep endenceof irrelevant alternatives” (see[?]).

Section 5 contains the proof of our principal result. There we relax the condition of selling
all items, and construct an incertiv e-compatible mechanism which asymptotically achievesrevenue
maximization. We intro duce the budgetdominance parameter, de ned to be the maximum budget
of any single bidder divided by the optimal, omnisciert reverue. As in the work of Goldberg
et. al. [4, 5], we de ne the competitiv e ratio to be the ratio of the optimal reverue to the reverue
of our medanism. We then intro duce an incertiv e-compatible medanism for the general m-item,
n-bidder auction, and prove that, asthe budget dominanceparametertendsto zero,the competitiv e
ratio tends to one.

Our medchanism is inspired by lovely work of Goldberg et. al. [4, 5], but is di®erert in seweral
signi cant respects. First, our problem is a two-parameter problem, sinceead bidder speci es both
a private valuation and a private budget. Second,our utilit y function is not quasi-linear. To our
knowledge, there are no previously known incentiv e-compatible revenue-maximizing medanismsin
either of these cases. Finally, in the problem consideredby [4, 5] at most one item was allocated
to ead agert, whereasour setting has no such restriction. Due to these di®erences,our proof
is substartially more complicated than that of [4, 5], requiring delicate martingale argumerts to
achieve the necessaryindependence.

Let us also corntrast our work with the some of previous work in the economicscommunity
which addressedBayesian budget constraints [1, 2, 7, 8]. Che and Gale [1, 2] studied the single-
item, single bidder case. Motiv ated by the goal of modelling excient redistribution of public goods
to the private sector, Maskin [8] studied the single-item, multiple bidder casewith °exible budget
constraints. The work closestto our cortext is that of La®ort and Robert [7], who treated a
problem similar in somerespects to the one studied here, but appropriate for a di®eren set of
applications. They too considereda two-parameter, non-quasi-linear, budget constrained problem.
But they treated only single-item auctions with common public budgets. Moreover, whereasthey
examinedthe Bayesianproblem, we considerdominant strategy. While their proposedmedanism,
namely an all-pay auction, makes sensein the Bayesian cortext, it would not be appropriate asa
dominant strategy, nor would it provide a reasonablemedanism in the caseof online ad auctions.

2 Setting

We considera setting in which an auctioneer has seweral indivisible units of a single good which he
would like to auction o®to n interestedagerts. Each agen i hasa private utilit y u; 2 <, perunit of
the good and a private budget constraint b 2 <. . Wedenotethe vectors(uy;:::;Uj; 1;Ui+1;:::;Un)

straint, i.e., the agert cannot spend more than her budget under any circumstances. In other words,
the total utilit y u;(j;p) that agert i derivesfrom an allocation of j units at a total price of p is:

i if b
oy — JUii p mp- ;
ui(i:p) = i1 if p> b:

The value j1 in the above de nition meansthat this agert prefersreceiving no item and paying
nothing to any lottery with a non-zerorisk of going over the budget.



An auction mechanism solicits a two-parameter bid from ead agert. The rst parameter is
interpreted as that agert's announcedutilit y per unit and the secondparameter is that agert's
announcedbudget. The medanism then outputs an allocation and payment for ead agert. We
considermedanismsthat satisfy the following properties:

2 observesupply limits { The mecdanism never allocatesmore units than are available.
2 individual rationality { An agert's utilit y from participating in the medanismis non-negative.

2 incentive compatibility or truthfulness { An agen's total utilit y is maximized by announcing
his true utilit y and budget to the auction regardlessof the strategiesof the other agerts.

Theseproperties can be generalizedfor randomized mecanismsby replacing utility by expected
utility . We call an auction medchanism satisfying the above properties a truthful mechanism Notice
that individual rationality and the de nition of utilit y functions imply that a truthful medanism
never chargesan agert an amount more than her budget.

Oneimportant distinction of the above setting comparedto other models usually studied in the
auction theory is that in our setting, the agerts' utilit y functions are not quasi-linear. A quasi-linear
utilit y function is a utilit y function of the form u(x) i p, whereu(x) is a function that only depends
on the allocation and not on the paymernts, and p is the amourt chargedto the agert. The utilit y
function u;(j; p) de ned above cannot be written in this form. This makes much of the results in
the auction theory inapplicable to our setting. In particular, the classicalVickrey-Clarke-Groves
(VCG) medanisms|[9, 3, 6] are not incertive compatible in our setting. This fact is illustrated in
the following example.

Example 1 A natural medchanism for auctioning m units of a good to budget-constrained buyers
is to apply the VCG mechanism assumingthat the utilit y of agert i for j units of the good is
min(h;ju;). A common mistake is to assumethat since this mecdanism is basedon VCG, it is
truthful. The following example shows that this is not the case: assumewe have two units of
the good to sell to two agerts, and the bids of these agerts are given by (u;;b;) = (10;10) and
(uz; ) = (1;10). The above medchanism assumesthat the utilit y of the rst agert for one unit of
the good is 10, and therefore allocates one unit to ead agert to maximize the total utilit y (which
is 10+ 1). The payment chargedto the agerts by this mechanismis 1 and 0. Therefore, the utilit y
of the ‘rst agent is 9. Howewer, if the rst agert announcesthe bid (5; 10), then the medanism
will allocate both items to this agert at a total price of 2. Thus, the rst agert would achieve a
utilit y of 18 by bidding untruthfully . This example shows that the above VCG-basedmedanismis
not truthful ewvenif the agerts are not allowed to lie about their budget.

It is easyto obsene that in our setting, no truthful mecdanism can always produce an e+cient
allocation, i.e., an allocation that maximizesthe sccial welfare, even when there is only one good.
The reasonfor this is that an excient mechanism should always allocate the good to the bidder with
the highestu;, evenif such a bidder hasa zerobudget and therefore cannot be charged any positive
amourt. Therefore, any agert can bid a high utilit y and zero budget to get the item for free. This
simple impossibility result shavs that we cannot require exciency from a truthful medanism.

3 Characterization

In this section, we give a simple price-basedcharacterization of truthful auctions. It essetially
claims that any truthful auction determinesthe allocation and price for agert i by comparing his
bid to thresholds computed from the other agens' bids. The unconstrained budgets version of this
proposition is a well-known folklore theorem.



Prop osition 3.1 For any truthful auction seling m units of a gaod to n agents, there exist mn
functions p;:::;pM 2(”1 b + [ flg suchthat agenti recelveSJ units at price p‘ (u; 3B i)
where j maximizesju; i pl(u, .,bI I) subjest to pl (u; i;b i) -

Pro of. Forany (u; i;b i) 2 <2(nl b andj 2 f1;:::;mg, we de ne pJ (u; I,bI i) asthe minimum,
over the choice of (uj;l3) such that the auction aIIocates at least | |tems to i if agerts bid (u;b),
of the prlce that the mechanlsm chargesto i at these bids. Let j° be an index that maximizes

j®uii P (u ;b ;) subject to pJ (ui ;b i) - b If whenagerts bid (u; b), the mechanism allocates
j units to i at prlce p, then we must haveJ Ui p=j°uij pJ (u; |,b ), since otherwise agert i
would have an incertiv e to bid untruthfully to getj” items at price p{ (u; i;b ). o

By consideringall casesfor the relationship betweenthe pl's, the auction can be expressedas
a conciseset of inequalities. This is done for the caseof two units of good and two buyersin the
following corollary. We will usethis corollary in the next sectionto prove that truthful medanisms
satisfying certain properties do not exist.

Corollary 3.1 For any deterministic truthful auction seling 2 units of a good to 2 agents, there
exist thresholdfunctions pl : <2 ! <, [ flg , 1. i;j - 2, suchthat for i = 1;2, the agenti
receives

2 2 units at a total price of p?(us; i;bs; i) if b, p?(uz i;bs; i) and ui > pP(usz; i;bs; i) i
min(pt(us; i;bs; i);p?(us; i;bs; i)=2) (or if the latter inequality holds with equality, the mech-
anism can chaoseto allocate 2 units to i);

2 elsel unit at price pt(us; i;bs; i) if b, pt(us; i;bs; i) andu; > pl(us; i;bs; i) (or if the latter
inequality holds with equality, the mechanism can chooseto allocate 1 units to i);

2 elseO0 units.

Conversely, for any set of threshold function p{ 1<21 <, [fig, 1 i;j - 2, the mechanism
de ned alove satis es incentive compatibility and individual rationality.

Pro of. We prove the statemert for i = 1 (i = 2 is analogous). Consider the threshold functions
given by Proposition 3.1. Fix any bid (uz;b,) of the secondagen. Supposethe true utilit y and
budget of the st agert isu; and by, respectively. For simplicity, we usethe notation p} := pl(u,; )
and p? := p?(uz; k). Notice that by the de nition of pi and p? in the proof of Proposition 3.1,
pi - p2. The rst agert's utilit y for an allocation of O units is 0, 1 unit isuy i pi assumingby; , p},
and 2 units is 2u; j p? assumingby , p?. The st ager receivestwo units if and only if she has
enough budget to pay for it (i.e., by , p?), and her utilit y for receiving two items (2u; | p?) is
greater than or equalto her utilit y for receiving oneitem (u; j pt) and zeroitem (zero). This can
be written asu; , p3i p}andu; , pi=2, or equivalently, u; , p?i min(pi;p?=2). Otherwise,
if the “rst agen doesnot receive two items, then shereceives one item if and only if she has the
budget (i.e., by , p}), and her utilit y for oneitem (uy j pi) is greater than or equalto her utilit y
for zeroitems, or equivalertly, u; , pi. If these conditions do not hold, then the agernt receives
zerounits. The conversefollows easily from the de nition of the mecdanism. a

4 An Imp ossibilit y Result

In this section, we show that there is no truthful medanism satisfying three properties which we
de ne in this section, even if there are only two buyers and two units of the good. This result



automatically generalizesto auctions with more buyers, by consideringthe situation where all but
two of the buyers bid zero.

The rst property is the following. This is similar to a property with the samenamede ned by
Moulin [?] in the context of group-strategyproof medanismsfor cost sharing problems.

2 consumer soveeignty { For any agert i and any vector of bids (u; ;b ;) for other agens,
there is a bid (uj; b) sud that if agerts bid accordingto (u;b), then agert i receivesall units
of the item.

Intuitiv ely, consumersovereigrty requiresthat ead agert must be able to win all items if she
bids high enough This precludestrivial mecanisms that for example sell at most one item to
ead bidder. In terms of the characterization in Proposition 3.1 and Corollary 3.1, this property is
equivalert to saying that the threshold functions p! are all Tnite.

The secondproperty, which we call the independene of irr elevant alternatives (I1A), is a much
wealker version of a property of the samenamein Lavi et al. [?]. This property is de ned asfollows.

2 independene of irr elevant alternatives (IIA) { For any agert i and a bid vector (u; b), if i
receivesno item at (u; b), then the allocation when every agert bids accordingto (u;b) is the
sameas the allocation when agert i bids (0; 0) and others bid accordingto (u; i;b; i).

Intuitiv ely, the above property statesthat if an agert who doesnot win the auction leaves, the
allocation to other agerts should not change (Their payment, however, might change). As we will
seein the proof of Theorem 1, in the caseof two buyers and two items, IIA is equivalernt to the
property that if bids of both agerts are large enough (both the utilit y and the budget), then both
units are allocated.

As we will seeat the end of this section, there are truthful mecanismsnot satisfying the IIA.
In fact, the following example shaws that even with IIA, there are medanismsthat are truthful.

Example 2 Bundling mechanism: Considerthe medanismthat always bundesthe two units, i.e.,
it allocates both items to the agert i sud that min(2u;; ) > min(2us; i;bs; i), and chargesher
min(2ug; i;bs; i). It is easyto seethat this mecanism is truthful and satis es the I1A.

Howewver, we conjecture that the bundling medanismis essetially the only truthful medanism
satisfying the above properties. In other words, we would like to show that there is no truthful
mechanism satisfying the above properties and the following.

2 non-bunding { there is a bid vector (u; b) suc that the mecanism allocatesone unit of the
good to ead buyer.

Unfortunately, we do not know how to prove this conjecture. Howewer, we can prove this
statemert under the following stronger condition.

2 strong non-bunding { for any bid (u;;lby) of the rst agert, there is a bid (u;;h;) for the
secondagert sud that if both agerts bid according to (u;b), the medanism allocates one
unit of the good to ead buyer.

The following theorem is the main result of this section.

Theorem 1 There is no truthful auction for two buyers and two units of a good that satis es
consumer soveeignty, llA, and strong non-bunding.

Pro of. The proof of Theorem 1 examinesfunctional relations imposedby our assumptionson
the threshold functions of any truthful auction. We obtain the impossibility result by shawing that
this set of functional relations has no solution.



The fact that our auction obsenessupply limits implies that whenewer the threshold functions
are such that the rst (second)agert getstwo items, then the second(rst) agent must get zero
items. The consumersovereigrty and IIA assumptionsimply that thesetwo situations are in fact
equivalent in certain regionsof the bid space,i.e. the medanism always allocatesall the units when
the bids are large enough.

By consumersovereigrty, for ead agert i = 1; 2, there is a bid (u; §") sud that if i bids (ui'; Bf)
and the other agent bids (0; 0), then agernt i wins both items. Furthermore, by Corollary 3.1, for
every u? uf and P, I, if i bids (u% ) and the other agert bids (0;0), then i wins both units.
Let C = maxfui; b;u3; bBa.

Claim 1 For any set of bids (u;;by) and (ug;by) such that ug;by;us;bp
allocates both items when agentsbid according to (u; b).

C, the mechanism

B

Pro of. Assume,for corntradiction, that for one such bid vector the medcanism allocates at most
oneunit of the good to the rst agert and zerounits to the secondagert. Now, by IIA, if the second
agert bids (0;0), the “rst agert must still receive at most oneitem. This, however, cortradicts the
de nition of C. o

Immediate from Corollary 3.1 is the fact that the allocations and payments given bid (®; ;)
holding bid (®s; i; 3, i) xed is constart for all ® | 2 and for all ® , ;. We will use this
obsenation to make statemerts about the properties of the threshold functions asone of the inputs
becomesirrelevant (i.e. sutciently large). Let

) = plx2x);
ss(x) = pl(xx)
for i;j = 1;2. By Corollary 3.1, all of the above functions are non-decreasingfunctions. Therefore,

they can be discortinuousin at most a courtable number of points. Let T denotethe setof numbers
more than C at which all of the above functions are contin uous. Notice that this setis dense.

Claim 1 together with our characterization, Corollary 3.1, immediately imply the following
functional relations:

Lemma 4.1 Forall A;B2T,
B<rzi(A) A, (sfi min(s';s’=2))(B) (1)

Pro of. Supposeagert i bids (A; 2A) and agent (3 i) bids (B;B) andB < r%i i(A). Then agen
(3j i) receiveszerounits, soagen i must receive two units. As agert i's budgetis essetially uncon-
strained, this implies that his utilit y is at leastthe utilit y threshold, or A | (s?j min(st;s?=2))(B).
a

Similarly, we can prove the following equations:

8A;B2T; B<rz(A)( A>(s?i min(s;s’=2))(B); 2
8A;B2T; B, r5(A)) A- min(s';s?=2)(B); (3)
8A;B2T; B, r5 (A)( A< min(s';s?’=2)(B); 4)

8A;B2T;B>(r5 ;i min(rj ;;r5 1=2))(A)) A - min(r};r2=2)(B); (5)
8A;B2T;B, (r5 ;i min(rj ;;r5 1=2))(A) ( A < min(r};r2=2)(B); (6)
8A;B2T;B, s5(A) () A<si(B): 7

From thesefunctional relations, we can derive the following inequalities.



Lemma 4.2 Forall A2 T,

(r3i min(r3;r3=2))(A), (s3i min(s};s5=2))(A): (8)
Proof. ChooseB 2 T, B > (r3i min(r3;r2=2))(A). Then relation 5 (with i = 1) implies
A - min(r};r2=2)(B) - r}(B). Take2 > 0 and note that relation 1 (with i = 2) implies B >

(s3i min(s};s3=2))(A i 2). Taking the limit as2 goesto zeroand using the cortinuity of s} and s3
at A, we have that B > (r2 | min(ri;r2=2))(A) implies B , (s3i min(s};s3=2))(A). The lemma
follows. a

Similarly, we can prove:
8 A2 T;min(ri;r3=2)(A) , min(s};s3=2)(A): 9)

Our non-bundling assumption implies that for all Z 2 T the interval (r1(2);r3(Z)) is non-empty.
Selectt 2 (ri(Z);r3(z)) and obsene that the cortrap ositive of relations 2 (with i = 1) implies
Z - (s?i min(s};s?=2))(t). Let 2> 0 and not that t 2 (r3(Z i 2);r3(Z i 2)) for small enough?2
by continuity. Thus the cortrap ositive of relation 4 with i = 1 implies Z j 2 > min(s}; s3=2)(t).
Combining the two inequalities, we get (s? | min(s}; s2=2))(t) > min(s}; s2=2)(t) and so

8Z2T; 812 (ri(2);r3(2)); sht) - s3(t)=2 (10)
This fact together with relations 4 and 7 with i = 1 imply that
8Z 2T, 8t2(ri(2);r5(2)); t, r5(Z) () t, s3(2): (11)

Fix Z 2 T and considert = r3(Z) j 2 for asmall 2 > 0. If 2 is small enough,t 2 (r}(2);r3(2))
and sos3(Z) , t. Taking the limit as2! O, this implies that r3(Z) - s3(Z). On the other hand,
summing Equations 8 and 9 implies that r3(Z) , s3(Z). Therefore, r3(Z) = s3(Z). Therefore,
inequalities 8 and 9 must both attain equality at Z. Ranging over choiceof Z 2 T, we seethat
inequalities 8 and 9 must attain equality everywhere in T. Our contradiction arises from the
obsenation that in fact for someZ 2 T, inequality 9 is strict. By consumersovereigry, prices are
always nonzero,and soC < (rZj min(r};r?=2))(A) < r2(A) for someA 2 T. Selectsuch an A
andZ 2 ((r2j min(r};r2=2))(A);r?(A))\ T. Notice that sinceT is a denseset, this intersection is

nonempty. Note that relation 4 with i = 2 implies that A |, min(s}; s3=2)(Z). Therefore, for any
small 2 > 0, A + 2 > min(s}; s3=2)(Z). Similarly, note that relation 5 with i = 2 implies A + 2 -

min(r3;r2=2)(Z). But this meansthat, for this particular Z, min(r3;r2=2)(Z) > min(s}; s3=2)(2),
yielding our cortradiction. o

5 An asymptotically optimal auction

As we saw in the previous sections, there appearsto be no reasonablemecanism for allocating
all the goods truthfully . In this section, we consider medcanismsthat may allocate only some of
the goods, and among them, seekthe one that maximizes the expected revenue. We do this by
designinga medhanism that has revenue comparableto the best omnisciert posted-price auction.

The method that we use for design and analysis of our auction is inspired by the work of
Goldberg et. al. [4, 5]. As in [4, 5], we take the competitive ratio to be the expected revenue of
our mechanism over the revenue of the optimum posted-price auction, and attempt to designan
auction which minimizes this ratio. However, our designanalysis di®ersfrom that of [4, 5] in some
important aspects. Unlike [4, 5] and subsequen results [], in our setting the mecanism may need
to allocate more than one good to every agert. Moreover, the agerts can lie about both their bid
and their budget, which intro ducessigni cant complications.



An important parameter for the budget-constrained problem is what we call the budgetdomi-
nance parameter. For eac agen, we de ne her budget parameter as the ratio of her budget to the
revenue of the optimum posted-price auction. The budget dominance parameter is the maximum
of the budget parameter of all the agerts. The algorithm we designwill have the property that the
competitiv e ratio tends to 1 asthe budget dominance parameter tends to 0.

5.1 The Algorithm

As before, let n be the number of agens and m be the number of indivisible goods. Each agert i
submits her utilit y value for oneitem u; and her maximum budget b .

Note, although our goods are indivisible, we can assumethat fractional allocations are possible
by using the proper randomization: whenewer the algorithm asksus to allocate a fraction c of a
good to an agert, we instead allocate a full good to her with probability c.

Algorithm

2 Partition the agerts randomly into two sets A and B by independertly putting ead agert
into either set uniformly at random with probability %

2 From the set of utilit y valuesu; of agerts i 2 A, choosepa to be the price which maximizes
the reverue of selling at most m=2 items in A. In other words, if the u;'s are sorted in a
decreasingorder, for

W 1

o= min L

L > 2
j=1

de ne pa = uj,; 1. Compute pg analogously

2 Consider the agerts in A in a random order. In every step, if the utilit y of agert i satis es
Ui , ps, allocate b—B goods to i. Continue this processuntil all - goods have beenallocated,
or until all the agens in A have beenprocessed.Apply the sameprocedureto the setB using
the threshold value pa .

In the rest of this section, we will analyzethe above algorithm, and prove that it is truthful and
that its competitiv e ratio tends to 1 asthe budget dominance parameter tends to zero.

5.2 Analysis of the algorithm

In this section, we assumewithout loss of generality that our goods are divisible. Indeed, as
explained above, this assumption can be easily removed by a few additional coin °ips.
First, we give a simple proof of the truthfulness of the algorithm.

Lemma 5.1 The alove algorithm is truthful, i.e., for every agentreporting the correct utility and
budgetvalues, the algorithm is a dominant strategy.

Pro of. Consideran agert i in A. First we argue that agert i doesnot have any incertiv e to
misreport her utilit y value. We know that agen i receivesa good only if u; , pg, and that she
pays pg for a good if shereceivesit. The two key obsenations are that (1) the threshold pg is
determined independerily of all u; and Iy, including j = i; and (2) whenthe supply of goods in A
is inadequateto meetthe demandsof all agerts in A whoseutilities exceedpg, then the allocation
of goods to those agerts is donein an arbitrary order, again independertly of all u; and by .

Finally, by reporting a budget below by, agert i would potentially decreaseher allocation and
hence her total utilit y, whereasby reporting a budget above by, she has non-zero probability of



decreasingher total utilit y to negative in nit y. In either case,shehasno incentiv e to misreport. o

The rest of this sectionis an analysis of the revenue achieved by our algorithm. For notational
convenience,without lossof generality, we assumethat u; > uy > ¢¢¢> u,.

For any price p, we denote by rs(p;k) the revernue of allocating at most k goods to a set S of
agerts at price p: X
rs(p;k) = min(kp; b):

j2s

. p
We will use the notation r(p;k) in the casewqgre we are allocating the goods to the whole set
A[ B. Finally, we alsodener(p) =r(p;1) = Ui pb.

Given the utilit y and budget values of the agerts, one can nd the optimum price pa at which
r(p;m) is maximized, and allocate the goods at this price. We call this mecanism the optimum
posted-priceauction OPT = r(p”; m). In our argumert, we will usethe following properties of an
optimum posted-price auction for allocating at most k goods, for any k.

1. There exists an agert i such that selling the goods at price p = u; results in the optimum

reverue.

2. For any k, if p is the optimum price for allocating at most k goods, then r(p;k) - r(p) =

r(p) + bhax Wwherebnax = max by. In particular,

OPT - r(p") - OPT + bax:

Let 2 denote the ratio of the maximum budget of all agerts, bnhax , to the value of the optimum
solution OPT. In somesense,? is a budgetdominance parameter sinceit captures the extent to
which the budget of a single agert dominatesthe market in the optimum solution. As we will show,
the probability of successf our algorithm is asymptotically cortrolled by 2.

Lemma 5.2 Let+> 0. Then the probability that

Ta(uw)i rg(u) < +OPT forall | with u - p°

is at least 1 2ei ¥=42),

Pro of. Let k be such that ux = p°. De ne ® to be a random variable iqgicating whether
agert i isin A, with & = 1wheni 2 Aand® = j 1wheni 2 B. Let S; = i i ®b. Then
ira(u) i re(uw)j = jSj. Thus we needto bound the probability that the random variable S;
deviatesby more than zOPT from its expectation 0.

Let ¢(2) = minifj Sjj, *OPTg. We de ne the following martingale:

Y2
Si ifi- ¢(2)

St = S.xy otherwise

Then we have

1i.Pr'jSj < OPT; 8i - ;f¢
Prooi- k 4iSj, *OPT
Pr.¢(2) - k

Pr'iSj, tOPT

i ¢
1j Pr'jrA(ui)i rg(uj)j < tOPT; 8i - k

Now since S; is a martingale, by the Azuma-Hoe®dinginequality we have:

.42 2
Pr(jSkj, *OPT) - 28xp(l?301):
i~k



P
Boundingthe sum ;. , P by bnax r(p°) - 20PTr(p”) and usingthat r(p”) - OPT(1+2) - 20PT,
we obtain the lemma.
a

From now on, we will say that an event happenswith high probability if its probability is at
least1i 2ei *=(4%),

Corollary 5.1 With high probability, ra(p®; %) , liz—iOPT.

Pro of. Let us rst note that OPT = r(p”;m) = minfp"m;r(p®)g, implying that mp® , OPT
andr(p®) , OPT. With the help of Lemma 5.2, we concludethat with high probability, ra (p”) ,
Iliz—ir(p") , *OPT. Inserting the denition of ra(p;3) and using Tp* , OPT we get the
emma. o

Corollary 5.2 With high probability, we havethat
. 1 =
rg(ug) , minfra(ug) i iOPT;TOPTg for all k:

Pro of.
By Lemma 5.2, we have that with high probability,

rg(Ux), ra(ug)i *OPT for all k with uy - p™: (12)

Recalling that ra(p”) + rg (p”) = r(p”) , OPT, we concludethat with high probability, both (12)
and
o 1 =
rs (P, TOPT
hold simultaneously. By monotonicity, this implies the statemernt of the lemma. Indeed, either
Uy - p° sothat rg(ux) , ra(uk)j zOPT,orux , p®andrg(ux), re(p”) . liz—*OPT, which
givesthe lemma. a

Theorem 2 The mechanism descrited in the previous section is truthful. Furthermorez, for all
0 < *+ < 1, the algorithm has revenueat least (1 i #)OPT with probability 1 O(el ¢*"=*) with
c= 1=36and 2 = bya =OPT.

Pro of.
For all p, we have ra(p;5) - ra(pa; %), soin particular ra(pa; %), ra(p®; 5). Combined
with the last corollary, we conclude that with high probability, ra(pa;3) , %OPT; which in

turn implies that
m 1 +
—, ——OPT
Pa 5 o

and ra(pa) . liz—iOPT. Combined with Corollary 5.2, the last inequality gives

1 3+
2

rs(pa), OPT;

againwith high probability. Inserting the de nition of rg (pa; 5), we therefore have that with high

probabilit y,
1 3+

m
rs (Pa; E) s TOPT:

10



Exchangingthe rolesof A and B, we getthe sameresult for ra (pg ; 5). Sincerg (pa; 5)+ra(ps; 3)

is the revenue of the algorithm, this establishesthe theorem.
a
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for a delightful discussionin which he helped us to hone our economicsensibilities.
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